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PREFACE  TO  THE  THIRD  REVISED  PRINTING 


Since  the  appearance  of  the  second   printing,   this  text 
has  had  a   fairly  extensive  tryout    in   some  50  schools  with 
1,500  students    involved.     The  teachers   participating    in  this 
experimental    use  of  the  text  have  been   most  generous  in 
supplying  corrections   and  suggestions   for  improvement. 

A  great  deal   of   feedback  was  gleaned   from  a   three  day 
conference,  which  was   attended  by   nearly   all    the  teachers 
using  the  book,   and  was   held    in   Tallahassee,    Florida  March 
23-25,  1970. 

All    the   corrections   supplied     by  the   users   have  been 
made,   but  unfortunately   time  and   resources   have  not  allowed 
us  to   incorporate  the  suggestions   for  rewriting.     Only   a  dozen 
or  so  pages  of  additional    text   appear   in   this  printing. 

However,   most  of  the  suggestions  made  by  the  teachers 
in   addition  to  some  after  thoughts  of  the  authors   appear  in 
the  Teacher's  Commentary.     This   commentary  contains: 

(a)  suggestions   for  the  handling  of  theory, 

(b)  related   mathematics   for   interest  of  teachers  or 
possible  enrichment  material, 

(c)  some  additional    flow   charting   to  supplement  Chapter  I, 

(d)  explanation  of  the   rationale  where  treatment  of 
top  i  cs    is  unusual. 
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(e)  alternative  or   improved  treatments  of  various 
topics  which   we  were  unable  to   incorporate   in  the 
text , 

(f)  supplementary  exercises,   problems  and  examples, 

(g)  a  summary  of   the  proceedings  of  the  three  day  con- 
ference mentioned  above. 

It   is  expected  that  this   commentary  will    be  most 
valuable  although   no  one  teacher   is  expected  to  want  to  use 
or  read  all   of    it.      It    is  suggested  that  the  commentary  be 
lightly  scanned  before  teaching  the  course  to  obtain  an  idea 
as   to  what  part  of    it  might  prove  useful. 

We   finally   remark  that   in   response  to  overwhelming  de- 
mand,  the  solutions   of  problems  have  been   included   in  the 
student  text    instead  of  the  separate  answer  booklet.  The 
only  exception  to  this   are  solutions  which    involve  flow 
charts.     These  solutions   appear   ins-tead   in  the  Teacher's 
Commentary . 
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PREFACE  TO  THE   FIRST  PRINTING 


This  volume   Is  the  first  part  of   a  one  year  computer 
oriented  calculus  course   (without  analytic  geometry).  Con- 
siderable  Interest  has   been  manifested   in  the   impact  of  the 
computer   in   the  calculus  course,   and   several    books   have  already 
appeared.     This  book  goes  much  further  than  any  of  the  others 
In  the   directions  of    introducing   and  motivating  the   ideas  of 
calculus   through   computer   (i.e.,   algorithmic)  concepts. 

Chspter   I    comprises  an    introduction  to  computing  via 
algorithms  and  a   simple  flow  chart    language.     The   book   is  thus 
se I f-corta i ned  except  that  material   on   programming  languages 
is  excluded   in  order  to  allow  the  teacher  to  use  FORTRAN,  BASIC, 
ALGOL,    PL/I,   or  any  other  programming    language.      In  trying  out 
an  earlier  version  of  these  materials    in   the  classroom,   onJ  of 
the  authors   found   it  expedient  to  teach  FORTRAN   by  merely  dis- 
playing  a  flow  chart  with  the  corresponding   FORTRAN  program 
alongside  followed   by  two  pages  of   explanation   of  peculiarities 
of  the    language   (integer  and   real    variables,  etc.). 

The  authors   have  followed  the  algorithmic  approach  along 
the  paths  where    it    led   us.     This   has   resulted   in   a  departure 
from  the  traditional   ordering  of   some  topics    (e.g.,  sequences 
and   integration  treated   before   differentiation).      It   has  also 

radically  changed   some  of   the  proofs  of   theorems  and    in   a  few 
cases  slightly  modified  the  statement  of  theorems.     For  example, 
the  form  of   the  completeness  axiom   in   Section   9  of  Chapter  2 

is  quite  unconventional.  ' 


It   Is  natural   to  suppose  that  a  computer  approach  to 
calculus  would  place  more  emphasis  on   heuristic  than  on  rigor. 
While  this  may  be  the  case  with    later  efforts  derived  from 
this  one,    it   is  not  so   in  this  book.     The  authors   regarded  it 
part  of   their  task  to  show  that  such  a  treatment  could  be  made 
theorr.t  i  ca  I  I  y   sound.     Consequently,   the  course   is   somewhat  more 
rigorous  than  may  be  appropriate  for  a  beginning   calculus  course. 
Some  of  the  more  theoretical    i.^^aterial    has  been   placed   at  the 
ends  of   chapters,    in   starred  sections,   or   in  appendices  to 
chapters.     Some   users  may  wish   to  de-emphasize  this  material, 
but    it   is   hoped  that  they  will    give  everything  cautious  trial 
to  help   determine  whether  the  theory   viewed    in  this   new  light 
becomes  accessible  to  more  students- 
It    is   hoped  that  the  dynamic  or   mechanistic  charactO'^  of 
the  algorithmic  approach  will    place  concepts  of   calculu?  within 
the  comprehension  of   a  wider  audience.     Whether  this   hope  will 
be  justified  only  tih:e  and  testing  will   +e  I  I  ,     CRICISAM  is 
anxious   to  obtain   feedback  and   criticism   in  order  to  determine 
how  the  text  might  best  be  modified.     We   invite  you  to  send 
your  reaction  to  CRICISAM,   Room  212  Diffenbaugh,   Florida  State 
University,   Tallahassee,  Florida, 

The  authors   here  express  their  appreciation   for  the  efforts 
of   Prof,   E,   P,   Miles  who  supplied  the    impetus   for  bringing  this 
project    into  existence  and  tioo  r  d  i  n  a  t  i  ng   the  computing  facilities 
at  Florida  State  University  with   the  writing. 
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CHAPTER  0 
PRELIMINARIES 


I  .        I nt  roduct  i  on 

We  begin  this  book  with   an  attempt  to  get  our  mathematical 
house   in  order  so  that  the  subsequent  chapters  will    be  more 
easily   read.     This    involves  some   reminders  of    items  from 
earlier  courses,   but  then  a   bit  of   review   never  hurt  any- 
one.     It  also   involves   some   definitions  and  minor  theorems. 
And  finally,    it   involves  some  agreements  on  terminology 
and  some  conventions. 

Students  often   do  not   read   a  mathematics   book  properly. 
When  approaching  a  mathematics   book,    the   reader  should  be 
well-armed  with   pencil    and   paper.     The   reading   should  be 
active,    not  passive:      test  every  claim  made  by   the  author(s) 
with   concrete  examples  of   your  own  choice,   try  out  suggested 
procedures,    "doodle"  with   the   ideas,   and   read  with  some 
doubt   (for  there  may  well    be  errors).     When  you've  finished 
a   paragraph   or  so,   ask  yourself    if   you   understand,   and  if 
not,  go  through   it  again. 
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The  problems  are  designed  as  challenges,   to  test  your 
skill   at  manipulation,   to  check  whether  you  understand  the 
ideas,   and   in   some  cases  to  expand   upon  the  material  in 
the  text.     Make  sure  you  can   do  them,   obtaining  what 
assistance   is   necessary  from  your   instructor,   your  classmates, 
or  from  other  books. 
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2 .     N  u  mbe  rs 

In  a  certain  vague  sense,   you   are  already  pretty  well 
aware   of   th-e  numbers   used   in  the   study  of   calculus,   and  you 
are   familiar  with  the  arithmetic  of   those   numbers.      In  your 
study  of   numbers,   you   started  by    learning  how  to  coi^nt,  and 
then   progressed  to  more  complicated   numbers.     We  classify 
them  as   follows:      integers,    rational    numbers,    real  numbers. 

The    1 ntege  rs   (or  whole  numbers)   are  the  numbers    ...  , 
-3,    -2,    -1,   0,    1,   2,    3,    ...   consisting  of   0,   the  positive 
integers   (1,   2,   3,    ...),    and   the  negative    integers   (-1,  -2, 
-3,    ...),     An    integer   is  even   if    it   'r   divisible  by  2, 
oth  e  rw  i  se  odd. 

The   rat iona I   numbers   (or  fractions)   can   be  constructed 
by   taking  quotients  of    integers  to  obtain   numbers    like  y» 

_  §_L.     1,    -  1?.,   etc.      In   general,   they  are   of  the   form  |- 
4'     9  4 

where   a  and   b  are   integers  with  the  proviso,   of  course, 
that  b  /  0.     Every   integer  n    is   a   rational    number  since  it 
may   also  be  expressed   as  ^.     Notice  that  there   is  a  smallest 
positive   integer  (namely,    1)   but  that  there   is  no  smallest 
positive   rational    number   (Problem  2). 

The   integers  and   rational    numbers  have   a  commonplace 
geometric  representation   on   a   straight   line.     Once  0  and  1 


.have  been   selected,   generally  with   1   to  the   right  of  0, 


0  1 

we  merely  take  multiples  of  this   un  i  t   length  to  obtain  points 
corresponding  to  the   integers   and   fractional    parts  of    it  for 
the  rational    numbers.     A   few   have  been   plotted   in  this  next 
scene 


4- 


+ 


-3         -2         -1   -I     0  1 


1 


=4=H  \  h 

5  5 

—  2     —  3 


where  the  positive  numbers  are  to  the  right  of  0,  the  negative 
numbers  to  the  left. 

As  we  shall    now  see,   though,   these  points   do  not  "fill 
up"  the    line.     That   is  to  say,   there  are  points   on  the  line 
which   do  not  correspond   to   integral   or  fractional  multiples 
of   the  unit    length.     At   1,   construct  a 
right  angle  and  form  the  triangle  indi- 
cated   in   Figure   1-1,    where  the  point  P 
is  one   unit  above  the  point  correspond- 
in  g  to   1.     Thus,    a=b=l,   and  by  the  Pythagorean  Theorem  (which 
states  that  c^  =   a^+  b^)  ,   we  have  c^  =    1  ^  +   1  ^  =    1  +   1  -    2 . 
Now   if  we  rotate  the    line   segment  OP 
so  that  P   falls  on   the  base    line,  we 
can   ask  If  ,it  falls   upon   a  rational 
number.     If    it  does,   then    it  will  be 
at  a   distance  c  f  rom  0,   so  that  for 


O       a  I 
FIGURE  l-l 


O  I 
FIGURE  i'Z 
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some   rational   number  — *   we  have 

c  =  — 

y 

We  may  as  we  M    (and  will)   assume  that  not  both   x  and  y  are 
even,    for  otherwise  we  could   cancel    2   from   botK  the  numerator 
and  denominator.     Now  we  have 

-  2  - 

so  that 

2y2   =  x2 

Thus,  is  even,    and   by  Problem   1(f),   we  conclude  that  x 

is  even.     Write   x  =  2p.  Then 

2y2  =   x^  =   (2p)2   =  4p2 

so  that 

y2   =  2p2 

Now         is  even,    and  Problem   1(f)    demands  that  y   be  even.  But 
look,   we^ve  concluded  that   both   x  and  y   are  even,   which  con- 
tradicts our  assumption.     Thus,   c  cannot  be  written   as  a  quotient 
of   integers   and   is   therefore  not   rational.     The  number  c  is 
of  course  and  we  call    it,   quite  naturally,   an   i  r rat  i  ona I 

n  umber . 

The   rea I   numbers   include  the   rationals   and   fill    in  the 
number    line   by    including  as  well    all    the   irrationals.  Every 
real    number  can   be   represented   by   decimals;    for  example. 


5 


12 

7 

6 
/2 


1.857  1  42857  I  42857  I  42 


-4  .  1 6666 


1  .41424 


3 . 1 41 5926 


The   nationals,    in  this   representation,   either  terminate 
(as  with  j)   or  repeat   indefinitely   (as  with  —  and  -  • 
The  nonrepeating   infinite   decimals  characterize  the  irra- 
tionals.    When  we  speak  of   numbe  rs,   we  will    simply   mean  real 
numbers;   otherwise,   we'll   specify   further  by  adjectives 
such  as   rational,   whole,   positive,    nonzero,  etc. 


Notice  that  the  real  numbers  a 
satisfy  the  following  p  ropert  i  es  (a 
simi larities) : 

Addition 

1.  If   a  and  b   are  numbers,  6. 
then  so   is  a+b . 

2 .  a  +   ( b  +  c)   =   ( a  +  b )   +  c  7 . 

3.  a+b=b+a  8. 

4.  The  number  0  has  the  9. 
property  that  a  +  0  =  a 
for  every   number  a. 

5.  Every  number  a  has   an  10. 
"additive   inverse,"  -a, 
so  that  a  +   ( -a)   =  0  . 


11.    (Th  i  s  connects  the 
and  multiplication) 


nd  their  basic  operations 
nd  you  should  notice  the 

Mu  i  t  f  p I i  cat  i  on 

If   a  and  b   a  re  numbers, 
thensoisab. 

a( be)   =   ( ab ) c 

ab  =  b  a 

The  number   1    has  the 
property  that  a* 1   =  a 
f:)r  every  number  a. 

Every  number  a,  except 
0,   has   a  "multiplicative 
inverse,"  a"-^,   so  that 
a-a-i   =    1 . 

operations  of  addition 
a ( b+c )   =   ab  +  ac . 
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Any  system  of  numbers  with   at    least  two  elements  satisfying 
these  first  eleven  properties    is   called  a  field. 

Order       There  are   real    numbers  which  exclude     zero,  called 
pos  i  t  i  ve  numbers  satisfying 

12.  If  a   and  b   are  positive  numbers,   then  so  are  a  +  b 
and   a  •  b  . 

13.  If   a    is  a   number,   then  exactly  one  of   the  following 
statements    i  s  t  rue : 

( i  )         a   i  s  pos  i  t  i  ve 

(  i  i  )       a  =  0 

(  i  i  i  ;     -a   is   pos  i  t  i  /e . 

And   finally,  there   is  a  property  named  after  Archimedes  called 
the  A rch  i  medean  Ax  i  om , 

14.  (Archimedean  Axiom)      If  a    is   a   real    number,   then  there 
is  a   positive   integer  ^  which    is  greater  than  a, 

(We  prefer  to  present  the  Archimedean  Axiom  here  although  it 
properly   should   follow  the  definition  of   "greater  than"   in  the 
next  sect  i  on  * ) 

We  will    use  these  properties  generally  without  comment  or 
explicit   reference,   except  that  where  their  use    is  more  unusual 
or  crucial    or  subtle  than   in    routine   arithmetic,   an  appropriate 
comment  will    be  included. 

These  properties   do  not   characterize  the   real  numbers. 
Notice, for  example,   that  the  system  of   rational    numbers  does 
satisfy   all    fourteen  of   them.     However,   an  additional  property, 
to  be  presented   in  Chapter  2,   will    serve  with   these   to  char- 
acterize the   real      numbers      in  the     sense     that     the  only 
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set  of  numbers  satisfying  all    fifteen  properties   is  the  system 
of   real    numbers   —  whether  presented  as  points  on  a    line,  in- 
finite decimals,   or  whatever. 

When   referring  to  these  prop*^rties,    let's  agree  th^t 
"R7"  will    mean   "property   7  of  the   system  of   real  numbers," 
Just  as   an  example  of  the   sort  of   things  you   can   prove  about 
real    numbers,   we   deduce  two  properties  and  show   how  they  arise. 
They   are  theorems,    but  we  present   them  as  trivialities.  The 
Idaa    is   that  they  don't   really  tell    you  anything  about  real 
numbers  that  you   didn't  already   know.     However,    it's   a  good 
thing   (or  at    least  a  comforting  thing)   to  realize  that  there 
has  been  developed   a  system  of   axioms  from  which  one  can 
actually  prove  such  things.     Faith   in  numbers    is   all  right, 
to  a  certain   extent,    but   lest  we  succumb   to  the   disease  of 
numerology,    it's  wise  once   in   a  while  to  check  that  the 
properties  we  "know"  about  numbers   can  either  be  proved  or 
must   be  accepted  as  axioms. 

Trivial   Theorem  1 ■     x-0  =  0   for  every   real    number  x. 
Proof:  x-0       x-(0  +  0)       by  R4   (with  a  =  0) 


x,0  +  x-0 


by  Rl  1 


so  that 


0 


x-0  +  C-(x-O)] 


by 


(x-0  +  x.Q)   +  C-(x-O)]  by 


s  ub  st  i  tu t  i  on 


x*0  +  Cx*0  +   C-Cx*0)  )  ]  by 


R2 


x-0  +  0 


by 


X-0 
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by 


R4 
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Trivial   Theorem  2.      (-x)(-y)   =  xy   for  any   real  numbers 

X  and  y  . 

Proof:      (See  that  you  can   justify  each  step) 

xy  =   xy  +  0 

=  xy  +   ( -x) • 0 

=  xy  +  ( -x) Cy  +  (  -y ) H 

=  xy  +  C(-x)y  +   (-X) (-y)3 

=  [xy  +   ( -x) y ]  +   ( -x) ( -y ) 

=  [x  +   (  -x)  Ily  +   (  -x)  (  -y  ) 

=  0*  y  +   ( -x) ( -y ) 

=  0  +   ( -x) ( -y ) 

=   (-x) (-y )  . 

The  other  usual    rules    for  elementary  computational 
arithmetic  can   be   deduced    in   a   similar  manner. 
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PROBLEMS 


1  .       P  rove : 

(a)  the  sum  of  any  two  even    Integers    is  even. 

(b)  the  product  of  any  two  even    integers    is  even. 

(c)  the  sum  of  any  two  odd    integers    is  even. 

(d)  the  product  of   any  two  odd   integers    is  odd. 
( e  )   0   Is  e ven  . 

(f)    if   a    is  an    integer  and   a^    is  even,   then   a    is  even. 

2.  Prove  that  there    is  no  smallest  positive   rational  number. 

3.  Prove  that  /J     is  Irrational. 

4.  Check  that  the   rationals  satisfy  the   fourteen  properties 
I  i  sted    in  this   sect  i  on . 

5.  Which  of  the  fourteen   basic  properties  are   not  satisfied 
by   the  set  of    integers;   the   set  of  even    integers;  the 
set  of   odd   integers;   the  number  0  all    by   itself;  the 
set  of    irrational  numbers? 

6.  Explain  why   the  square,    x^,   of   a   real    number  x  cannot 
be  negat  i  ve  . 

7.  Prove  the   "invert  and  multiply"  rule   for  dividing  frac- 
tions. 

8.  What  troubles  arise   if  you  attempt  to   interpret  ^  or 


0.  (Qp.   jn  general   ^  for  any  number  a)   as   real  numbers? 

9.  Johnny   "proved"  that  2  =    1    by  this   argument:      Let  a  =  b; 
then 

a^  =  ab 

so 

-  b^  =  ab   -  b2 

whence 

(a+b) (a-b)   =  b(a-b) 
and   a  cancellation   of  a   -  b   from  each   side  yields 

a  +  b  =   b  . 

Now  since  a  =   b,   we  write  2b  =   b,    so  2  =    1.      Find  the 
hole   in   this  argument. 

10,  Prove  the  trivial   theorem  that   1   ^  0   in   the   field  of 
rea I  numbers. 


3. 


I nequa I i  t  i  es 


A    large  amount         probably  too   I arge  an  amount  of 
your  early  mathematical    training   has  concerned  equations, 
solving  them,   manipulating  them,    reducing   them,   etc.  But 
for  the  necessary   calculations    in  studying   calculus,  one 
must  be  able  and  willing   to  work  with  expressions  that  are 
not  equal,   or   in  some  cases,    not  necessarily  equal.  This 
will   enable   us  to  make  mathematically  precise  such  loosely- 
worded  expressions  as  "all    numbers  between    I    and  2,"  or 
"a    is   nearer  to  b  than  to  c,"  or  "the  square   roots  of  the 
positive    integers  become  arbitrarily    large."  Furthermore, 
the    language  of    inequalities   is   indispensable   in  discussions 
of   numerical  error. 

We  have   stated   in  RI2,   RI3,   and   RI4  enough  to  proceed 
without  delay.     That    is  to  say,   just  those  properties  about 
the  notion  of   positive   numbers  will    be  sufficient  for  a 
systematic  study  of   what   can  be  done  with   numbers  that  are 
not  equal.     For  example,   one  can  prove   (ar>  Trivial  Theorem 
3)   that    I    is  a  positive  real    number.     We  express  this  by 
writing    I   >  0 . 
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In  goneral,   x   >  0  means  that  x  J  s  PQS  i  t  i  ve ;   and   !..L><_  -  y_>  0 
we  write  x  >  y  to  express  the  fact  that  x   is  greater  than  y. 
Thus,    71  >3,   0   >  -I,   and    17   >  -4  for  the   respective  reasons 
that  7r-3,    I,   and  21    are  positive. 

The  symbol   turned  around  means   "less  than":     x   <  y 

means  that  x   is    less  than  y  and   is  equivalent  to  y   >  x.  So 
any   statement  concerning   >  has  a  counterpart   involving   <  . 

Notice  that,   geometrically,   a   <   b  means  that  a    lies  to 
the    left  of   b  on  the  number    line,   and  this 


is  very  often  a  useful    picture  which  arises  often   in  the 
chapters  to  follow. 

Now  there  are  three  operational    rules  which  could  serve 
as  Trivial   Theorems  4,   5,   and   6,   and  whose  proofs  are  left 
to  the  Problem   section.     They  are 

If  X  >   y  and  y  >   z,   then  x  >  z 

If   z  >   0  and  x  >   y,   then  xz  >  yz 

If  z  <   0  and  x  >  y,   then  xz  <  yz 
As  with  other  statements,   make  sure  you   really  understand 
the  sorts  of   uses  one  makes  of   these  rules.     The  first  one 
allows  us  to  write  a  string   such  as 


a>b>c>d>e 


without  any  misunderstanding   and  to  pick  as  we  wish  from 
such  a   string   any  of   several    inequalities.     For  example, 
one  can   deduce  that   b  >   e.      (Avoid  writing   such  things  as 
a  >   b  <    c,   because   it  gives   no   information  concerning  any 
relationship   between  a   and  c.)     The  second   rule   is  nice, 
allowing  one  to  multiply  an    inequality  by  a  positive  number 
without  changing    its   sense.     The  third   rule   forces  one  to 
change  the  sense  of   the   inequality  when  multiplying  both 
sides   by  a   negative   number.     Thus,    2  <   3,   but   ( •  •>  )  2  >  (-4)3. 


The  effects  of   subtracting   and   dividing  are  the  substance 
of   Pr6blems  6,    7,   and  8. 

The  symbol  ^  wi  1 1  be  used  to  mean  "greater  than  or  equal 
to,"  and  likewise  1  wi  1  I  mean  "less  than  or  equal  to."  Thus, 
8  <    17  and   8  1  17  are   both   true,    as    is  8  ^  8. 

In  many    instances,   you  will    have  occasion  to  construct 
3   string  of   relationships    looking   something  like 

A  =  B 
<_  C 

<  D 

<  E   =  F 
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where  the  capital    letters   will    in   some   cases   replace  rather 
comp 11 cated- I ook i ng   expressions   and    in  other  cases  might  be 
num.bers.     What  we   will    generally   be    interested    in    is  a 
relationship   between   what  we   started   with,    A,    and   what  we 
ended  with,    F.      Notice    in   this   case   that   we   can  conclude 
A   <.  F,    but   we   can   also   conclude   A   <    F,    which    is   a  "stronger" 
statement,    thus  generally  more  useful. 

Probably   for  psychological    reasons,    you  will    see   <  and 
<_    more   often   than   >   and  This    is   undoubtedly  because 

we've   been   taught    to  operate   from    left   to   right,    both  in 
reading   and    in   plotting   numbers.      Thus,    in   thinking  about 
several    numbers,    one  generally   starts   with   the   one  occurring 
first   (i.e.,    the    leftmost)    on   the    line   of    real    numbers.  So, 
in   writing   those   relationships,    the   <   symbol    is   somehow  more 
"natu  ra  I  .  " 

Concerning   notation,    you   will    find   phrases   such   as,  ".. 
whenever  a,    b  ^  0"   or   some   3uch   thing.      This  means  both 
a   and  b   are  nonhegative. 


PROBLEMS 


1.  Prove  that    I    is  a   positive   real    number.    (Hint:  use 
Trivial   Theorem  2  along  with  RI2  and  RI3.)     From  this 
it  follows  that 

...-3<-2<-l<0<l<2<3... 

2.  Prove  that   if         n,   p,   q  are  positive  then 

[L  >  R 
n  q 

if   and  only   if  mq   >  np . 

3.  Prove  Trivial   Theorems  4,    5,   and  6, 

4.  Prove  that   if   0  <  x  <    I,   then         <  x.     On  the  other 
hand,   what  can  you  conclude    if   youVe  given  that 

x^   <  X? 

5.  Prove  that   if   x  >   y,    then  x-z   >  y-z. 

6.  Prove  that   i  f  x  >   y  >   0,   then  ^  :|r- 

X  y 

7.  Prove  that   if   x  >   y  and  z  >   0,   then  j  ^ 

8.  Where  can  1  (or  £)    replace  >   (or  <)    in  the  inequality 
rules? 
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4 •     A b s o lute  Value 


We  will   often   be  concerned  with   the  distance  between  two 
points  on  the    line,   and   since  points  correspond  to  numbers, 
this  concern   is   really  with   the   "distance  between  x  and  y" 
for  any   pair  of   real    numbers  x  and  y.     One  cou I d  write 
d(x,y)    to  denote  the   distance  between  x  and  y,   but  the  notation 
|x-y|    is  standard  and  fits    in  a   framework  of   normal  arithmetic; 
besides,   you  will    soon   recognize  that   it  makes   common  numerical 
sense . 

Notice  first  something  trivial:     the  distance  between  x 
and  y    is  the  same  as   the  distance  between  y  and  x*  Thus, 

|x  -  y|    =    |y  -  x| 

We  ca I  I    I X  -  y I   +he  abso I ute   di  f f erence  of  x  and  y.  Notice 
further  that  the  distance  between  x  and  0   is    |x  -  0|    ,  and 
the  above  equation  yields 

|x  -   0|    =    |0  -  x] 
but  X   -  0  =  X  and  0  -  x  =   -x,  so 
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Ixl   =  1-x 


Clearly,  |0  |  =  0;  and  i  f  x  5^ 
between  x  and  0  is  positive. 
X.     We   call    |x|   the   abso I ute 


0,    |x  I    >  0  because   the  distance 

Thus,  |x|  >_0  for  all  numbers 
value   of   X.    Some   examples  are: 


|3-7|  =  4 

|27|  =  27 

I  7-3  I  =  4 

|-27|  =  27 


and  a   pi  cture    i  s 


-k  ^ 


Notice   that  we   cou I d   have   defined  absolute   value  by 


X  i  f  X  >  0 
0  i  f  X  ^  0 
-X    i  f   X   <  0 


and  thus  remain  free  of  any  appeal  to  geometry.  Indeed,  you 
may   have    learned  this   version   of   the  definition. 

What    is   the   distance   between  3  and   -2?     By   our  analysis, 
this    is    |3-(-2)|    =    |3+2|    =    |5|    =   5.      In. general,  |x+y| 


represents  the  distance  between  x  and  -y.     And   it   Is  natural 
to  ask  if  there  exist  any   relationships     oetween   | x+y |  , 
|x-y|    ,    |x|    ,   and    |y|   for  arbitrary   numbers  x  and  y.  There 
do,   and  the    language  of    inequalities  tells  which  ones. 

Consider  numbers,   a,    b,   and  c  as   represented  on  the  line 
There  are  two  cases:     either  c    lies   between  a  and  b  or  it 
does   not..    If   c    lies   between  a  and  b,  then 


we  have  the  equality 

|a-b|   =    |a-c|   +  |b-c| 

because  the  distance  between  a  and  b  is  the  sum  of  the  dis- 
tance between  a  and  c  c.nd  the  distance  between  b  and  c.  If 
does   not    lie  between   a  and  b. 


a 


then , 


i-b  I    <   a-c     +  b-c 
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We   can   state    in   general,    then,  that 


I  a-b  I    <^  I  a-c  I    +    I  b-c  | 

for   any   triple   of  numbers. 

A   series   of    replacements   will    yield   some   equivalent  facts 
First    replace   a-c   by   x,    and    reploce   b-c   by   y.      Then  since 
a-b   =    (a-c)    -   (b-c),    we  must   replace   a   -   b   by  x   -   y.  The 
above   statement   then  becomes 

Ix-yl    1     |x|     +     iy|  . 


Next,    replace   y    by   -z.      Then   we  get 

|x-(-z)|    <_     |x  I  +  |-z| 
which    is   more   simply  written 

|x  +  z  I    <_   |x  I   +    |z  I 

This    last   statement    Is   classically   called   the   triangle  inequality 

Now    in   this    last   statement,    replace  x   +  z   by   w,    and  then 
z   must  get   replaced   by   w   -  x   and   the   triangle    inequality  becomes 
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|w  I   1  |x  I  +  I 

which   can  be  rewritten 

|w-x  I   ^  |w  I   -    |x  I  . 

Also    in  the   triangle    inequality,    we  can   replace  x   by   u   +  v 
and  z   by  -v   so  that  x   +   2   gets   replaced   by   u,    and   we  obtain 

iul    <    |u+v|    +    |-v|    =    |u+v|    +  Ivl 


so 


U  + V       >  u 


In   all    these   recent   calculations,    notice   that   a,    b,  c, 
X,    y,    2,    w,    u,    V     are  just   numbers.     We   don't   need  all  those 
symbols   to   write   down   an   organi2ed    list   of   the   basic  relation 
ships   we've   proved;    usinr^    the    fewest   symbols,    they  are: 

|a+b|  <  |a|  +  |b| 

|a  +  b|  >^  |a|  -  |b| 

I a-b I  1  I  a  i  +  I  b  I 

|a-b|  >  |a|  -  |b| 

for   any   numbers   a   and  b. 


"  3,. 


Our  concern  has  been  centered  on  absolute  values  of  sums, 
and  differences.     What  about  products  and  quotients?     An  ex- 
ample will    be   Instructive  enough*     Suppose  a  =  7  and  b  =  -12. 
Then 

lab  I  =    |7(-|2)  I  =    1-84  I  =  84 

and    |a  I   =    |7|   =  7,    |b  |   =    |-I2|   =    12,  whence 

|a|.|b|   =  7.12     =  84. 

So   in  this  case    |ab|   =    |a|.|b|    .     You   can  try  other  choices  and 
see   in  general    that  the  absolute  value  of   a  product   Is  the 
product  of   absolute  values.   See  problems  2  and  4. 

In  particular,    \a^\   =    |a|2  =  a^,    so  that 

|a|    =  /T? 

This  is  important  to  remember,  because  in  some  calculations, 
you  may  end  up  with  the  square  root  of  a  square  of  a  number, 
and  you  must  be  careful   about  what  you  then  conclude. 

One    last   inequality:      suppose    |x|    <   K.     Then  this  means  that 
if  X  >  0,   then    |x|    =     x  <   K;   and   i f  x   <   0,    then    |x|    =  -x  <  K, 
so  X  >  -K.     Thus,    |x|    <   K  can  alternatively   be  written 


-K  <  X  <  K.  In  like  manner,  |x|  <_  K  can  be  expressed  by 
-K  <  X  <  K. 
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PROBLEMS 


1  .       In  the  re  I  at i  ons 

|a  +  b|<,|a|  +  |b| 

|a  +  b|    >.  |a|  -  |b| 

|a  -  b|    <,  .|a|  +  |b| 

|a  -  b|    >.  |a|  -  |b| 
decide   in  each  case  when   the  equality  sign  holds. 

2.       Prove  that   i  f  b  ?^  0  then 


3.  Determine  which   real   numbers  x  satisfy: 

(a)  |x  +  2|    <  3 

(b)  |x  -  2|    <  3 

4.  Prove   In   general  that 

|ab|    =    |a|    .  |b| 
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ERIC 


5 .      I nterva  I  s 


A  combination  of  the   ideas  of   inequality  and  absolute 
value    is    handy   in   describing  what  are  called  intervals 
on  the    line  of   real    numbers.     Problem  3(b)   of  the  last 
section  demanded  the   determination  of  numbers  x  satisfying 
Ix  -  2I   <  3. 


There   is   both   a  geometric  and   an  arithmetic  approach  to 
solving  this   problem  and    it's  terribly   important  for  future 
work  that  you    learn  to  "see"  the  geometry  and  to  carry  out 
the  corresponding  arithmetic. 

Geometrically,    if  x  satisfies    |x  -  2I   13,   then  Just 
recall   that    |x  -  2\    is  the   distance  between  x  and  2.  Thus, 
|x  -  2  I   1  3  means  that  the   distance   between  x  and  2  cannot  be 
more  than   3.     Thus,   one  can  think 
of   starting  at  2  and  pro- 

-z-i     01  2345 

ceeding   in  either  direction  FIGURE  5-1 

for  up  to  3   units.  Starting 

at  2,   all   the   numbers   up  to  and    including   5  will    satisfy  the 
relation,   along  with   all    numbers   down  to  and   including  -I. 
A  picture   is  given   in  Figure  5-1, 
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Arithmetically,   the  statement   |  x  -  2  |       3  can  be  analyzed 
by  using  the   last  paragraph  of  Section  4,     The  statement 
|x  -  2|    <_  3   is  equivalent  to  the  chain  of  inequalities 

-3  1  X  -  2  £  3 . 
Adding  2  all    the  way  through  yields 

-  I   £  X  £  5 

which  simply  says  that  the  number  x  must  be  between  -I  and 
5 ,  inclusive. 

In  consequence,   and  by  means  of  either  the  geometric  or 
the  arithmetic  approach,   we  end   up  with  what   is  called  a 
closed   interval  .      Its  center   is  at  2  and   its   radi  us   is  3. 

If    |x  -  2|    <  5,   the  same  procedures  yield 

-  I    <  X   <  5 

and  this  set  of  points  x  is  called  an  open  i  nterva I .  It  als 
is  said  to  have  center  2  and   radius  3. 

In  either  of  the  cases 
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or 


-I    <  X  1  5 

we  call   the  associated   interval   on  the   line  half  open »      I t 
should  be  clear  that  neither  of  these   intervals  can  be  expressed 
simply  by  a  single   inequality   involving  absolute  values. 

There  are  of   course   infinite  intervals 

5 

FIGURE  5-2 

consisting  of   all   points  to  one  side  of,   and  possibly  includ- 
ing,  a  given   point.     The  one   in  Figure  5-2  consists  of  all 
points  to  the   right  of   5  and   includes  5,     This  can  be  expressed 
X  >.  5 .     The  number  5   is  excluded  by  x  >  5. 

The  most  common  calculations  you  will   be  using  with  regard 
to   intervals  will   be  of   the  form 

|A|    <  B. 

You  have  seen   from  the  above  considerations  that  this  is 
equivalent  to  writing 
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-B  <   A  <  B. 


With   intervals,   there   is  a  matter  of   notation-      It  is 
common  to   use  [-1,5]  to  mean   the   interval    in   Figure  5-1,  i.e., 
all    numbers  x  satisfying   -I  ±  5 .      In  genera  I 


Ca,bD  means  al 
( a, means  a  I 

Ca,b)  means  al 

( a  ,  b  )  means  a  I 

Ca,°°)  means  al 

(  a,°°)  means  a  I 

(-°°,aD  means  al 

(  -00,  a  )  means  a  I 

(-00, oo)  means  al 


X   for  which  a  £x  <^b 

X   for  which  a<x<_b 

X   f  or  wh  i  ch  a  £  X  <  b 

X   for  which  a   <  x   <  b 

X   for  which  a  x 

X   for  which  a  <  x 

X   f  or  wh  i  ch  x  <_  a 

X   for  which  x  <  a 
rea I    n  um  be  r  s  . 


For  each  of  the  first  four  cases,  the  midpoint  of  the  interval 
is   its   center,   and  half    its    length    is  the  radius. 


There    is  an  aspect  of    intervals  which    involves  averages. 
The  term  average,   or  mean ,    is  ambiguous,    for  there  are  several 
ways    in  which   thosewords  a  re   used.     The  re    is  the  a  r  i  t hmet  i  c 

mean     of   two  numbers,   a  and  b.     This    is   a   number  which  when 

,        ,                 a  +  b 
added  to   itself  yields  a  +  b,   and  that's  of   course  — ^   • 

There   is  also  the  geometr  i  c  mean  of   two  pos  i  t  i  ve  numbers  a 
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and  b.  This  is  a  number  which  when  mu  I  ti  p I  ied  by  itself  yields 
ab,   and  that's  of   course  (By  the  way,    ^  always  means 

the  positive  number  t  for  which  t^  =  x.)     A  relationship 
between  the  arithmetic  mean  and  the  geometric  mean  of  two 
positive  numbers  exists,   and   it  can   be  viewed  by  means  of 
i  n te  rva I s  . 

Let  a  and  b   be  positive   unequal    numbers,    and  consider 
intervals  of    length   a  and   b,   placed  side-by-side,   as  in 
Figure  5-3.     At  the  midpoint  M  of 
the  entire    interval    can   be  drawn  a 


+ 


a  +  b        .  . 
semicircle  of   radius  — - —  ,  tne 

arithmetic  mean  of   a  and  b.  You 

can  check  to  see  that  the  right 

triangle  depicted    in   Figure  5-5  has 

/ —                                  a  +  b  .  . 

/ab  as  one   side  and   ^   '^^^ 

hypotenuse.  Thus 


a  b 

FIGURE  5"-3 


-I— I- 


a        M  b 

FIGURE  5-4 


/aF 


<   a  +  b 


Problem  4  completes  this   issue  by 
removing  the  demand  that  a  ?^  b . 
We  can  always  conclude  that 


Tab 


a  Mb 

FIGURE  5-5 
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PROBLEMS 


I.     Determine  and   sketch   all    intervals   (if  any)  corresponding 
to 


(a) 

|x 

+  2|    <_  3 

(b) 

|x 

-  2|    >  5 

(c) 

|x 

-  2|    <.  3 

(d) 

|x 

-  2|  <  3 

(e) 

|x 

-  2|    <  -3 

(f  ) 

|x 

-  2|    <    |x  - 

■  3| 

(g) 

0  < 

|x-2|    <  3 

(h) 

(x5 

+  3lx)l00 

(x-2) 

2.  Prove    (by  the  Pythagorean  Theorem)   that  Figure  5-5  is 
1  abe  I  ed  correct  I y . 

3.  Prove  the  arithmetic  mean  -  geometric  mean    inequality  by 
cons  i  der  i  ng 

4.  Prove, for  a   and   b   positive,   that  i/'ab 
a  =  b  . 


a  +  b 


if  and  only  if 
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6.  Functions 


In  your  previous  school   courses,   you  have  dealt  with 
functions  of  various  sorts,   particularly   in  studying  logarithms, 
trigonometry,    and   so  forth.     Some   reminders   here  should  be 
of   help    in   recalling  the  essence  of  the  function  concept. 

The  essence  of   this  concept  can   be  put   in  the  nutshell 
of   an  example.     Consider  the  sentence,    "The  area  of   a  square 
is  a  function  of  the    length  of  one  of   its  sides."  Think 
about  this  for  a  minute. 

In  the  first  place,   that  sentence  begins  with   "The  area," 
to  denote  that  p  rec  i  se  I  y   one  th  i  ng    is   being   determined  (by 
the    length  of   a   side).     That   is  to  say,   a   function  embodies 
the   idea  of  an   "unambiguous   designation."     A  given   square  has 
precisely  one   number  associated  with    it  which   is  designated 
as    its   area,   and  we're   saying  that  this   number   is  unambiguously 
designated   in   some  manner  by   knowing  the    length  of   a  side. 

In  the  second  place,   the  sentence   under  scrutiny  does 
not  talk  about  just  one  particular  square.      It  concerns  any 
square  whatsoever,   and  this   is  the  second   basic   idea  embodied 
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in  the  function  concept.  It  isn^t  that  a  function  makes 
just  a  single  unambiguous  designation,  but  rather  that  a 
function  makes  a   bunch  of   unambiguous  designations* 

Thus,   we  could  write  ACS)   to  mea  ^.  the  area  of   square  S; 
and   if   S   has   its   sides  each  of    length  a,   the  well    known  formul 
for  this  whole  bunch  of   unambiguous  designations  could  be 
wr  i  tten 

ACS)   =  a2 

to  spell    out   Cmore   specifically)   that  the  area  of   any  square 
is  determined   by  the    length  of   one  of    its  sides. 

If  only  certain   squares  were   under  consideration,  a 
table  would   suffice.     For  excmple 


length  of  side 

1 

2 

3 

5 

7 

II 

13 

17 

area  of  square 

1 

4 

9 

25 

49 

121 

169 

289 

One  could  think  of  a   function  as   a  collection  or  "set" 
of  ordered  pairs,  wherein  the   first  member  unambiguously 
designates   the  second   member.     Thus,   the   idea  of  ACS)   =  a^ 
could  be  written   Ca,a^)   where   the  first  member  designates 
the    length  of  a  side  and  the   second  member  designates  the 
area  of  the  corresponding  square. 


Roughly  speaking,   then, a  function  assigns  to  each  of 
certain   numbers   a   uniquely-determined  corresponding  number. 
We  will    use    letters,    such  as   f,   to  refer  to  the  functions. 
The  symbol    f(x)   will    designate  the  number  corresponding  to 
the  number  x.     The   number  f(x)    Is  called  the  value  of  the 
function   f   at  x;   or,    sometimes,    f   evaluated  at  x. 

We^ve  already   studied  one   function  a    little   bit,  the 
a  bso I ute  value   f  unct I  on .      It  assigns  to  each   number  x  the 
number    \x\    .      In   signaling     that  one    is  about  to  work  with 
this   function.    It    is   customary   to  write   "Suppose  f(x)   =  |x|... 
or  some   such  phrase. 

In  general.    It   Is   usually   sufficient  to  simply  reveal 
what  f(x)    Is,    for  that   carries   Implicitly  the  necessary 
information  one   needs  about  the  correspondence   under  study. 
That    is   to  say,    rather  than  writing,    "Consider  the  function 
which   assigns  to  each   number   its   square,"     we  will    be  content 
with   the   shorter   "Let   f(x)    =  x2  And   somet  i  mes     you  will 

see   "the   function  x2 

With  each   function,   there    Is   associated  a   set  of  numbers 
called  the  doma I n   of   the  function.     These  are  the   numbers  x 
for  which  we  wish   to  study  the   functional    values   f(x).  We 
say  that  f    is  defined  0£  or  sometimes   (for  geometric  reasons) 
ove r   its   domain.      For  example,   one  might  wish  to  study  the 


behavior  of   f(x)   =    |x|     for  -I  ix  1  I.      In   such  a  case, 
the  domain  will   be  specified  explicitly.      If  the  domain  is 
not  so  specified,   then  we  assume  the  domain  to  be  the  set 
of  all   numbers  for  which   f(x)  makes  sense.     With  this  agree- 
ment,  the  function   f(x)   =  /x     with   no  domain  specified 
automatically   has   as    its   domain  CO,"). 

Given  a   function  and    its   domain,   there   is  another  set 
of   numbers,   ca I  led  the   range  of   f.      It   is   simply  all  the 
numbers  f(x). 

Notice  thatwe  have   not  stated  that  f(x)    need  be 
expressed  by  a   formula,   though   that  was    indeed  the  case  in 
the  examples  given.     For   instance,   one  can   define  a  function 
f   by   stipulating  that  f(x)   =         i f  x   is  an    integer  and 
f(x)   =  0   if  X    is   not  an    integer.      In  this  case,   the  domain 
of   f    is  the  set  of   all    real    numbers  and  the   range   is  the  set 
0,    I,   4,   9,   ,16,    ...   of   squares  of  integers. 

You  will    need  to  become   familiar  with  various  forms 
of   the  word  map  and  their  mathematical    usage,    for  they 

simplify  many  otherwise  cumbersome  phrases.     One   says  that 
f  maps    its   domain  onto   its   range:      for  each   number  x   in  the 
domain  of   f,   the  function   "sends  x   into  f(x)"  as  suggested  by 
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(Presumably  this   comes  from  map  making  wherein  the  mapmakers 
send  Podunk  onto  an  appropriately-placed   dot  on   a   piece  of 
paper.)     This  arrow   notation  will    be    used  from  time  to  time, 

Thus,x2maps  the   real    numbers  onto  the  nonnegative 
numbers;       /x     maps  the   nonnegative   real    numbers  onto  the 
nonnegative   real    numbers;     |x|      maps  [-l,lD  onto  [0,1];  /x" 
maps  9  onto  3   (you  see,   we  also  use  this  terminology  for  any 
part  of   the   domain);    |x|      maps   (-1,0)   onto   ( Q, I ) • 

Sometimes  the  "onto"  terminology  gets  abandoned  in 
favor  of   the    looser   "into."      If   f  maps   (any  part  of)  its 
domain  onto  certain  numbers  S,   then   it  maps  those  numbers 
i  nto  any   set  of   numbers   containing   S.     Thus,   x     maps  (-1,1) 
into  [0,1],   or   into  [0,   »)   for  that  matter,   since    it  maps 
(-1,1)   onto  [0,1).     Again,     /x"    maps  the   positive  integers 
into  the  positive   real    numbers,   and      |x|     maps  the  real 
numbers    into  the   real    numbers.     The   into  terminology,  then, 
admits  a   certain  amount  of   sloppiness,   but  sometimes  that's 
all   that's   needed   in  expressing  our   idea.     You   will  note 


that  all    the   functions  we  will    deal   with  map   selected  parts 
of   the   real    numbers    into  the   real    numbers.     That   is  why  they 
are  called   rea  I    -  va  I  ued   functions.     A  variable    is  a  (general 
unspecified)  member  of   the   domain  of   a   function,   and  so  our 
functions  are   real    -  valued   functions  of   a   real  variable. 


Functions  can  be  "looked  at"  graphically,   and  certain 
insight  about   functions  can  often  be  gained   in  a  geometric 
setting.     Recall    from  your  earlier  training  the  coordinate 
system    in  the  plane. 
Every  point  has  a  name 
in  terms  of   an   "axis  of 
abscissas"   (often  called 
the  X-axis,   a    line  of 
real    numbers  viewed 
horizontally)   and   an  "axis 
of  ordinates"   (the  Y-axis, 
a    line  of   real  numbers 
viewed  vertically).  The 

number  0  on  each    line   is  placed  at  a  point  called  the  origin, 
and  positive   numbers  are  to  the  right  along   the  X-axis  and 
extend   upward  along   the  Y-axis.     Then  the  point  of   the  plane 
which    is   reached   by  going   three   units   to  the   right  of  the 
origin  and  then   four   units   up    is    labeled,   as    in   Figure  6-1, 
(3,4).     The  points    (2,    -3)   and    (0,0),    the  origin,    also  appear 
in   Figure  6-1.  A  "general"  point   is  often    labieled   (x,y),  a 


C3,4)' 

1  1  1  1  1  •- 

H  1  1  

FIGURE  6-1 


reminder  that  each  point  in  the  plane  is  named  by  giving  its 
abscissa  first. 


(You   have  by   now  noticed  that  the  single  symbol  (3,4) 
can  mean  a   point   in  the  plane  or  an  open   interval.     This  is 
all    right,   though:      a  confusion  never  arises,   because  the 
context   in  which  the  symbol  appears  makes  the  meaning 

clear.) 

In  the  coordinate  plane,   the  graph  of   f    is  the   set  of 
a  I  I    points  of  the  form   (x,   f  (x))   for  x   in  the  domain  of  f. 
Figure  6-2   illustrates   a  "general"   point  of   the   graph   of  some 
function   f.     The   number  x 
appears  of   course  on  the 
X-axis  and  the  value  of  f 
at  X  appears  on  the  Y-axis, 
and  the  pair   (x,  f(x)) 
shows   up  as  a   point   in  the 
plane.     This  means  that  the 
domain  of   f    is  a  subset  of 
the  X  -ax  is,   and  will    in  our 
work  most  often  be  an  interval. 
The  range  of   f    i s  a   subset  of  the  Y-axis. 

Since  a  general    point   in  the  plane   has  coordinates 
(x,y),   and  since  a  general   point  on  the  graph  of   f    is  given 


foo 


r(x,f«)) 


FIGURE  6-2 
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So 


by   (x,   f(x)),   the  usage  y  =   f(x)   has  arisen  and   is  often 
used   in  discussing   functions,    functional    values,   and  graphs 
of  f  u  net  ions. 


For  f(x)   =    |x|     over  the    interval   C-I,lll,   the  graph  is 
shown   in  Figure  6-3,   Make   sure  that  you  both   see   it  and  "see" 
it.      In  this   case,    it  was 
possible  to  display  the  entire 
graph.     However,   the  situation 
is  often  complicated  by  dint 
of    impossibi  lity:      you  couldn't 
hope  to  graph    |x|      for  al 1 
real    numbers  x.      In  those 
cases,    an   incomplete  picture 
fixing  on  the  idiosyncracies 

of   the   function   under  study    is  pictured,    and   you  must  become 
adept  at  graphing   functions   to  display  those   items  of  interest. 


FIGURE  6--3 


There  are  two  "simplest"  types  of   functions  (simplest 
in  the  sense  that  calculating   functional   values  constitutes 
absolutely   no  effort  of  any  sort). 

Constant   functions  are  of   the   form   f(x)   =   k  for  a  fixed 
number   k.     The  domain    is   the  set  of   all    real    numbers  and  the 
range   is   the  single   number  k.     For  f(x)   =  -2  every  point  on 
its  graph   has  the  form   (x,-2)   and   is   sketched   in  Figure  6-4. 
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The  graphs  of  all   the  con- 
stant functions  are  of  course 
paiallel   to  the  X-axis,  and 
the  X-axis   Itself   is  the 
graph  of  the  constant  function 
y=0.  Itisdifficultto 
think  of  more  to  say  in 
describing   constant  functions. 


y 

-/ 

y«  -2 

i 

-3 

FIGURE.  &-4 


The   identity  function   is  of  the  form  f(x)   =  x.  This 
just  maps  each  x  onto   itself,    i.e.,    f   "does   nothing"  and 
thus  has  the   distinction  of   being  the    laziest  of  all  functions 
The  domain   is  the  set  of  all    real    numbers,    and  so   is  the 

y 

range.     Each   point  of  the 
graph  of  the   identity  function 
Is  of  the  form   (x,x),  so 
y  =  X  describes  the  geometric 
situation,   shown   in   Figure  6-5. 

Functions,   as  we  I  I   as  FIGURE  6-5 

numbers,   a  dm  it  of  algebraic  operations.      If   f  and  g  a  re 
functions,   then   a  new  function   called  the   sum  of   f   and  g 
and  written   f  +  g  can   be  constructed.     This   is  accomplished 
"pointwise":      if  x   is  a   number,   the  value  of   f  +  g  at  x  is 
obtained   by  adding  the  numbers  f(x)   and  g(x).     This  means  of 
course  that  x  must  be  both   in  the  domain  of   f  and   in  the 
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domain  of  g   (hence   in  the   intersection  of  those  domains). 
Thus,   the  def i n i t i on . of  the  sum  of   two  functions  may  be 
expressed   in  the  equation 


(f  +  g  )  (x)   =  f (x )   +  g (X) . 

Geometr  i  cally,   the  graph  of   the  sum  of  two  functions 
is  obtained  by  summing  ordinates  at  each   point  x  on  the 
X-axis.     The  geometric  general    rule   is   pictured   in  Figure  6-6. 


9W 


"1 


If  00 


FIGURE  6-6 


where  the  x   is  the  same    in  each  of  the  three   parts.     One  can 
thus   plot  the  graph  of   f  +  g   by  graphing   both   f  and  g  on  the 
coordinate  plane  and   "eyeballing    it"   from  there  on  out. 
Figure  6-7  depicts  the 
graphs  of  the  f(x)   =  |x| 
and  g(x)   =  -2  along  with 
V  f   +  g )  (x )   which    is  also 
written    |x|  -   2.     Figure  6-8 
shows  the  sum  of  the  functions 
y=xandy=   |x|    ,   which  of 
course  coincide  for  x  >.  0, 
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The  product  fg  of  two 
functions  f   and  g    is  also  defined  pointwise.     For  each  point 
X    in  the   intersection  of   their  domains,   the  value  of   fg   at  x 
is  simply  f(x)g(x).  Thus 


( f g  )  (X  )   =  f (X  )g  (X)  . 

With   a    little  practice,   an  eyeballing   procedure  can   be  used 
to  plot  fg   from  the  separate  graphs  of   f   and  g.     Figure  6-9 
depicts   (fg)(x)   where  f(x)   =    |x|     and  g(x)   =  -2.     Figure  6-10 
does  the  same  for  y  =    |x|    and  the   identity  function  y  =  x. 
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obtaining  y  =  x.|x|      ,   this  time  without   labeling  anything. 
Make  sure  you  "see"  it. 

Notice  that  this  means   for  any  function  g,   such  expressions 
as  2g,     7tg,   and   in  general    kg  for  a  fixed  number  k  are  well- 
defined.     You  simply  take  the  product  fg   where  f(x)   =   k,  a 
constant  function.     Thus,   -g  makes   sense,   and   so  does  f   -  g, 
the   sum  of   f   and   -g .     So  differences  of   functions   can  be 
ca I cu I ated  also. 
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PROBLEMS 

1,  Sketch  the  graph  of 

(a)  f(x)   =         over  C~l,lll  ( d )     f(x)   =  2x 

2 

(b)  y   =  X  +  2  (e)      f (x)   =  2x  +  X 

(c)  f  (X)   =  x^+  2  (f )     y  =  x"^ 

2.  Write  down   an  expression   for  (f+g)(x)    in  each   case  and 


p  lot 

the 

graphs  of  f. 

g ,  and 

f  +  g 

(a  ) 

f  (X) 

=  X 

g(x) 

=  X 

(b) 

f  (X) 

=  X 

g(x) 

=  2 

(c) 

f  (X) 

=  |x| 

g(x) 

=  -2x 

(d) 

f  (X) 

=  x^ 

g(x) 

=  |x| 

3.  Repeat  Problem  2  for  (fg)(x). 

4.  We  have  given  meaning  to  2f   as  the  product  of   f  and  a 
constant  function.     How  does  this  compare  with   f  +  f? 
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7 .     More  on  Functions. 

A  class  of   functions  called   pol vnomi  a  I s    is   built   up  by 
starting  with  the  two  simplest  types  of   functions,  constant 
functions  and   the   identity   function,    and  constructing  from 
them  more  complicated   functions  by'  the  operations  of   sum  and 
product  of   functions.      For  example 

-2,    X,  9 
are  polynomials;   so  are 

-2  +   X,      -2x,      -18  +   9x,      x2,      4x  -  2x3, 
(X  +   3) (2-   -   7) ,      3  +   x( 1    -   x( -   2x) ) 


(  (  2 


X   -   3) (3x)   +    (x2   -   x) (X  +    1 ) ) (x2  +  x) 


It    is  evident  that  any  expression  of  the  form 

,  ,  n 

(I)  P(X)    =    Cq   +    C|X  +    c^x""   +    ...    +    c^x  , 

where  Cg , c , , c^ , • • , c ^   are  constants,    is  a   polynomial.  Con- 
versely,   it   is  easy  to  check  that  any   polynomial    can  be 
written    in   the   form   (I);   we  merely   have  to  multiply  out, 
remove  all    parentheses,   and  collect    like  powers  of   x.  Thus 
the    last  two  of   the  above  examples  become 

3  +  X  -/7x2  +  2x3, 

0  +  Ox  -    lOx^  -  4x3  +  Ix"*  +  x^. 
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Because  of  this   property    it   is  customary  to  take  equation  (I) 
as   the  definition  of  a   polynomial.     Thus  we  define:  A 
function   Pisa  pol vnomia I    on  a   given   domain    if  there  are  an 
integer  n  and  constants   Cq , c ,  , C2 ,  ■ ■  ■  , for  which    (I)  is 
true   for  all    values  of   x.  in  that  domain. 

.    constants  Cq,C|,C2  are  called  the  coefficients 

of   the.  polynomial;    in   particular,   c^   is  the  coefficient  o± 

the  terHir  C^x^    k  =    I  ,2  n  and  Cg    is  the  constant  tenri.  In 

writing  a   polynomial    it    is  customary   to  omit  terms  with  zero 
coefficients,   so  that  the   last  example  above  would   be  written 

-10x2    _  +   yx't   +  x^. 

The  polynomial   with   all    coefficients   zero   is  written  simply 
as   0  . 

Every   polynomial    except  0   has   a  degree,   wh  i  ch    is  the 
greatest  exponent  of   x  appearing   in   the  polynomial  after 
terms  with   zero  coefficients  have  been   removed.     Here  we 
agree  that  x  =   x'    and  Cq  =   CgX^ .     The  degrees  of  the  II 
polynomials    in  the  above  example  are   respectively  0,    I,  0, 
I,    I,    I,   2/  3,   2,   3,   5.     Polynomials  of  the 


form  ax  +         where  a  and  b  are  numbers,   are  called    I  1  nea r 
(their  graphs  are  straight   lines)   and  are  said  to  have 
s I  ope  a • 


Functions  in  general  (and 
may  have  ze ros  (also  called 
f  is  any  number  r  for  which 
then,  appear  on  its  graph  a 
or  crosses  the  X-axis, 


polynomials    in  particular) 
roots ) .     A  zero  of   the  function 
f(r)   =  0,     The  zeros  of  a  function 
places  where  the  graph  touches 


In   addition  to  describing   sums  and  products  of  functions, 
quotients  may  also  be   defined.      If   f  and  g   are  functions, 
then       is  defined,   as  you*ve  probably  already  guessed,  by 


g  g(x) 


whenever  this  makes   sense.     Of   course,   then,   the  zeros  of  g 

are  excluded   from  the   domain  of  If   P  and  Q  are  polynomials 

P 

then  we  call   the  function  ^  a   rat i ona I    function.      In  working 
with   quotients  of   functions,    some   fine   distinctions  must  be 
made.     For  example,    if   f(x)   =  x^  -  4  and  g(x)   =  x  -  2,  then 
~  does   not  have  2   in   its   domain.     Except  for  x  =  2,  however, 
this   function   is  the  same  as  h(x)   =  x  +  2,   which  does  have 
2   in    i  ts   doma  i  n , 
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The  graph  of  ^  "lay  be  sketched   by  viewing  the  separate 
graphs  of   f   and  g,   and   this  again   requires   practice.  The 
thing  to  remember   is  that    large  denom i nators   produce  small 
quotients  and  that  small    denominators   produce   large  quotients. 
The  function  ^  arises   by  choosing   f(x)   =    I    and  g(x)    =  x,  and 
Its  graph    is   displayed    in   Figure  7-1,   this  time  without  the 
separate  graphs  of   f   and  g,   which  you   should   by  now   see  through 
the  eye  of   your  mind.  Other 
practice   is   provided    in  the 
p  rob  I  em   sect  ion. 


Now  we  present   some  new 
functions  to  pJay  with.  They 
are  quite  a   bit  different  from 
the  ones  we've  thus  far  faced. 


FIGURE  7-1 


The  greatest    integer  function   arises  as  a   resu!1  of 


realizing  that  every  rea 


J    number  x  crjn   be  expressed  uniquely 


as 


X  =  n  +  p , 

where   n    is  an    integer  and   0  <^  p   <    I.      For  example. 


4=2  + 


-5  =  -5  +  0 


0  =  0  +  0 
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/2=l+    0.414...  y=0+y 

7T  =  3  +  0.I4I59...  "v=-l+|- 


The  greatest  integer 


f unct  i  on  maps  each 


real    number  x  onto  n 

x;   this   I nteger   I s 
-3,   [/2]  =    I  ,  and 


X  — >n 

and  n  is  called  the  greatest  integer  in 
designated  [x].  Thus,  [|-]  =  2,  [-  j2  = 
so  on  . 


A  partial  graph 
of   the  greatest 
i  nteger  f  u  net  i  on 
is   shown   in  Figure 

7-2.      Its   "shape"  1$  ^  ^  ^ 

i  s   suggest  i  ve  of   

steps,   and  this   

is   just  one  example   

of   what  are  known 
as   step  f  unct  i  ons . 

FIGURE  7-2 

Note  that  the  domain 

of  f(x)  =  CxD  is  the  set  of  all  real  numbers  and  the  range 
is  the  set  of   all  integers. 


The  f  pact  i  ona I    part  f  unct  i  on    is   closely  associated  with 
the  greatest   integer  function:      it  maps  each   number  x  onto 
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p  in  the  aforementioned  representation  of  x  as  n  +  p, 
where   n   is   an   integer  and  0       p  <    I  ,    so   it's  pictured 


and   p    Is  called  the   fractional    part  of  x.     The   notation  for 
p    is   ((X)),    so  that   ((§))=  i  ,((-  |))   =  J  ,    ((v/~))   =  0.4  14, 
and   so  forth. 


For  those  who've  worked  with  logarithm  tables,  CxH  is 
called  the  characteristic  of  x,  and  ((x))  is  called  the 
mant  i  ssa  of   x  . 


Figure  7-3  shows  a   partial   graph  of   the   fractional  part 
function   f(x)   =    ((x)),    and  you  will,    from  the   definition  of 
this   function,    note  that 
the   domain    is  the   set  of 
all    real    numbers  and  the 

^^"3"  FIGURE  7-3 


-3 


The  circular  f  unct  i  ons   require  a   reminder  of   the  Pythagorean 
Theorem  and    its  consequences    in  the  coordinate   plane.  Suppose 
(a,b)    and    (c^d)   are  the  coordinates  of   any  two  points  in 
the  plane.     The  shortest  distance   between  those  points 
may  be  obtained   by  considering,   as   in  Figure  7-4,   a  right 
triangle  with   the  segment  between   those  points   as  the 
hypotenuse.     Make  sure  you  agree  with  all   of   the  labels 
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In  that  figure.     Then  the 
distance  D  between  (a,b) 
and    (c,d)    is  obtained  from 
the  Pythagorean  equation. 

=  |a-c|2  +  |b-d|2 
=   (a-c)^  +  (b-d)^ 


FIGURE  7-4- 


so  that 

D  =   /(a-c)-^  +  (b-d)^ 

Now    let   us   consider  a  circle  with   center  at   (0,0)  and 
radius    I.     We  call   this  tfre   unit  ci  rc  le.     Th  i  s   circle  shown 
in   Figure   7-5  consists  of   all  points 
(x,y)    at   a  distance    I    f  rom  (0,0), 
so  that  the  distance   formula  yields 

I   =  /(x-0)-^  +  (y-0)^ 

=  /x^  +  y^ 
whereupon    (squaring   both  sides) 
we  obtain  the   following  relationship 
second  coordinates  of  all   the  points 

+  y ^  =    I  . 


FIGURE  7-5 

between  the  first  and 
on  the  c  i  rc I e : 
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with  these  preliminaries  out  of  the  way,    let  u  be  any 
real    number.      Its  distance  from  0   is  of  course    |u|.  Imagine 
one  end  of   a   ruler  being   "planted"  at  the   point   (1,0)   on  the 
unit  circle,   and   imagine   further  the   ruler  being   "rolled  along" 
the  circle  without  sliding   until   the  point  corresponding  to 
|u|   on  the   ruler   is   reached,  with 
the  agreement  that   if   u  >  0,  then 
we   proceed   rolling  counterclockwise, 
and   if   u   <  0,   we  proceed  clockwise 
along   the  circle.     Figure  7-6 
corresponds  to  a  positive  value  of 
u.      If   u  =  0,   of   course,    we  remain 
at   ( I ,0)  . 

In  any   case,   the  point   |u|    on  the   ruler  ends   up  at 
some  point  on  the   circle,   and  we  def  i  ne  cos   u  to  be  the 
abscissa     of  that  point  and   sin   u  to  be  the  ordinate. 


y 

/ 

/ 

/ 
/ 

— 1  

\ 

\ 

\ 

N 

/ 

/ 

/ 

/ 

FIGURE 

7-6 

The  sine   function    is   defined  by   f(x)   =  sin  x.      its  domain 
is  the  set  of   all    real    numbers,   and   its   range   is  the  interval 
C-I,n.     You've  memorized  that  the  circumference  of   a  circle 
is  2TTr,   so  the  circumference  of  the  unit  circle   is  2tt.  A 

y 

I  • 


FIGURE  7-7 
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little  thought  about  traversing  the  unit  circle  will   be  enough 
to  convince  you  that  a  partial   graph  of  the  sine  function  is 
presented   in   Figure  7-7. 


The  cos  i  ne  function   is  defined  by    f (x)   =  cos  x.      Like  the 
sine  function,    it  maps  the  real   numbers  onto  [-l,lD,   and  its 


s ketched   i  n 

Figure  7-8 

y 

y 

—  -I- 

FIGURE  7-8 

The  tangent,   cotangent,    secant,   and  cosecant  functions 
are   defined  by  taking  quotients  of   the  two  basic  circular  (or 
trigonometric)   functions   sine  and  cosine.     Their  abbreviation 
are   suggestive  enaugh  to  write  the  definitions   as  follows: 

cos  X 


tan  X  = 


sin  X 
cos  X 


cot  X  = 


sin  X 


sec  X 


cos  X 


CSC  X 


s  I  n  X 


This   presentation  of   the  trigonometric  functions   as  real- 
valued   functions  of   a   real    variable   departs   from  the  more 
common   presentation   via   angles,    degrees,   triangles,  etc. 
However,   all   the  usual    trigonometric   identities  you  learned 
earlier  still   hold,   and  you  should  use  them  freely. 


We  end   this   section  with   some    language  we  will    use  to 
describe  certain   sorts   of   functional  behavior. 

A  function  which   has  the  property  that  a   <   b  implies 
f(a)    <   f(b)    is   called    i  ncreas  i  nq .     Thus   the   identity  function 
and  the  constant   functions   are    increasing,   and  some  more 
examp I es  a  re 

f (x)   =   X  on   [0, 1] 

f (x)    =    I x|  on  [0,«) 

f(x)   =  [x] 

f ( X)   =   ( ( X) )         on   [0, 1 ) 

and   it   should   be   obvious  that   if   a   function    is    increasing  on 
its   domain,    then    it's    increasing   on   any   part  of    its  domain. 
The  sine  and   cosine   functions   are   not   increasing   (exro    '■  on 
selected  subsets   of   their  domains). 

If   a   <   b    implies  that   f(a)        f(b)   then  the  function  f 
is   called  strictly    i  ncreas  i  nq. 

Similarly,    if   a   <  b    implies   f(a)       "f  ( b )  ,   then   f  is 
decreas  i  nq;    and   the   term  str  i  ct  ly   decreas  i  nq    is    reserved  for 
those   functions   for  which   a   <  b    implies   f(a)    >  f(b). 

Functions  which   are  either   increasing  or  decreasing  are 
called  monotone. 
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In  general    with   regard  to  functions,    situations  will 
arise   in  which   one  might  wonder   if   extreme  cases  are  to  be 
included,   and  the  word   "strictly"  will    be   used   to  exclude 
extreme  cases . 
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PROBLEMS 


What    is   the  degree  of   the  polynomial 

(x2  +   /2x  +    I)  (  x2  -   /2x  +    I)    -  x"^? 

Prove  that  the  degree  of   the  product  of   two  po I y nom ' a  I s 
is   the  sum  of   their   degrees,   and  that   the  degree  of 
the  sum   is   at   most  the    larger  of   the  two  degrees. 

Plot  the   graph   of  ^  for  each   of   the  pairs   of  functions 
in   Problem  2  of   the  previous  section. 

Show  by  example  that  there  exist  functions  f,  g,  and  h 
for  which   qh   =   f   but  h.      Is    it,   on   the  other  hand, 

true   that    '  ^  ~  "      ^    '^^^^   9^   "  ^- 

Prove  that  each  real  number  x  can  be  expressed  in  only 
one  way  as 

X  =   n  +  p 

where  n  is  an  integer  and  0  <  p  <  1.  (Hint:  show  that 
if  X  =  m  +  q  where  m  is  an  integer  and  0  £  q  <  1,  then 
n=mandp=q-) 

What  function  is  the  sum  of  the  greatest  integer  funct 
and  the  fractional    part  function? 
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Sketch  graphs   of  the  other  trigonometric  functions 


8.         Sketch  the 

(a)  f(x)  = 

(b)  f(x)  = 

(c)  f(x)  = 
(  d)    f ( x)  = 


graphs  of 
X  +   s  i  n  X 
[sin  xH 
X  s  i  n  X 
((sin   X ) ) 
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8.       Compos  i  t  i  on  and  Inverses 


Thus  far,   we  have  carried  out  only  algebraic  operations 
with   pairs  of   functions:      f +g ,    f-g,   f'g*   and  ^.     One  more 
operation   needs  to  be  discussed,   and    it   is   not  algebraic. 
We  present  first  an  example. 

Let  f(x)   =  X"   and  g(x)   =  x+l.     We  evaluate  f   at  2  and 
then   proceed  to  evaluate  g  at   f(2):    first,    f(2)   =   4  and 
g ( 4)   =   5 .      In  general, 

g(f(x))   =   f(x)   +  I 
=  x^  +    i  . 

We    label   the  function  thus  obtained  g(f),    so  that 

(g ( f )  )  (x  )   =  g ( f (x  )  ) 

and  we  call   g(f)  the  compos  i  t  i  on  of   f  and  g.     The  f  comes 
first   in  this  phrase  because  the  picture  is 

'  X  — ^  f  (x)  — ^  g(  f  (x  )  ) 

■^>tice  that  the  composition  of   f   and  g    is  not  neces  f.- cjr  H  y 
the  same  as  the  composition  of   g  and  f.      Indeed,   the  exa-npie 
we  started  with  yields 
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(  f  (g  )  )  (X  )   =   f  (g  (x  )  ) 
=    (g(x)  )  2 

=(x+l)2=x2+2x+  I. 


The  graph  of   f(g)   can   seldom   be  obtained  from  a  hurried 
view  of   the  graphs  of   the  separate  functions    involved.  This 
is  because   f(g)    is  evaluated  at   numbers  which   are    in  the 
range  of  g  • 


We  give   some  examples; 


(a)      f(x)   =    |x|;    g(x)   =   -x.  Then 

( f  (g  )  )  (x  )  =  I -X  I  =  |x I  =  f (X )  and 
(g ( f )  ) (X )   =  -I  X  I    =   -f  (x)  . 


(b)      f(x)    =   sin  x;   g(x)   =  x2    .  Then 
( f (g )  ) (x  )   =   sin  x^  and 

(g(f))(x)  =  (sin  x)2  which  is  usually  written 
s  i  n  ^x  . 


(c)  f (x)  =  CxH; 
(  f (g ) ) (X  )  = 
(g ( f ) ) (x  )  = 


g (x )   =   (  (x  )  )  .  Then 
C(  (X)  )]  =  0  and 
( (Cx]) )   =  0. 


(d)  f(x)   =  sin  x;   g(x)   =  -  .  Then 

(  f  (g  )  )  (x  )   =   s  i  n  ~  and 

(g  (f  )  )  (x  )   =    =  CSC  X  . 

^  s  I  n  X 

(e)  f(x)    =  x;   g(x)   =  x^  +  sin  x  +  QxH.  Then 
(f  (g))(x)    =  x^  +   sin  x  +  [xH  and 

(g(f  )  )  (x)   =  x^  +  si  n  X  +  [xH- 

Example   (e)   was  selected    in  a   complicated  enough  way 
that  you   should   be  convinced  that  any   function  composed  with 
the    identity   function   remains  unchanged. 

Another  example  is 

f(x)    =   2x   +   7;   g(x)    =         '  J  *  Then 
g(f(x))   =  X,   the   identity  function. 

In  general,    if   g    is  any   function   such  that  g(f)    is  the 
identity   fun ct ion,   then  g    is  called  the   i  nverse  of   f   and  we 
write   f""^   to  denote  this   inverse.      Schematically,   this  means 
that   for  any  x    in  the   domain  of   f   we  have 

f  .   ^ ,    ,   f . 
X   ^  f  (x  )   ^  X 
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Do  not  confuse  f"^(x)   with  .      In  the   last  example, 

f"^{x)   =  jx  -  J  ,  but 

\_  ^  I 
TTxT      2x  +  7 

and  these  are  clearly   not  the  same  functions. 

Notice  that   not  all    functions   have   inverses.      For  exampi 
f(x)   =   7  has   no   inverse   function.     You   should   be  able  to  see 
that  the  greatest   integer  function   has   no  inverse. 

it   is  very    important  that  you  give  special    attention  to 
Prob  jams   5,   6,   and   7 . 
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PROBLEMS 


What  are  the  zero'i 


of   the  sine  and  coshie  fi  notions? 


What  are 


th  e  ze  ros  or  sin 


—  ? 

X 


Sketch  the  graph  of  sin 


Write   an  expression  for 


the   inverse  of   f  where 


(a)  f(x)  = 

(b)  f(x)  =  x^  +  I 

(c)  f(x)  =  -X 

See   if  you  can   prove  that   if  a  function    is  strictly 


Does   a  strictly   decreasing  function   have  an  inverse 

Let  f  be  a  strictly  increasing  function.  Plot  f  an 
its  inverse  on  the  same  coordinate  axes,  and  compar 
them  with  the  graph  of  the  identity  function.  Do  y 
not i  ce   any th  i  ng? 


increasing,    then    it  has   an  inverse. 


It's   n  ot  ve  ry  hard 


to  do. 


/ .... 
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Chapter  I 
BASIC  COMPUTER  CONCEPTS 

1 .       A  I qor i  thms   and   F I ow  Charts 

A  distinction   should   be   made  between   the   study  of 
computers  and  the  study  of   computing.     The   study  of  compu- 
ters  deals  with   the   design  of    large   complex  networks  of 
circuits   and  electronics  that  make   up   a  computer.  You 
will    learn  very    little   about  that   in  this  book.     The  sub- 
ject of   computing,    on  the  other  hand,    deals  with  the 
organizing  of  problems   so  that  computers  can  work  them. 
As  we  shall    see,   this  topic  consists  primarily  of  the 
study  of   a  I gori thms-- learn i ng  not  only  to  understand  but 
also  to  construct  and   improve  them. 

What   is   an   algorithm?     An   a  I gori  thm   is   a    list  of 
instructions  to  carry  out  some  process  step   by   step.  A 
recipe   in   a   cook  book   is   an  excellent  example  of  an  algo- 
rithm.    Here  the  preparation   of  a  complicated   dish  is 
broken   down    into  simple   steps  that  every  person  experi- 
enced  in   cooking  can   understand.     Another  good  example  of 
an   algorithm   is  the  choreography  for  a  classical  ballet. 


Here  an    intricate  dance   is  broken   down    into  a  succession 
of  basic  steps   and  positions  of   ballet.     The  number  of 
these  basic  steps  and  position^    is   very   small,    but  by  put- 
ting them  together   in   different  ways,    an   endless  variety 
of   dances  can   be  devised. 


In   the   same  way,    algorithms  executed  by  a  computer 
can   combine   millions  of  elementary   steps   such   as  additions 
and  subtractions,    into  a  complicated  mathematical  calcula- 
tion.     Also,    by   means   of   algorithms,    a  computer  can  con- 
trol   a   manufacturing  process  or  coordinate  the  reserva- 
tions of   an   airline   as   they  are   received   from  ticket 
offices  all    over  the   country.     Algorithms   for  such  large 
scale  processes   are,    of   course,    very  complex,    but  they  are 
built   up  of  pieces  as    In  the  example  we  will   now  consider. 


If  we  can   devise  an   algorithm  for  a  process,    we  will 
see   that  we  can   usually   do  so   in   many   different  ways. 
Here   is  one  algor  tor  thft  every-day  process  of 

changing  a  flat  tire. 

Algorithm  for  Changing  a   Flat  Tire 

I  .  J  ack   up  the  car. 

2 .  Unscrew  the    I ugs . 

3.  Remove  the  wheel. 

4.  Put  on  the  spa  re . 
5  .  Screw  on   the    I ugs . 
6.  Jack  the  car  down. 
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We  could  add  a    lot   more   detail    to  this   algorithm.  We 
could    include  the   steps   of    getting  the  materials   out  of 
the  trunk,    positioning  the   jack,    removing  the  hub-caps, 
loosening  the    lugs   before  jacking  up   the   car,   etc.  For 
algorithms   describing  mechanical    processes,    it   is  general- 
ly necessary  to  decide  how  much   detail    to   include.  How- 
ever,   the  steps  we  have    listed  will    be  adequate  for 
getting  across  the   idea   of   an   algorithm.      When  we   get  to 
mathematical    algorithms,   we  will    have  to  be  much  more 
p  rec  i  se  . 


A  flow  cha  rt    is   a  diagram 
for   representing  an  algorithm. 
In   Figure    l-l,   we   see  a  flow 
chart   for  the   flat   tire  algo- 
r i  thm.  The 


in   the   flow   chart    re mind   us  of 
the  buttons   used   to  start  and 
stop   a  piece   of  machinery. 


J  ack  up  the  ca  r 


T 


Un s crew  the  lugs 


Remove  the  whee  I 


Put  on   the  spare 


T 


Screw  on  the    I ugs 


J  ack  the  car  down 


t 

FIGURE  1-1 
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Each    instruction    in   the   flow  chart   is  enclosed   in   a  frame 
or  "box".     As  we  will    soon   see,   the  shape  of  the  frame 
indicates   the   kind  of    instruction   writ  ten    inside.     A  ec~ 
tangular  frame   indicates   a  command   to  take  some  action. 

To  carry  out  the  task  described   by   the   flow  chart,  we 
begin   at  the  start  button   and   follow  the  arrows   from  box 
to  box  executing  the    instructions   as  we  come  to  them. 

After  drawing  a   flow  chart,   we   always    look  to  see 
v^hether  w'e   can    improve    it.      For   instance,    in   the   flat  tire 
flow  chart,   we  neglected   to  check  whether  the  spare  was 
flat.      If  the  spa  re  j_s_  flat,   we  will    not   change   the  tire 
but  will    call   a   garage    instead.     This   calls   for  a  decision 
between   two  courses  of   action.     For  this  purpose,  we 
introduce   a  new  shape  of   frame   into  our  flow  chart. 


Inside  ^he  frame  we  will  write  an  assertion  Instead  of  a 
command . 


This   is   called  a  dec  i  s  i  on   box  and  will   have  two  exits, 
labelled  T  (for  true)   and   F  (for  false).     After  checking 


the  truth   or  falsity   of  the  assertion,   we  choose  the 
appropriate  exit  and  proceed   to  the   indicated  activity. 

1 


'  F 

Change  the  t  i  re 

Call    a  g  a  rage 


Insetting  this   flow  chart   fragment    into  Figure  l-l, 
we  obtain   the   flow  chart    in   Figure  1-2, 


There    is   still  another 
instructive   improvement  pos- 
sible.    The    instruction  in 
box  2   of   our  flow  chart  in 
reality   stands   for  a  number 
of   repetitions   of   the  same 
task.     To  show  the  addition- 
al   detail   we  could  replace 
box  2  by:  i 


c 


The  sp  a  re    is  flat 


> 


Unscrew 

a 

1  ug 

r 

Unscrew 

a 

1  ug 

Unsc  rew 

a 

1  ug 

f 

Unscrew 

a 

1  ug 

r 

Unsc  rew 

a 

1  ug 

'  F  1 

Jack  up 

the  car 

2 

Unscrew 

the  lugs 

r 

3 

Remove  the  whee 1 

4 

Put  on   the  spa  re 

5 

Screw  on 

the    1 ugs 

6 

J  .a  c  k  the 

car  down 



V  7 


Ca  I  I  a 
ga  rage 


6S 


FIGURE  1-2 


The  awkwardness  of   this   repeated   instruction  can  be 
eliminated   by    introducing  a  loop, 

I —  -1 

Unscrew   a      I  ug 

As  we    leave  the   box,   we   find  that   the   arrow    leads  us 
right   back  to   repeat  the  task  again.     However,   we  are 
caught    in   an  endless    loop   as  we   have  provided   no  way  to 
get   out  of   the    loop   and   go  on  with   the   next  task.     To  rec- 
tify  this  situation,   we  again    require  a   decision   box,  as 
foil ows : 

I  -\ 

(A  i  I    the    I ugs  have 
been   u  nscrewed 

Unscrew   a  lug 


Replacing   box  2   of   our  flow   cha rt  w F th  t h i s  mechanism 
and   making  a   similar   replacement   for  box  5,   we   get  the 
final    result  shown    in    Figure  1-3. 
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Now  that  you   have  fol- 
lowed the  development  of  the 
flat  tire   flow  chart,   try  to 
devise  one  of   your  own.  In 
the   algorithm  of   the  fol- 
lowing exercise,   you  will 
probably   discover  some  de- 
cisions  and   loops.  There 
are  many  different  ways  of 
flow  charting  this  algo- 
rithm,  so  probably  many 
different    looking  flow 
charts  will    be  submitted. 


C 


The  spa  re    is  flat 


1 

Jack  up 

the  car 

8 

 ►  , 

r    Al 1   the    lugs   have  A 
v.       been   unscrewed  J 

9 

Unscrew   a    I ug 


Remove  the  whee 


Put  on   the  spare 


10 


Al  I    the    I  ugs   have  yE, 
been  unscrewed 


I 


Sc new  on   a  lug 


Jack  the  car  down 


^STOP^ 
FIGURE  1-3 


Call  a 
garage 
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PROBLEMS 


Prepare  a   flow  chart  representing  the  following 
re c  i  pe  . 

Mrs     Good_^  Rocky^  Road 

I ngred  i  ents : 

1    cup   chopped  wa  I  nuts 

J  lb.   block  baksr's  chocolaie 

^  lb.    marshmaliows  cut    in  halves 

3  cups  sugar 

^  cup  evaporated   nil  Ik 
1 

cup   corn   sy  rup 
1    tsp .  vanilla 
^  I  b  .  butter 
J  tsp.  salt 

Place  milk,   corn  syrup,    sugar,   chocolate,   salt   in  a 
four-quart  pan   and  cook  over  high   flame   stirring  con- 
stantly  until    mixture  boils.     Reduce  to  medium  flame 
and   continue  boiling  and   stirring   until    a  drop  of 
syrup  will    form  a  soft  ball    in   a  glass   of  cold  water. 
•Remove   from  flame  and  allow  to  cool    10  minutes.  Beat 
in   butter  and   \'ani||a   until    thoroughly   blended.  Stir 
in   wclnuts.     Distribute  marshmallow   halves   over  bot- 
tom of    10"  square   buttered  baking  pan.     Pour  syrup 
over  marshmaliows.     Allow  to  cool    10  minutes.  Cut 
in   squares   and  serve. 

3:: 

72 


2  •       ^  Nume  r  i  ca I  Algorithm 


Now  we   are   ready   to   look  at   an   alyo,  .  rhm  for  a  math- 
ematicai   ca  I  cu I rt i As  a   first  example,   we  will  take 
the  problem  of    1'  ;  terms   of   the   Fibonacci  sequence: 

0,    1,    1,    2,    3,    5,    8,    13,    21,    34,    55,  ... 

In   This  sequence,   or    list  of   numbers,    the    first  two  terms 
are   given   tc   be  0  and    1.     After  that,   they   are  constructed 
according  '^o  the   rule  that  each   number   in   the    list    is  the 
sum  of   the   two  preceding  ones.     Check  that  this   is  the 
case.     Thus,    the   next  term  after  the    last   one    lisi-od  above 
i  s  : 

34  +   55  =  89. 

Clearly,   we   can   keep   on    generating   the   terms   of   the  se- 
quence,   one   after  another,    for  as    long  as  we    like.     But  in 
order  to  write   an   algorithm   for  the   process    (so  that  a 
computer  could  execu-te^it,    for  example),   we   have   to  be 
much  more  explicit   in   our   instructions.     Let»s  subject  the 
process  to  a    little   closer  scrutiny. 

To  the    right   is  a   table   showing   the   computation  of 


the  Fibonacci 

Ne> 

seq  uence • 

We  can 
see  that  in 
each   step  the 
latest  term  becomes  the   new   next    latest  term 
ai;d  the   sum  becomes   the   new    latest  term. 


Latest 

Latest 

O  U  III 

r  m 

T  c>  p  m 

(   CI  III 

0 

1 

0  f   1  = 

1 

1 

1 

1  +  1  = 

2 

1 

2 

1   +   2  = 

3 

2 

3 

2  +   3  = 

5 

5 

3  +   5  = 

8 

5 

8 

5  +   8  = 

13 

8 

13 

8  +    13  = 

21 

Let's  construct 
the   f  i  rst   te  rm  to 
e  xcee  d    1000    in  the 
Fibonacci  sequence. 
A  f  ^e  r  64  steps 
wh  i  ch  take  us 
th  rough   the    I oop  of 
f  I  ow   ch a  rt  boxes 
2-5   fifter-;  times, 
we  eventually 
emerge   from  box  3 
at   the  T  exit  and 
.proceed   to  box  6. 
This   box   is   seen  to 
have   a  different 
shape  because  it 
ca  I  I s   for  a 


a   flow   chart   (Figure   ?-l)    for  finding 


I 


nitially   take  the  next- 
atest  term   to  be   0  and 
the   latest  term  to  be  l< 


1 


Ffnd   the  sum  of    the    la test 
term  and   the  next-latest 
term. 


3 


sum  is 

g  rea te  r  A 

than 

1000.  J 

yf  F 

4 

Now 

demote 

the    1  a tes  t 

term 

to  the 

role  of 

next 

-  1  atest 

term. 

T 


1 


Write   dow n 
the  va 1 ue  of 
the  sum 


Now    let  the   sum  Just 
calculated   be  designated 
as   the    latest  term. 


FIGURE  Z-\ 
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different  kind  of   activity         thbt  of  writing  down  our 
answer.     The  shape   is   chosen   so  as  to  suggest  a  page  torn 
off   a    line  printer,   one  of  the  most  common   computer  output 
de  V i  ces  . 


o 

o 

o 

1  597 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 
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3  .       A  Mode  I    of   a_  Comp  li  te  r 

The   algorithm  considered    in   the   preceding  section  can 
be  presented   in   much   simpler  notation  which    is   at  the  same 
time   more   nearly   ready   to  be   given   to  a   computer  as   a  set 
of    instructions.      To  do  this,    we   need   to   introduce   a  con- 
ceptual   model    of   how  a   computer  works       This   model  is 
extraordinarily  s i mp 1 e--ch i  1  d i sh  1  y  so,    in   fact.      It  is 
amazing  but  true   that   such   a   simple   view  of   how   a  computer 
works    is   completely   adequate   for  this  entire   course.  We 
will    present   a  more   realistic  picture   of   a   computer  in 
later  sections   of   this   chapter--but  only   to  satisfy  your 
curiosity,    not   because   we   have   any   real    need   of  it. 

Variables.      In   computing  work,    a  variable   is   a  letter 
or  a   string   of    letters    used   to  stand   for  a   number.  In 
the  formula 

A  =   L  X  W 

the    ietrars   A,    L,    and  W  are  variables.      in   the  formula 

Dl ST  =   RATE   X  T 1  ME , 
DIST,   RATE,   and  TIME  are  variables. 
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At  any  parvicular  time,   a  variable   must   stand   for  one 
particular  number   called   the   va  I  ue   of   the  variabl'^. 
Although   at  any   time   the   value   of   a   variable    is   one  par- 
ticular number,    this   value   may   change   from  time  to  time 
during  a   computing  process.     The   value   of   a   variable  may 
change   millions   of   times   duri:  :   the   execution   of   a  single 
algorithm. 

In   ou.'  conceptual    model    of    a  computer,   we  will  asso- 
ciate  with  each   variable   a  wi  ndow   box.     On   the  top   of  each 
box  the   associated   variable    is   engraved.      Inside   each  box 
is  a   strip   oi    paper  with   the   p  resent   va  I  ue    (or  current 
value)    of   the   variablewritten   on  it. 


Each   box  has 
a    lid  which   may  be 
opened  when  we  wish 
to  assign   a  new 
value   to  the  vari- 
able.    Each  box 


FIGURE  3- 


:-3S   a   window    'n   the   s  i  d'3   so  that  we   may   read   the   value  of 
a   variable  with   no  danger  of   altering  the   value.  These 
window  boxes   constitute  the   memory   of   our  computer.  'n 
Figure   3-1,   we  see   the   course   of   executing  the  Fibonacci 
sequence   algorithm  of   the   preceding  section.     Here  NEXT 


stands  for  "next  to  last  te  rm»^  and  LATEST  stands  for 
"latest  term". 


The  Model    and  How   It  Works.     We   visualize  a  computer 
as   a   room  with   a  numoer  of  window  boxes    in    it   and  a  staff 
Qf   three  workers — the  master  computer  and  two  assistants, 
the   assigner  and   the   reader.     The  master  computer  has  a 
f I ow   chart  on 
h  i  s   desk  f  rom 
which   he  gets 
his    i  nst  r uc- 
t  i  on  s ,  ac- 
cord i  n  g  to 
w.    ch  he 

e  I  e  gc:  res 
C   rtr^  i  n  tasks 

to  his  assistants.  (In  a  real  computer  the  tasks  of  these 
workers  are   performed   by  electronic  circuits.) 


To  see  how  this   team  operates,    let   us   suppose  that 
the   computer   Is    in  the  midst  of  executing  the  Fibonacci 
sequence   algorithm  of   Figure  2-1.     One  of  the  instructions 
in   this  a  I gor  i  th  r  was : 

I  . 


rind  the  sum  of  the 
latest  term  and  the 
next- 1 atest  term 
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In  a  simplified  flow  chart  notation,  this  instruction  will 
take  the   form:  , 


Inside  this  "flow  chart   box,   we   find  an   ass  i  qnment 
statement.      Reading  this   statement   aloud  we  would  say, 
"Assign  to  SUM  the   value   of    LATEST  +  NEXT",   or  rpore  simply, 
"Assign   LATEST  +  NEXT  to  SUM",     The    I e f t -p o i n t i n g  arrow  is 
called  the  ass  i  qnment  operator  and    is  to  be  thought  of  as 
an  order  or  a  command.     Rectangular  boxes    in   our  flow 
chart    language  will    always  contain   assignment  statements  an 
will    therefore   be  calloci   ass  i  qnment  boxes  . 

Now    lot's   see  what  takes   place  when   the   master  comput- 
er corses   to  this   statement    in   the    flow   chirt.      We  shall 
assume   that  the  variables   LATEST   and   NEXT   (but   not  SUM) 
have  the   values     seen   in   Figure  3-1. 

T!ie  computation   called   for   in    the  a  ss  i  gnmei.  t  state- 
men!    .occurs  on   the    right-hand   side   of   the  arrow,    so  the 
master  computer   looks  tnere  first. 


He  sees  that   he   must  know   the  values  of   the  varir^bius 


S'jM  ^ 


7a 


LATEST 
va  I  ues 


and  NEXT  so  he  sends  the  reader  out  to  fetch  these 
f  rom  memory  . 


The   reader  then   goes  to  the  memory  and   finds  the  win 
dow  boxes  labeled 
LATEST  .:r)d  NEXT. 
He   reads  the 
va  lues   of  these 
variables  through 
the  w  i  ndows,  jots 
the  values  down, 
and  takes  them 
back  to  the  master 


comp  ute  r 


TnCLstm  ^sstane/L 


The  master 
computer  computes 
the  value  of 

LATEST  +  NEXT  using  the  values  of  these  variables  brought 
to  him  by  the  reader. 


8+13 


2  ! 


What   does   he   do  with  this  value? 


The  master  computer  now    looks   at  the    left-h^ind  side 


of   the  arrow   in  his  instruction. 


(  SUM  ^^f^LATEST  +  NEXT 

He  sees  that  he  must   assign  the  computed   value  of 
LATEST  +  NEXT,    namely,    21,   writes   "21"  on   a   slip   of  paper, 
calls  the  assigner,   and    instructs  him  to  assign  this  value 
ho  the   va  r  i  ab I e  SUM . 

The  assigner   goes   to  th:-   memory,    finds   the   window  box 
labeled  SUM, 
and   dumps  out 
i  ts  contents  . 
Then   he  puts 
the  slip  of 
paper  with 
the   new   va  I  ue 

in  the  box,    closes  the    lid  and   returns   to  the  master 
computer  for  a   new  task. 

Recapitulating,    we   see  that  assignment    is  the  process 
of   giving  a   valuc^  to  a  variable.     We  say   that  assignment 
is   de  st  ruct  i  ve   because    it   destroys   the   former  value   of  the 
variable.     Reading   is   nondestructive   because  the  process 
in   no  way   a'ters   the. values   of   any  of   the   variables    in  the 
memory . 


81 


We   p resent   in   Figure   3-2  the   entire   flow  chart  of 
Figure  2-1    in   simplified   flow  chart    language.     The   old  and 
the   new   flow  charts   a  re   placed   side   by   side   for  easv 
compa  r  i  son . 


I 


Initially  take  the  next 
latest  term  to  be  0  ond 
the    latest   term   to   be  I 


Find 

the 

s  um 

of   the    1  a tes  t 

t  e  rm 

and 

the 

next  latest 

term 

This  sum  is  g  reate  r 
than    I  0  00 . 


Now  demote 

the 

1  atest 

te  rm 

to   the  role 

of 

next  1 

ri  te  s  t 

te  rm  . 

> 

f 

c 

Now    let  the 

sum  just 

ca  1  - 

culated  be 

des 1 gnated 

as 

the  latest 

term. 

Write  down 
the   vtlue  of 
this  sum 


I 


NEXT  0 
LATESTf- I 


SUM    <-  LATEST  +  NEXT 


SUM  > 

1  000 

F 

f  4 

NEXT<- 

LATEST 

LATEST 

^  SUM 

( a )  Old 


FIGURE  3-Z 
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(b)  New 


The  translation    requires  very    little  explanation.  In 
light  of  the   foregoing  explanation    it  should   be  obvious 
that  the   statement    in   box   1    is  equivalent  to  the  two  state- 
ments   in   box   1    on  the   right.     The   new  version   of   box  2  has 
been   discussed    in   detail;    box  3   is  obvious. 

We   SCO  that  the  two  statements    in   boxes  4  and  5   of  the 
old   flow  chart  are  compressed   into  one  box,    box  4  of  the 
new   flow  chart.     This    is   permissible  whenever  we  have  a 
number  of   assignment  statements   with  no  other  steps  in 
between.     However,    it    is   very    important  to  understand  that 
these   assignment   statements  must  be  executed    in   order  from 
top  to  bottom  and   not    in   the  opposite   order  and  not  simul- 
taneously.     In    fact,   we   should   always  think  of   a  computer 
as   doing  just  one  thing   at   a  time   and  the   order   in  which 
things  are   done    is   generally  extremely  important. 

You   can   see  that  the   statements    in   box  4   involve  no 
utat  i  on ,    but   merely    involve   changing  the   values  in 
.n  window   boxes.     This   sort  of   activity  will  occur 
very   frequently    in    future   flow  charts. 

In   box  6  of  the    flow  chart,   we   see  written   only  the 
variable  SUM.     The   shape   of   the   box   (called   an   output  box) 
tells   us  that  the  va  1  'e  of   the   variable  SUM   is  to  be 
written   down.      If    in   some  other  algorithm  we   wished  to 
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write  down  the  values  of  several  variables,  we  would  list 
these  variables  in  an  output  box  separated  by  commas,  for 
example: 

A  ,    B  ,    C  ,    D  I  5  T 

T  rac  i  nq  the       ow  Cha  rt .     To  better  understand  what  our 
flow  chart   in   Figure  3-2(b)    is   doing,    let  us  trace  through 
it  executing  the  steps   as  the    naster  computer  and  his 
assistants  would   do  them. 

Tracing  of  the   Flow  Cnart   of   Figure  3-2(b) 


F  I  ow 

Step  Chart  Values  of   Variables  Test  True 

Number  Box  oi" 

Number  NEXT        LATEST       SUM  False 

1  1  01- 

2  2  1 

3  3  1    >    1000  F 

4  4  11 

5  2  2 

6  3  2  >    1000  F 

7  4  12 

8  2  3 

9  3  3   >    1000  F 
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I-  I  ow 

step  Chnrt         Values   of   Variables  Test  True 

Number  Box  or 

.■.urnber         NEXT       LATEST       b.JM  False 

10  4  2  3 

112  5 

12  .  3  5    >   1000  F 

13  4  3  5 

14  2  8 

15  3  8   >   1000  F 

16  4  8 

17  2  13 

18  3  1 3    >   1 000  F 

19  4  -  13 

20  2  21 

21  3  2 1     >  1 000  F 

22  4  13  21 

23  2  34 

24  3  34    >  1 000  F 

25  4  21  34 

26  2  55 

27  3  55    >  1000  F 

28  4  34  55 

29  2  89 

30  3  89    >  1000  F 

31  4  55  89 

32  2  144 


15 

o 

ERIC 


F  I  ow 

Step  Chart       Values  of  Variables  Test  True 

Number  Box  or 

Number      NEXT       LATEST       SUM  False 

33  3  144  >    1000  F 

34  4  89  144 

35  2  233 

36  3  233   >    1000  F 

37  4  144  233 

38  2  377 

39  3  377  >    1000  F 
-40  4             233  377 

41  2  610 

42  3  610  >    1000  F 

 -4-3  -  -  4  377  610    ' ^  

44  2  987 

45  3  987  >    1000  F 

46  4  610  987 

47  2  1597 

48  3  1597  >    1000  T 

49  6  1597 


In   this  trace,    for  ease  of   reading,   the   values  of  the 
variables  are   reproduced  only  when   assignments  are  made  to 
them.      In   between   such   steps,   the   values  of  the  variables 
do  not  change  and   hence  have  the    last  previously  recorded 
values.     For  example,    in   step   33  where  we  are  working  a 
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test,   the  values  of   the  variables  are 

NEXT  =   55,    LATEST  =   89,    SUM  =  144. 

In   step  34,   the  values  are 

NEXT  =   89,    LATEST  =    144,    SUM  =  144. 

You   can   see  that   on   step   48   in   the  execution   of  our 
algorithm,    we   finally    leave  box  3  by   the  true  exit   and  pass 
on   to  box  6  where  we  output  the  answer,    1597,    and  stop. 

The    infantile   simplicity  of   our  conceptual   model  avoids 
and  conceals   certain   pitfalls.     There    is  a   danger  of 
thinking  of   assignment   as   being  equality   or  substitution 
whi  ch    i  t  "i  s  not  .  ^   Cvie  '11    have  "more  to  say  a bou t ""th  IT  l  ate  r 
on.)     This   ahd  other  sources  of   confusion    (such   as  the 
QffQ^^  of   a  ceirain   sequence  of   flow  chart  statements)  can 
be  cleared   up  by  thinking    in  terms  of  our  model    which  will 
always   give  the   right  answers. 

In    fact,   the  best  way  to  get   the    ideas    into  your  mind 
would   be  to  make   some  window  boxes  and,    with   two  other 
students,   take  the   roles  of   master  computer,    assigner,  and 
reader  and  work  through   a  couple  of   algorithms  as  described 
in   this  sect  i  on • 
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PROBLEMS 


LATEST  <-SUM 
NEXT<-LATEST 


What  would   be  the  effect  of   changing  the  order  of 
the  two  assign  me nt  statements  in 
box  4  of   Figure   3-2(b)   so  as  to 
appear  as   seen   at  the   right.     Trace   th  rough   the   f I ow 
chart  with  this  modification   until   you   find  the  answer. 

(a)  To  compare  the  effects  of   the  assignment  statements 

A       B     and     B  -t-  A 

find  the   missing  numbers    in   the  table  below. 

Values  before  Assignment  Values  After 

 E xe c u t  i  o.n^ , o f  to  be  E xe c u t  i  o n  o f 

Assignment  Executed  Assignment 

A  B  A  B 

7         13  A  ^  B  ?  ? 

7         13  B  ^  A  ?  ? 

(b)  In  which   of  the  two  cases   is    It  true  that  A  =  B 
after  ass  i  gnment? 

(c)  Are  the  effects  of  the  two  assignment  statements 
the  same  or  d  i  f  f erent ? 
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4  .      I nput 

Imagine  that  you  are  a  bookkeeper   in   a    large  factory. 
You  have   records  of  the  hourly   rate  of   pay   and  the  number  of 
hours  worked  for  each  employee,   and  you  have  to  calculate  the 
week^s   wages.     Of  course,   this  can   be   done  by  hand;   but  assume 
there  are  nearly   a  thousand  workers    in   the   plant  so  that  the 
job  will   be  quite  tedious.     Naturally  you  prefer  to  have  the 
computer  do  this  task  for  you.     That  being  the  case,   you  will 
have  to  devise  a  flow  chart  to  give  the    instructions  to  the 
comp  u te  r . 

How  will   you  get  the   iiourly   rates   and  the   nours  worked 
into  the   flow  chart?     Will   you  write  them  all    in  separately? 
If  so,    it  will   take  a    long  time.     The  characteristic  situa- 
tion   is  that  we   have   a  stack  of   punch  cards,   one   for  each 
worker.     According  to  a  certain   code  of   hole-patterns,  each 
card   is   punched  with  the  name  of   the  worker,    his   hourly  rate 
of   pay,   the  number  of   hours  worked,   and  perhaps   some  other 
things  as  well.     Here   is  a  sample  of  what  such  a  card  might 
I ook   I  i  ke 

2.98  37.50 

I 

I  I 
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Now  we  will  Introduce  a  new  shape  of  frame--the  i  nput 
box — into  o  T  flow  chart  language.  The  input  box  has  this 
s  hap  e 


to  suggest  a  punch  card.  Inside  the  box  will  appear  a  single 
variable  or  a   list  of  variables  separated  by  commas. 


RATE ,  TIME 


When  the  above  box   is  seen   in   a  flow  chart,    it   is  Inter- 
preted as  an   instruction  to  the  master  computer  to  do  these 

th  ree  th  i  ngs : 

i)     read  two  numbers  from  the  top  card   In   a  stack 
of  punch  cards ; 
ii)     assign  these  numbers   respectively  to  the 
variables   RATE  and  TIME;  and 
ill)     remove  this   card  from  the  stack. 

We  see  that  an    input  box   is  q  command  to  make  assignments, 
but  this  command   is  essentially  different  from  that   In  an 
assignment  box.      In   an   assignment  box,   the  values  to  he 
assigned   are  to  be   found   in  the  computer's  memory  or  are 
computed   from  values   already   in  the  computer's  memory, 
whereas,   with  an   input  box  the  values  to  be  assigned  are 
obtained   from  outside  the  memory.     No  calculation  may  be 
called   for   in   an   input  box. 
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In  a   real   computer  (not  our  conceptual   one),   the  dis- 
tinction between  these  two   kinds  of  assignment  shows  up 
very   sharply.     The  assignments  called   for   in  an    input  box 
usually   involve  some  mechanical   motion   such  as   removing  a 
card  from  a   stack,   while  assignments  called  for   in  an 
assignment  box  are  made  by  electronic  pulses  which  move  at 
nearly  the  speed  of    light,   and  hence  much   faster  than  input 
ass  I gnmen ts  • 

Now,    let's  see  how  the   input  box   is   used   in  our  hourly 
..rate  and  payroll    problem.     Should  we   input  the   data   from  all 
the  cards  before  we  start  our  calculations?     If  so,   we  would 
need   a  tremendous  number  of  window  boxes   in  which  to  store 
,.a,|_l_t-h"j-s  data.      Knstead,   we  will    ca  I  cu  I  ate -the.,  wages  a  f  te  r  ea 
card     Is     read.     A  description  of  our  process  is; 

1.  Read  the  RATE  and  TIME  from 
the  top   card   in  the  stack 
and   remove  the  card. 

2.  Multiply  the  RATE  by  the 
T I  ME  to  get  the  WAGE . 

3.  Output  the  values  of  RATE, 
TIME,    and  WAGE. 

4.  Return   to  step   1 . 

This   is   rea I  i  zed    in  the   f I ow 
chart  of   Figure  4-1.     Each   step  in 
the  above   list  appears   in  a  simi- 


I 


RATE,  TIME 


WAGE-—  RATE  x  TIME 


RATE,  TIME,  WAGE 


Fig.  4-1 

larly  numbered  box  in   our  flow-chart  except  the  4th  step. 
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That   Is   represented  by  the  arrow   returning  from  box  3  to  box  1. 

You  may  wonder  that  the  flow  chart  does   not  have  a  stop 
button.     We  assume  as  one  of   the   functions  of  the   input  box, 
the  duty  of  stopping  the  computation   if  the   reading  of  another 
card   is  called   for  when  the  stack   is  empty. 


To 
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PROBLEMS 

Modify  the  flow  chart  of  Figure  4-1   to  provide  for  an 
overtime   feature.     All    hours   in  excess  of  40  are  to  be 
paid  at  time  and   a  half.     You   will    have   to  place   a  test 
somewhere   in  the   flow  chart  to  determine  whether  the 
wori^er  actually  put    in   any  overtime.     The  formula  by 
which   his  wages  are  computed  will    depend  on   the  outcome 
of   this  test. 
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5  .       Compute  r  Memory 


Now  W3  are   ready  to    look  at  how  our  conceptual  model 
of   a   computer  can   be   realized    in   an   actual    machine.  In 
this   section   and  the   next,    we  will   discuss   a  prototype  ma- 
chine which  we  wil!   call    SAMOS.     SAMOS    is   a  prototype  ma- 
chine stripped   down   to  the  bare  essentials.     Some  features 
of    its  operation   are  described    in   considerable   detail  while 
others  a  re  glossed  over.     The  programming  of  SAMOS  is 
described  briefly   in   Section  6, 

In   order  to  study  this  bock,    it   is  only  necessary  that 
you   should  have  a  general    idea  of  how  a  computer  works.  So 
we   suggest  that  you   read  over  the  material    in   these  two 
sections  quite   rapidly  without  attempting  to  master  it. 
Just   retain  what  sticks   in  your  mind. 

Cores 

We  will    start  with   the  memory. 
How   are  all    those  window  boxes 
realized    in  actual    practice?  The 
memory  of  SAMOS   is  a  rectangular 


box.      Inside  the  box,   there   Is  an  arrangement  of  tiny  mag- 
netic doughnuts  about  '"^^^   '      diameter.  These 
doughnuts  are  called  cores , 

Our  box   is  divided   in   61    horizontal    layers  or  trays 
called   core  planes. 


On  each   of  these    layers  w  i  re<=   are  strung   in   two  direc- 
tions   like  the    lines  on   a  sheet  of  graph  paper. 


There  are  a  hundred  wires  in 
where  two  wires  cross,  the  w 
core    like  the  thread  passing 


each  direction.     At  each  point 
ires   are  threaded  through  a 
through  the  eye  of   a  needle. 
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since  there  are   100  x  100  crossings   in  each    layer,  we  see 
that  there  a  re   10, 000  cores   in  each  core  plane  and  hence 
61   X   10,000  =  610,000  cores   in  the  entire  box. 

These  cores  are  capable  of  being  magnetized   in  either 
the  clockwise  or  the  counter-clockwise  sense. 


Because  of  this,   the  core  can   store   information.  We 
could  think  of  clockwise  magnetization   as  meaning  "y®s"  an 
counter-clockwise  as  meaning  ''no".     We  will    instead  think 
of  clocKwise  as  standing  for  "0"  and  cou  n  te  r-c  I  ockw  i  i:  e  for 
"1".      In  any  event,   the   information   contained   in  the  direc 
tlon  of  magnetisation   of  a  core   is  the  smallest  unit  of 
information  and   is  called  a  bit  of   information.     We  see 
that  one  core  can  store  one  binary  digit  0  or  1,   but  a 
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collection  of  cores  can  store  a  very   large  number.     This  we 
will   discuss  a   little   later  on,   after  a  digression  to  see 
how  the  cores  get  their  magnetism. 

First  you  must  know  that  a  pulse  of  electric  current 
moving  along  a  wire  generates  a  magnetic  field  running 
around  the  wire,   as  depicted  below. 


This  field   can  be  detected  by   a  pocket  compass.  The 
strength  of  the  magnetic  field   is  strongest  near  the  wire 
and  dies  away  as  we  move   further  from  the  wire. 

If  the  direction  of  the  current   is   reversed,  the 
direction  of   the  magnetic  field    is  also  reversed. 

. 


Thus,   when  a  pulse  of  current  passes   through  a  core, 
the  core  will    become  magnetized    in  one  direction  or  the 
other,    depending  on  the  direction  of  the  current. 
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But  how  can  we  manage  to  magnetize  just  one  core  in- 
stead of   the  whole  string  of   cores  thiough  which  the 


pulse  passes?     The  answer   lies    in  the  magnetic  properties 
of   the  material   of  which  the  core    is   made.     With   this  mate- 
rial,   if  the  pulse   is  too  weak,   then  the   direction  of  the 
magnetization  of   the  core    is   not  permanently  altered. 
After  the  pulse  of  current  has   passed   by,   the  core  merely 
returns  to   its   former  magnetic  condition,   whatever  that  was 

On  the  other  hand,    if  the  current   is  strong  enough, 
the  core   remains  permanently  magnetized   in  the  sense  estab- 
lished  by  the  direction  of  the  current,    regardless  of  the 
former  magnetic  condition   of  the  core.     The  situation  is 
analagous  to  trying  to  throw  a  ball    from  the   ground   to  the 
flat   roof  of  a  building.      If  you   have  enough   power   in  your 
throw,   the  ball   will    land  on  the   roof;   otherwise   It  will 
bounce  against  the  wall   and   fall    back  to  the  ground. 
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Now  the  strength  of  the  pulses   is  carefully  regulated 
so  that  one  pulse   is  not  sufficient  to  permanently  magne- 
tize a  CO  re  but  two  pulses   acting  simultaneously  will  exceed 
the  threshold   strength   and   result   in   permanent  magnetism. 
Thus,   pulses  passing  along  both  wires   shown  below  will 
permanently  magnetize  just  the  one   core  which   is  located 
where  the  wires  cross. 

The  S to  re 

Now    I et ' s    I  eave  the 
individual    core  planes  and 
consider  the  entire  memory 
or  store  of  the  computer 
composed  of    Ihe  6  1  core 
p I anes  .     Each  ve  rt  i  ca I 
column   of   61   cores  consti- 
tutes a   compute  r  word  ,     Thus,   the  memory   of  the   computer  is 
composed  of   10,000  words.     These  words   have  addresses  (like 
house  numbers)    which  are  4-digit  numbers   from  0000  to  9999 
by  means  of  which  we  may   refer  to  them.     Each   of  the  10,000 
dots  on   the  top   of   the   box   is  the  top  of   a  vertical  column 
of   61   cores   (or  a  word).     The  manner  of  assigning  the 
addresses    fs   indicated    in  the  figure. 
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Each  of   these  words 
corresponds  to  a  window 
box  in  our  conceptual 
model.     Each   variable  in 
the   flow  chart  will  have 
a   certain   address.  The 

word  with  that  address  will    have   in    it  a  certain   pattern  of 
"bits"   (direc+ions   of   magnetization   of    its   cores)  repre- 
senting tho  value  of  that  variable.     "Assigning  a  value  to 
a  variable"    is  effected  by  putting  a   certain  pattern  of 
bits   into  a  word. 


In   more   detail,   when  we  said  "the  master  computer  tells 
the   assigner  to  assign  the  value    1597  to  the  variable  SUM", 
what  actually  takes   place   is   this:      The  variable  SUM  is 
represented   inside  the  machine  by   means  of    its  address; 
suppose   it   is  0103.     Now   all   the  61    x  2  =   122  wires  passing 
through   cores    in  the  word 
addressed  0103  are  ener- 
gized with  pulses  of 


current  in   the  proper 
d  i  rect  i  on   so  as  to 
achieve  the  pattern  of 
bits   representing  the 
number  1597. 


ADDRESS 
0\03 


100 


Ul 


In  a  modern  computer,  this  assignment  process  can  be 
performed  in  3/10  of  a  microsecond;  that  is,  3/10,000,000 
of  a  second. 


Characters 

One  obvious  way  of    -spresenting  the   number   1597  would 
be    in   the  binary  system  as 

110  0  0   11110  1 

preceded  by  a  string  of   zeros   to  bring  the  total    number  of 
binary   digits   up  to  61.     But  that   isn't  the  way  weMl  do 
it.     We  want  the  words  to  operate  on   the  decimal  system 
rather  thd     -Inary,   and  we  would    like  to  be  able  to  store 
letters   as  well    as  digits. 
For  this   reason,   we  sub- 
divide  our  61   bit  words 


•  aiTS  &»IT» 
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into   11    characters   as  shown   at  right. 


The   first  character   is   reserved   for  holding  a  sign, 
+  or  -.     Here  0  stands   for  +  and   1    for  -.     Each   of  the 
other  characters  consists   of  6  bits.     These   characters  can 
be   used  to  store  numbers   or   letters,   according  to  the 
f o I  I ow  i  n  g  code . 


Char. 

Code 

Char. 

Code 

0 

00  0000 

1 

00  0001 

A 

0  1 

000  1 

2 

00  0010 

B 

0  1 

00  10 

3 

00  00  1  1 

C 

0  1 

00  1  1 

4 

00  0100 

D 

0  1 

0  100 

5 

00  0101 

E 

01 

0101 

6 

00  0  110 

F 

0  1 

0  110 

7 

00  0  111 

G 

01 

0111 

8 

00  1000 

H 

01 

1000 

9 

00  1001 

1 

0  1 

100^ 

*  h  a  r 

Code 

Hh  a  r 

1 

1  0 

000  1 

UC 
i\ 

10 

00  10 

c 

11  nn  1 0 

L 

10 

00  1  1 

T 

11    00  1 1 

M 

10 

0100 

u 

11    0  100 

N 

10 

0  10  1 

V 

11    0  10  1 

0 

10 

0110 

w 

11  0110 

P 

10 

0111 

X 

11  0111 

Q 

10 

1000 

Y 

11  1000 

R 

10 

1001 

z 

11  1001 

1    10  0  0  0. 

With  this  code,   you  can  see  that  the  61 
bit  computer  words   displayed  vertically  at 
the   right  turn  out  to  be 


and 


+ 

B 

U 

Y 

6 

E 

G 

G 

S 

0 

0 

3 

9 

7 

5 

0 

1 

2 

1  

|8 

From  now  on  we  will    represent  our  com- 
puter words   as   strings   of    11  characters 
instead  of   strings   of  61  bits. 
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B 


U 


Y 


6   I  - 


We  have   used   up  only   36  of   the  64  combinations  available 
with  a  6  bit   code.     This    leaves  28  addition- 
al   combinations   for  othtir  special  symbols 
such  as  +,         etc.     We   introduce  one  of  these 
right  now,    namely  the  blank  space,        ,  which 
i  s   coded  as 
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6.       Ar i  thmet  i  c   and  Contro I    Un  its   of  SAMOS 


Now  that  we  have   seen   how  SAMOS's  memory   is  structured 
we  will   consider  how  the  memory    is   used    in  executing  an 
algorithm. 

Our  computer  has   several    other  components   besides  the 
memory.     These  are   


shown   in  ,the  b  I  ock 
diagram   in  Fi- 
gu  re  6-1 . 

The  solid 
lines    i  nd  i  cate  the 
d  i  rect  i  on  s    in  which 


COMTROL  UNIT 


ARITHMETIC 
UNIT 
"  1~ 


INPUT 

(card  or 
tape  reader) 


MEMORY 


OUTPUT 


FIGURE  S-1 


(typewriter  or 
line  printer ) 


values  may  be  transferred.     The   dashed    lines   indicate  the 
transferral   of    instructions  or  the  exercise  of  control. 

The  control    unit  and  the  arithmetic   unit  perform  the 
duties  of  the  "master  computer". 

An   Important  part  of   the  arithmetic  unit   is  the 
accumulator.     This   is  a  special   computer  word   in  which  all 


mi 


arithmetic  operations  are  performed.  Furthermore,  a  s i mp I 
ass  i  gnmen t   I i  ke 

LATEST  SUM 

is   carried  out  by   first  copying  the  value  of  SUM   into  the 
accumulator  and  then  copying  the  value   in   the  accumulator 
into  the  computer  word  belonging  to  '''he  variable  LATEST, 
The  value  of   SUM   is   unchanged   in   this   process.     Note  that 
values  to  be   input  or  output  do  not   pass  through  the 
a  cc  limu  I  at  o  r  but  go  directly   in   and  out  of  memory. 

Where  does  the  control    unit  get  such   instructions  as 
referred  to   in   the    last   paragraph?     These   are  also  stored 
the  computer's   memory.     We  will    learn   something  about  that 
p  resen  1 1  y  * 


7 .     Ma ch  i  ne  Language 

Getting  an   algorithm   into  a   form   in  which   a  machine  can 
execute   it   involves  several   translations  which   may  be  depicted 
as   f o I  I ows : 


ENGLISH 

FLOW  CHART 

PROCEDURAL 

MACHINE 

 > 

LANGUAGE 

 ^ 

LANGUAGE 

LANGUAGE 

fou  have   already   haci  a    little  experience  with   the   first  trans- 
lation  step.      The  second  translation   step    is  the   process  of 
translating  a   f i ow   chart   into  a  procedural    language   such  as 
FORTRAN,   ALGOL,    MAD,    or  PL/I.      Suffice    it  to  say  that  this 
step    is  quite   mechanical    and  can   be  performed   by   a  person 
who  has   no   idea  what  the   algorithm  is   all    about.     The  third 
translation  process     is    completely   mechanical    and   is   done  by 
the  computer   itself.     This  process   is  called  comp  i  I i  ng. 

We   don't   need  to  know  how  compiling   is   done,   but  we  do 
need  to  know  the   reason   for  doing   it.      Each  make   and  style 
of   computer  has    its  own    I anguage--that   is,    its   own   set  of 
instructions  which    it   can   understand.     To  avoid  this  tower  of 
Babel    in  which   a  programmer  would  have  to   learn   a  new  language 
for  each   ma  chine  with  which   he  wished  to  communicate,  the 
procedura I    languages  were  developed.     These  procedural  languages 
constitute  a   kind   of   '^Esperanto"  which  enables   a  programmer 
to  communicate  with   many   different  machines    in  the  same  language. 

lift     I  <  (i 


The  programmer  merely  prepares,   say,   a   FORTRAN  program  on 
punched  cards,   feeds   it   into  the  computer  which  "compiles" 
a  machine    language  program  which    is  placed   in   the  computer's 
memory  . 

In  our  SAMOS  computer,   these   instructions  will   be  placed 
in   order   in   consecutively-addressed    locations    in   memory  start- 
ing  with   0000,     After  the  computer  has  executed  an  instruction. 
It  wi  I  I    always    look  for  the  next   instruction   in  the  next 
address,   except  when   there    is   a  branching   instruction  telling 
it  to  go  to  a   different  address   for  the  next  instruction. 

To  see  how  this  works,   consider  the   following  instruction 

seen    in   the   Fibonacci    sequeiice   f  I  ow  cha  rt  > 

j  sUMf- NEXT  +  LATEST  j 

FIGURE  7-1 

In   FORTRAN,   this    instruction   would  appear  as: 
SUM  =  NEXT  +  LATEST; 

and    in  ALGOL: 

SUM:   =  NEXT  +  LATEST 

In   the  SAMOS    language,   these   variables  cannot  be   referred  to 
by  n ame  but  only  by  the  addresses    in  memory   associated  with 
the  variables.     Suppose  that  NEXT,    LATEST,   and  SUM  have  been 
given,    respectively,   the    locations  0100,   0101,   and  0102. 
Then    in  the  SAMOS    language,   the  above   instruction  would  take 
the   form  or  a   sequence  of  three  instructions: 

:  IN 

U7 


+ 


L  D  A 


0  0  0 


0   10  0 


+ 


ADD 


0  0  0 


0    10  1 


+ 


S  T  0 


0  0  0 


0    10  2 


Figure  7-2.     SAMOS    instructions   for  Figure  7-1 

These   instructions   have   the   form  of    11    character  words, 
but  the   first   character   is   not  used  here  and  neither  are  the 
5tn,   6th,   and   7th.     The    letters   at  the    left  of   the  instructions 
indicated  the  operation   being  performed,   and  the  four-digit 
numerals  at  the   right  are  addresses. 

The    letters   LDA  stand   for  "LoaD  the  Accumulator".  The 
whole   instruction  means:      "Copy   the  contents   of  the  memory 
word  addressed  0100   into  the  accumulator  without  altering 
the  contents   of   address  0100."     Clearly  this    is  the  function 
of  the   reader   in   our  conceptual    model.     We  will    not   go  into 
the   details  of   the  electronics    Involved    in  carrying  out  this 
instruction.      It    is  sufficient  to  know  that  when  this  pattern 
of  bits   in  the  instruction 


Is  brought  to  the  control    unit,   certain  switches  are  thrown 
which  allow  a  pulse  of  current  to  pass  through  the  cores  of 
the  word  0100.     The  magnetized  cores  effect  an  alteration  of 
the  current  which   in  turn  permits  a  copy  to  be  made. 

The  second   instruction    in   Figure  7-2  means:      "ADD  the 
value   In  the  word  addressed  0101   to  the- value   already   in  the 


0 


LDA 


0  0  0 


0   10  0 


accumuialor  and   place  the   result   in  the  accumulator."  The 
third   instruction  means:     "Copy   (or  ST0re)   the  number   in  the 
accumulator   into  the  word  addressed  0102."     Times  vary  from 
machine   to  machine,   but   in  modern   computers,   the  time  required 
for  carrying  out  such    instructions  will    usually     be    less  than 
of  one  second . 


1 


1 ,000,000 


1 


NEXT<-  0 
LATEST<~-  1 


SUM  «~  LATEST-I-  NEXT 


A_  Comp  I  ete  SAMOS  P  rogram.     We  are   about   ready   to  see  how 

the  entire   flow   chart  for  the 
Fibonacci    sequence   algorithm  (re- 
peated  at  the    left)   will   emerge  in 
SAMOS    language.      First,    however,  we 
must   remark  that   in  the  SAMOS  language 
we  can  never   refer  to  a  number  directi 
but  only  to  a  memory   address  in 
which  this   number  may  be   found.  This 
even   applies  to.qonstants.  Thus, 
part  of   the  compiling  process  will 
involve  providing  memory  addresses 
for  the  constants    (as  well   as  the 
variables)   appearing   in  the  program. 
We   assume   that  the  addresses  0103, 
0104,    and  0105  have  been  set  aside 
for  the  constants  0,    1,    and  1000 
appearing   in  the   flow   chart  and  that   the   proper  values  have 
already  been  put   in  the  words  with  these  addresses.  The 


(    SUM  >  1000  \ 




NEXTf- LATEST 
LATEST^— SUM 


Y  5 


o 

FIGURE  7-3 
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memory    locations  0100,   0101,   0102  have  been  allocated  for 
the  variables  NEXT,    LATEST,   SUM,   but  no  values  have  been 
placed   In  these  words.     The  state  of  the  memory  at  the 
beginning  of  the  execution   of  the  SAMOS  program  for  the 
Fibonacci    algorithm   is   at  the  bottom  of   Figure  7-4.  Opera- 
tions not  previously  met  will    be  explained   in   the  discussion 
following  this  program. 


.T20 


0      10  0 

The  variable  NEXT 

0     10  1 

The  variable  LATEST 

0      10  2 

The  va  r i  ab 1 e  SUM 

0      10  3 

+ 

0     0  0 

0  0  0 

0  0     0  0 

The  constant  0 

0     10  4 

+ 

0     0  0 

0   0  0 

0  0     0  1 

The  constant  1 

0     10  5 

+ 

0     0  0 

0  0  .0 

10     0  0 

The  constant  1000 

Figure  7-4.   SAMOS  Program  for  Fibonacci   sequence  algorithm 


Pi  scuss  I  on  ,     The   instructions   in   memory  addresses  0004, 
0005,   and  0006  have  already  been   discussed.     Before  looking 
at  the  other   instructions,    look  first  at  memory    locations  010( 
through   0105  to  see  where  your  variables   and  constants  are 
I ocafed . 

From  previous   discussions,   you  see  1hat  the  instruction 
In   0000  copies  the  value   in  0103   (that   is,   the  number  0)  into 
the  accumulator.     Next,   the   instruction    in  0001   copies  the 
value    in   the  accumulator    into  the  word  with   address  0100, 
Together  these   steps   are  equivalent  to  assigning  0  to  the 
variable  NEXT.     Similarly,   the   instructions    in   addresses  OOQV 
and  0003  are  equivalent  to  assigning  the   value   1    to  the  va.  - 
able  LATEST. 

Remember  that  the  control    unit  executes  the  instructions 
In  order  until    it  comes  to  a  branching   instruction.  The 
first  of   these  branching   instructions    is   found   in  address 
0009,    read  1 ng 


B 

M 

I 

0 

0 

1 

5 

The  code  BMI    stands  for  "Branch  on  Minus".     The  whole  in- 
struction means,   "If   the  number   in  the  accumulator   is  nega- 
tive,  go  to  address  0015  for  the  next   instruction,  otherwise 
go  on   as  usual   to  the  next  numbered  address   (0010)."     We  will 
see  shortly  that  the  number   in  the  accumulator  at  this  time 


122 

111 


Is  just 

1000  -  SUM 

so  that  the  number  in  the  accumulator  will  be  negative  only 
i n  the  case  that 

SUM  >  1000. 

In  this  case,  the  branching  instruction  sends  us  to  address 
0015  where  we  see  the  inr,truction 


w 

w 

D 

0 

1 

0 

2 

which  means,  "Write  the  WorD  in  address  0102"  which  amounts 
to  printing  out  the  value  of  SUM. 

Now  why    is    it  that  when  the   instruction    in   address  000 
is   reached,   the   number   in  the  accumulator   is    1000  -  SUM? 
Well,   on    looking  at  the   instruction   in   address  0007,  one 
sees  that   it  instructs   us  to   load  the  accumulator  with  the 
con-tents     of   0105;   that  is,   to  put  the  number   1000   in  the 
accumulator.     The   next    i nst ruct i on ,   that   in  0008,    tells  us 
to  "subtract  the   contents  of   0102   from  the  accumulator  and 
put  the   result   in  the  accumulator."     Since  the  contents  of 
0102   is  just  the  value  of   SUM,   this  amounts  to  the  placing 


in   the  accumulator. 


You   should  be  able  to  verify   for  yourself   that  the 
instructions    in   addresses  0010  through  0013  accomplish  the 
assignments    indicated   in   the   right-hand  column. 

The    instructions    in   memory  address  0014  needs  to  be 
descr i  bed • 


B 

R 

U 

0 

0 

0 

4 

BRU  stands   for  "BRanch   Unconditionally",     The  meaning  of  the 
entire    instruction    is   "Go  back  to  memory  address  0004  for 
the   next    instruction   and  continue    in   order  from  there,"  You 
can   see  this   corresponds   to  the  arrow   from  flow   chart  box  4 
leading  back  to  flow  chart  box  2  where  we  again   repeat  the 
ass  i  gnmen t 

SUM  ^   LATEST  +  NEXT 

The    instruction    in  0016,   of   course,   stands   for  HaLT  and 
amounts  to  stopping  the  computing  process, 

You   can   best   understand   all    this   by   tracing  through  the 
SAMOS   program  by   hand,    keeping  a   record  of: 

1)     which    instruction    is  being  executed; 
ii)     the   value   in   the  accumulator; 
iii)      the  values    in   the  memory    locations  0100,   0101,  and 
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0102   (the   values   of  NEXT,    LATEST,    and  SUM). 

Note  that  the  contents   of  the   instructions   in  addresses 
0000  -  0016   are  never  altered,    nor  are  the  contents   of  the 
locations  0103  -  0105   (the   constants  0,    1,    and  1000). 


PROBLEMS 


Construct  a    list  of  SAMOS   instructions  for  the  fl 
chart  of   Figure   4-1.     You  will    need  two  additional 
instructions.     The  first  is 


OPERATION  ADDRESS 
I    23456789  10  II 


R 

W 

D 

1 

0 

0 

5 

which  is  an  instruction  to  read  a  number  from  a  card 
into  the  computer  word   addressed  1005. 


The  secon  d   i  s 


M 

P 

Y 

1 

0 

2 

3 

which    is   an    instruction  to  multiply  the   number   in  the 
accumulator  by   the   number   in   address    1023  and  put  the 
result    in   the  accumulator.      (Of   course,    in   the  address 
part  of   these   instructions  we  may   put  any   address  we 
wish.) 


8, 


Odds   and  Ends 


Only  a  few  of   the   ideas  we   have    learned  about  SAMOS 
need  to  be  remembered. 

Among  the  things   to  be   remembered    is  the  sequential 
nature    in  which   the   computer  works,   that   is,    the  one-by-one 
steps    in  which  the   computer  performs   its  tasks.     The  order 
in  which  the  tasks   are  performed   is  just  as   important  as 
what   it  does . 

Another  property   of   computers  that  we   must  understand 
is  the   f  i  n  i  te  word    length  ,     We   have  seen   that  SAMOS  words 
consist  of    10  characters   and  a  sign   so  that  the  largest 
number   rep resen t a b I e   in   this   coding  system  is 

+  9,999,999,999 
a   rather    large   number  but   still  finite. 

You  should  be   aware  that   there  are  other  ways  of 
coding  numbers  which   allow   us   to  work  with   numbers  other 
than    integers.     One  of   the  most  common   of   these    is   f  loati  ng 
point   form  which    is   similar  to  the  so-called  "scientific 


notat 1  on " . 


To  see  how  this  works,    re call   that  any   decimal  numera 
such   as  -382.519   can   be  expressed  as 

-   .382519  X  10^ 

in  which    (right  after  the  sign,    if   any)   there    is   a  decimal 
point   followed  by   a  non-zero  digit  multiplied  by   a  suitabi 
power  of    10.     We   can   code  numbers    in   this  way   in   SAMOS  by 
reserving  three  characters   for  the  exponent,   thus  having 


Some  examples  of  how  numbers   are   coded    in  this  system 
are   shown    in   the  table  which  follows: 


NUMBER 

FLOATI NG  POI NT 

FORM 

SAMOS 

CODI NG 

3.  1415926 

.31415926  X 

10^ 

+ 

+  0  1 

3141592 

-273.  14 

-.27314   X  10^ 

+  03 

2731400 

.000876 1 

.8761    X  10"^ 

+ 

-03 

876 1000 

.73 

.73   X  10° 

+ 

+  00 

7300000 

4 

.4   X  10^ 

10° 

+ 

+  0  1 

4000000 

1/3 

.333333333  x 

+ 

+  00 

3333333 

11/7 

.  157142857  x 

10^ 

+ 

+  0  1 

1571428 
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By  glancing  at  the  table,   we  see  that  the  eight-digit 
representation  of  tt   in  the  top  of  the    left-hand  column  has 
to  be  chopped   down   to  7   digits   of   precision   due  to  space 
requirements.     The   same  holds  true   for   1/3  and   11/7  at  the 
bottom  of   the  table.     Thus,   we   see  that   in   a  computer  even 
such  a   simple   fraction   as    1/3  cannot  be   represented  exact- 
ly,   but  only  to  a  close   approximation.     This  characteristic 
of   ''finite  word    length''  p  resents   i  mportant  p  rob  I  ems    in  com- 
puter  work,   which  will    be   discussed    in   various   places  in 
the  ma  i  n  text. 

In  this  coding  system,  we  can  represent  large  numbers 
but  we  pay  a  price  in  giving  up  three  places  of  precision. 
The    largest   floating  point  number   rep  resent ab I e  is 


+|+|9|9|9|9|9|9|9|9|9 


which    represents  the  number 

99  9, 999,9  00, 000, 00  0, 00  0, 000, 000, 000 
000,000,000,00  0,000, 00  0,000,000,0  00 
00  0,000,000,000,00  0,00  0,000,00  0,00  0 
000,000,0  00,000,00  0,0  00. 

Similarly,  there  is  a  smallest  positive  number  which  can  be 
rep  resented,  namely. 


991000000 


in  U9 


or 


0.000  000  000  000  000  000  000  000  000 

000  000  000  000  000  000  000  000  000 

000  000  000  QOO  000  000  000  000  000 
000  000  0.00  001 

which   Is   very  small  Indeed. 

In   practice,    most  machines    Impose   other  restrictions 
which   further   limit  the    largeness   and  the  smallness   of  the 
numbers  which  can   be  represented. 
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9.      Iteration  Boxes 


Typical    of   the   sort  of    thing   we   will    have   to   do  quite 
frequently    in   this   course    is   adding    up   the   reciprocals  of 
the    integers    from    I    to    1000,    indicated   by   the   pro  t)  ably  familiar 
"s  i  gma*'   notat  i  on 


I  000 


n  - 


If   you   try   to  evaluate   th  t  s   sum   by   hand   computation,  you 
wi  I  I    soon    find  out  why    this   problem   had   best   be   done   on  a 
c  om  p  u  t  e  r  . 


T 


5UMf-SUM+>f\ 


F-or   this   algorithm,    we   need  tv/o 
variables,    a   variable   n   w  h  i  c:  f  t    ^:  u  c  c  c  :j  - 
s  i  V e  I  y   takes   on    t  he   v  u  I  u e 1  ,    V  ,    .  -  -  , 
1000,    and   a    variable    JJi-i   :vfii^:h    keeps  FIGURE  9-1 

a  running  total  ^)  f  the  ■  of  the  reciprocals  of  the  values 
of    n.      The   rudiment. jry    i.it'.i    i      illustrated    in   Figure  9-1. 


n<-n+l 


Of   course   we   noe(]   ^    jt.;.,  ting    device    in   order   to  branch 
out   of   this    loop   when   n   oxrrueds    1000   as   well    as   a  means  of 
assigning   n    its    initial    value    I.      These   additions   are  seen 
in   Figure   9-2.      The    finishing   touches   to  make   this    flow  chart 


operational   are:     starting  the 
variable  SUM  with   a  clean  slate 

(SUM  ^  0);   and  outputting  the 

5; 

final  vaiue  of  SUM,  The  complete 
flow  chart   is   seen   in  Figure  9-3- 


SUM  <-suM+yn 
 1 


figure:  9-2 


SUMf-0 


n  ^1 


1000^ 


'4 


SUM  <—  SUM  +1^ 


FIGURE 


9-3 


We  see  that  the  variable 
n  a cts  as   a  sort  of 
counter  "control  I  ing" 
the    I oop   in  this   f I ow 
chart-     This   variable  n: 
i  )   sta  rts  w  i  th  the 
value    I    ( F I ow 
chart  box  2) ; 
i  i  )   and  goes   c I  i  ck, 

click,   click   in  steps 
of    I    (box  5); 
i  i  i )   th  roug  h  the  va I ue 
1000   (box  3); 
i  V )  execut  i  ng  the 

I oop   comp  utat  i  on 
(box  4)   at  each 
step  . 


Loops   controlled    in   this  way 
frequent  occurrence  that  we  find 
new   kind  of   flow   chart   box  to 
assume  all    these   functions  of 
the   counter,  initialization, 
testing,    incrementation   seen  in 
Boxes   2,   3,   and   5   of   Figure  9-3. 
This   three   compartment   flow  chart 
box    i  I  lustrated    in   Figure  9-5 
is   cal led    an    iteration  box. 


by   counters   are  of  such 
it   convenient   to    introduce  a 


initialization 


tes+mg 


ir,cremen+a+ton 


n<-  n+1  ---> 


n<  -fooo 


FIGURE 


9 -5 


These    iteration   boxes  are 
often   very   helpful    in  organizing 
our   thinking    in  construct! 
flow   charts.     They   are  useful 
in  many  other  contexts  besides 
summation   formulas,  notwith- 
standing  the   fact   that  summation 
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FIGURE, 


9  -4 


It    is    readi  ly   seen   to  be 
obtained   by   compressing  to- 
gether boxes   2,    3,    and   5  of 
Figure  9-3.      The   flow  chart 
of    Figure   9-3   with  this 
modification    is   seen  in 
Figure   9-6 ; 


n  f-  1 

n<  1000 

> 

nf-n  +  1 

— 

SUM  i — 

SUM  +  i/n 

133 


formulas  will   be  among  our  best  customers  for  iteration  boxes. 


The   initial    value  of  the  variable  n,   the  size  of  the  step, 
and  the   relation   in  Box  2  may  be  chosen  at  will.     Thus  in 
Figure  9-7  we  see  a  flow  chart  for  calculating  the  product  of 
the  odd   integers   between   5  and  30, 


As  a   samp  I  e  of   use  of 
iteration   boxes,   study  the  flow 
chart  of  Figure  9-8  which  prints 
out  every  three  digit  number 
which    is  equal   to  the  square  of 
six  more  than  the  sum  of  its 
digits. 


PROD^  1 

>' 

K<-5 

K>  30 

Kf-K+2 

PROD 


1} 


PROD  <-PROD  XK 


FIGURE  9-7 


H  <-1 

-> 

H  <-H+1 

 'T  , 

T<-0 

J<:  9 

 'T 

U  "f-0 

F 

N  <-lOOX  H+10XT+U 
^M=(H+T+U+6)^  J 


FIGURE  9-8 


'23  J  o 


PROBLEMS 

Using    iteration   boxes,   write  a   flow  chart  and  a  computer 
program  and   run    it   for  computing   the  exact  values  of 
n !    for   n=    1,2,3,  ...,9. 

Write  and  run  a  computer  program  for  computing  approximate 
values   of   n!    for  all    integer  values   of    n   from    I    to    10  0. 

12 

(a)  Dra'*'  a   flow  chart   for  calculating      ^  I 

n=  I 

(b)  Trace  this    flow  chart  by   hand   to   find   the  value  of  , 


the   s  um    i  n    (  a  )  ^- 


(c)      Repeat   (a)   and    (b)    for   the  sum 

k- 


(a)      Draw   a   flow   chart  which  will    output   n ,  ^         >  and 

k-  I 

each   value  of   n   from    I    to  50, 


(b)     Write   the  program   for   part    (a)   and   run    it.  Study 

your  output  and  make  a  conjecture.     Can  you  prove  it? 


In  Figure  9-8,   which   flow  chart   boxes  comprise 

(a)  the    loop   controlled   by   box   3?     box   2?     box  I? 

(b)  During   the  course  of   the  algorithm,    how  many  times 
do  we  enter   box    I    from   the   top?     box   2?     box  3? 

(c)  How  many   times   wi  I  I    the   test   in   box   5   be  executed? 


l3o 

,  124 


Chapter  2 
SEQUENCES 


I  .       Sequences   of   App  rox  i  ma t  i  ons 

There   are  many   occasions    in  mathematics   when  we  need 
to  work   with   numbers   which   we   cannot   calculate   exactly.  When 
this   happens,    we  must   bo   content  with   approximations.  You 
have   experienced   this   fact    in   connection   with   finding  square 
roots   and   finding   areas   of    regions   with   curved  boundaries, 

A  rather   crude  method   for   approximating,    say,  the 
square   root  of   2   would   be   t:   construct   a   square   of  side 
length    I    and   then  measure   the    length   of   the   diagonal.  If 
the   figure    is   carefully   drawn,  an 
approximation   cjn   be   obtained  but 
only  accurate   to  a   few   decimal  places 


I 


FIGURE  i-* 

For   a   crude   approximation   of   the   area  of   a   circle  of 
radius    I,    we   could    inscribe   such   a   circle    in   a  cardboard 
square.      First   weigh   the   square   and   then   cut   out   the  cir- 
cular  disc   and   weigh    it.      The   area   of    the   circle,    tt  ,    is  then 
ca I cu  I  a  ted  by 
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Tj_  _  we  i  ght  of  circle 
4"  ~  we  i  ght  of  square 


Again,   even  with   the  most  careful    construction   and  the  best 
scales,   we  could  hardly  expect  a   result  accurate  to  more  than 
three   decimal  places. 


These  methods   of  approximation, 
with  their   limited  accuracy,    are  of  no 
fheoretical    importance    in  mathematics. 
Mathematicians   often   require  methods 
of   approximation   of   unlimited  accuracy.     To  this  end,  we 
look  for  a   sequence   or   list  of   approximations   with  better 
and  better  accuracy,    so  that  whatever  accuracy  may   be  demanded 
can   be  achieved   by  going   sufficiently   far  down    in   our  list. 
As   an  example,   we  will    show   how  to   construct  such  sequences 
for   finding   square  roots. 


FIGURE  \-Z 


You  may   have    learned   in  your  school    days   the  "divide 
and  average  algorithm"   for  approximating   square   roots.  This 
is   a  method   for   finding   a   sequence  of   approximations  for 
square  roots.      It  works    like  this: 

To   find  the   square   root  of   a  positive   number   a,   we  choose 
our  first  approximation  to  be  any   number  we  please,   g^,  so 
long   as    it   is   positive.     A   number   h^    is   computed   by   d  i  v  i  d  i  ng 

,2. 


a  by  g  , 


h     =  ^ 


The   next   approximation,   g    ,   to  the   square   root  of   a    is  obtained 

2 


by   a ve  r ag  i  ng  g^    and  h^, 


q      +  h 

g  = 

2  ^ 


Now   we    iterate   this   process   over   and   over,  i.e., 


^  n  +  1 


q      +  h 
^  n  n 


The   sequence         g's  generated    in   this  way 


^'   ^'   ^'  ^ 


gets   closer   and   closer  to  the   square    root  of   a.      We   can  get 
numbers   as   close   as   we    like   to  the   square    root   of   a.  Why 
this    is   the   case   will    be   shown   a    little    later   on.      For  now, 
let   us   see   how  easy    it    is   to  write   a   computer   program  for 
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this  algorithm.     The  flow  chart  for 
this   program   is   shown  at   right.  This 
flow  chart   is   not  complete  because  we 
have   not  provided   a   stopping  mechanism. 
This  will    be  done  later. 

The  purpose  of  the  variable,  n, 
is   to  number  the    I  ines   of  output.  As 
we  see,    subscripted  variables  are  not 
needed   in  the   computer  program.  Instead, 
we    let  the  variables  g   and  h  take  on 
new  values   over  and  over  again.  We 
also  note  that  for  our  first  approx- 
imation   (first  value  of  g),   we  have 
arbitrarily   selected  the  positive 
number    I . 


FIGURE  1-3 


Let^s  examine  a   few    lines  of  output   from  this  algorithm, 
ignoring   the  finite  word    length   and  concomitant  round-off 
error  obtained   in  computer  calculations.     We  will   make  our 
calculations  exact.     We  will   take  the    input   value  of  a  to 
be  2.     You   should   trace   through   the   flow  chart  and  verify 
the  values    listed  below: 
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n  g 

1  I 

2  3/2 

3  17/12 

4  577/408 

5  665857/470832 


The  square  of   the    last  value  of  g    listed  above  is 

445365544449 
22  I  682772224 

which   exceeds   2   by     22  I  ,  682!772,224   '    '^^^'^  '^Y  '^^^'^ 

I    part   in  two  hundred   billion.     Thus,  is  a  quite  good 

approximation  of   /T.     We  could   repeat  the  process  as  many 
times   as  we    like,   getting  more  and  more  terms  of   the  sequence 
ever  closer  to  >^2 , 

Let  us  see  why   this   algorithm  works.     First  note  that 

if  two  pairs  of   positive   numbers   (g   ,   h    )   and    (g   ,    h   )  have 

112  2 

the  same  product,    a,   that  is 

qh     =   a   =  gh, 
^11  2  2 


129  ^  4  0 


then  the  two  members  of  one  pair  must  lie  between  the  two 
members  of  the  other  pair. 


(If   h      is    larger  than  either  g     or  h     ,   then  g     must,  in 
1  2  2  1 

compensation,    be   smaller  than  either  g^  or  h^   in  order  for 

the  products  g   h     and  g   h     to  be  the  same,) 
11  2  2 

As  a   special   case,    /a"  must   lie  between  the  members  of 

any  such   pair.      (Take  g     =  h     =  ) 
'  2  2 

Since  h     =  —     by   definition,   we  see  that  g   h     =  a,  so 
1       g  J  11 

that  q     and  h      lie  on  either  side  of  /F. 
^1  1 


 K~ 

g  1  +  h  1 

Nov^  g     =   by   definition   and   is  therefore  the  midpoint 

of  the   interval    Joining   g     and  h 


^2 

■f  I- 


g  /a  h 

^1  1 

The  number  h      is  then   determined   by  h     =  ^     so  that  g   h     =  a, 

2  ^  2  2  2 

whence   by  preceding     remarks  h     also   lies   between  g     and  h 

2  11 


and  on  the  opposite  side  of    /a"  from 


H  1  !  ^ 


Furthermore,    since  g      is   the  midpoint  of  the   segment  joining 

2 

g     and  h   ,   we  can   see  that  the    length  of   the  segment  joining 

1  1 

g     and  h      is    less   than   half   that  of  the    larger  segment. 

2  2 
That  is. 


h   -  g    I    <  -  9  I 

2         2  ^1  1 


Now  the  same   process    is   repeated  to  find  g     and  h 

3  3 


That  is. 


g      +  h 
2  2  _  a 


3 


/a 

-i — I  ! — I — h 


9i         hahj  9^9^ 


and  we  have 


-  gj    <  1  |h^  -  gj    <   4  I  \   -  9 


Now  we  see  that  the    length  of   the   interval   joining  g^ 

and  h      is   decreased  by  at    least  half  each   time   n    is  increased 
n 

by   i.     Hence  this   interval    "shrinks  to  a  point"  as   n  increases 


without  bound.     This   point  to  which    it  "shrinks"    is    /a",  the 
only   number  contained   in   a  I  I    these   intervals.     The  inequalities 


0  <   |g^  -  /a|   <  -  hj   <  ^|g^  "  \\ 

show  that  the  difference  between  g     and    /a"  can   be  made  as 

n 

small    as  we    like   by   choosing   n    large  enough. 

In    light  of   this,   we  say   that  the  sequence 

g  ,  g  .  g  ^  g  '  •  •  • 

12         3  4 

con  ve  rges  to   /a".     Also,   the  sequence 

h    ,    h   ,    h   ,    h    ,    .  ,  . 

1         2         3  i+ 

converges   to  /a". 

The  trace  of   the   flow  chart  of   Figure    1-3   suggests  that 
the  terms  of   the   sequence  of   g's  converges  to   (or  zeros  in 
on)'    /a"  much   faster  than   by  simply   reducing   the  error  by 
half   at  each   step.     This   can   be  explained  by  means  of  the 
following   calculation,    where   the   first  two  equalities  follow 
from  the   definitions  of  9^^^   and  h^   and  the   remaining  two 
from  algebraic  simplification: 


g    +  — 

g     +  h 

Sn+i  -    ^  =   2  ^  T  ^ 


g2-2g      /a  +  a  (g^-Za^^ 


Thus,    if   q      is   such   that  the   "error"    |g^   -    /a*  I  is    less  than 

l/lOO,   then    (q     -   /a")  ^  is    less   than    1/10,000  so  that  the  error 
'  ^  n 

in  the  next  approximation  |g^+j  -  /^|  will  be  20,000g  '  which 
is    less  than    1/20,000   if  g^    is  greater  than    I.     And   for  the 


f o I  I ow  i  ng   term , 


(20,000) 


|gn+.  -   /a  I    <  — 2^  <  800,000,000 

n  +  1 


This   shows   that  once  the  error  starts  getting   small,  it 
diminishes   very   rapidly  indeed. 

We  cannot    leave  the  square   root  problem   until    we  provide 
a   stopping  mechanism   for  the  algorithm  given    in   Figure  1-3, 
In  order  to  provide   for  this,   we  will    input  a   number,  e, 
which    is  our  maximum   tolerance  of  error.      (The  Greek  letter 
e   ^pronounced   "epsilon,"   is   traditionally   used   for  this  purpose 
With   each   new  computation  of  g   and   h,   we  will   make  the  test 


(|g-h|<e 
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When  we  get  a  true  answer  to  this 
test,   we  will   know  that  g  lies 
within  e   of  /a   since  /a"  is 
between  g   and  h.     Then  we  can 
terminate  the  computing  process 
or  go  back  for  new  values  of  a* 
In  theory,   this  value  of  e  can 
be  as   small    as  you    like.  In 
practice,   however,   taking  finite 
word    length   and   round-off  error 
in   account,   we  must  take  e 
sufficiently    large  so  that 
the  test  wi  I  I   eventual  ly  be 
satisfied,   thus  avoiding   an  end- 
less   loop.     How  small   e   may  be 
safely  taken  wi  I  I    depend  on  the 
word    length  characteristics 
of  your  machine  and/or  your 

programming    language  as  well    as  the  size  of  the  numbers  a 
whose   roots  are  being   calculated.      In  other  words,   there  is 
some  minimum  accuracy  beyond  which  we  cannot  hope  to 

go,   and  we  must  take  e  ^  e^. 


N  -r 

N+  1 

q  +  h 

g 

2 

h  *■ 

a/q 

FIGURE  1-4- 
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PROBLEMS 


Write  a  program  implementing  the  flow  chart  in  Figure 
1-4,  and  have  the  program  approximate  the  square  root 
of  each  of   the   following   numbers:      I,    2,    20,  ,0002,10 

-  6  ^ 

Read  a  value  of    10       for  e. 

Write  a  program  to  make  a  table  of   square   roots.  For 
each   number,   the   program  should  obtain  a   sequence  of 
approximations   to  the  square   root,    but  only   the  last 
approximation   should   be  printed   in  each   case.  Your 
instructor  will    specify  the  size  of  your  table. 


5^  ? 
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2.     App  rox  i  mat  i  nq  So  I  ut  i  ons  of  Eg  uat I ons 

As  you  know,   many  mathematical   problems  may  be  reduced 
to  the  solving  of   equations.     You   know  a   formula  for  solving 
quadratic  equations.     Similar,   but  much  mo  re  com plicated, 
formulas  exist  for  solving  third  and  fourth   degree  equations- 
But  for  higher  degree  equations,    no  similar  formulas   can  be 
found.      For  such   equations   and  for  equations  of   a  nonilgebraic 
type    I i  ke 


we  will    generally   have  to  be  satisfied  with   approximate  solu- 
tions.    Again  we    look  for  sequences  of   approximations   by  means 
of  which  we  can  get  as   near  as  we    like  to  the  true  solution. 

The  method  we  present  here  for  finding  such  sequences 
is   very  simple  and  at  the  same  time  one  of  the  best  for 
computer  use.     We   first  write  our  equation   in  the  form 


s  i  n  X  = 


f(x)   =  0. 


For  example,   the  equations 


8x3  = 


6x  +  I 


and 


sin   X  =77 


would  be  expressed   in  the  form 


8x3  « 


6x  -   I    =  0 


and 


sin  X 


-  ^  =  0 
2  ^• 


Then  the  problem  becomes  that  of   finding  a  zero  of  the 


function  f,   that   is   a  value  of  x  for  which   f(x)  0. 
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Graphically,  this  is  the  point  at  which  the  graph  of  the 
function,   i,   crosses   (or  touches)   the  X-axis. 

Now   if  we  have  an  interval 
CLi,    Ri2  such  thai    rhc  functional 
values  at  the  end  roints,  f(Li) 
and  f(Ri),   have  opposite  signs, 
then  the  graph   of  the  function 
must  cross  the  X-axis  somewhere 
between   Li   and  Ri   (provided  that 
the  graph  of  f    is  an  unbroken 
cu  rve )  . 


FIGURE 


We    look  at  the  midpoint  Mi  of   the   interval   [Li,  Ri2 


Li   +  R- 


Ml  = 


and  consider  three  cases. 

Case    K  If   f(Mi)   =  0,  then 

Ml    is   a  root. 

Case    I  I  .        If   the  sign  of  f(Mi) 
is  opposite  to  that  of  f(Li), 
then   f  will   have  a  zero  between 
Li  and  Mi.      In   this  case,  we 
let 

L2  =   Li   and  R2  =  Mi 

and   repeat  the  process,  find- 
ing M2,  etc. 
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HJci 


FIGURE  Z'Z 
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Case  I  I  I  >  If  the  sign  of  f(Mi)  is  the  same  as  that  of  f(Li) 
hence  opposite  to  that  of  f(Ri),  then  there  is  a  zero  betwee 
Ml  and  Ri#      In   this   case,   we  let 


L2  =  Ml     and     R2  =  Ri 

In  this  way   (unless  we  actually  find  a  zero),  the 
seq  uen  ces 

Ll/    ^2f  1-3,    Li^,  ... 

and 

Rl*    ^2  f  ^3  f  ••• 

are  constructed.     A  zero  of  the  function    is  always  located 

between   L     and  R     and  moreover  the  length 
n  n 

R     -  L 

n  n 

is   reduced  by  half  each  time  n    is   increased  by   1.  Thus, 
each   of  the  numbers         and  R^   can   be  made  to  differ  from 
the  zero  by  as    little  as  we   like.      In  other  words,   both  of 
the  sequences 

l-l>    1-2  *    '-3'    •••  ^1'    ^2  *    ^3  f  ••• 

converge  to  the  zero. 

A  flow   chart  for  our  algorithm   is  seen  at  the  right 
of  the  next  page.     Again  we  see  that  the   computer  has  no 
need  of   subscri  pted  va  ri  ab  I  es  but  instead  prints  out  the 
successive  values  of   L  and  R.     The  variable  N  merely  num- 
bers the    I  ines  of  output. 


"5  i; 
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The  flow  chart   in  Figure 
2-3  is  not  quite   ready  to  be 
converted   into  a  computer  pro- 
gram because  we  have  not*provi- 
ded   for  a  way  to  stop  unless 
we  actually   hit  a   root.  Also, 
because  of   round-off  and  finite 
word    length,   we  should  modify 
the  test  in  box  7  to  read 


("if  cM)i<£i 

The  final  flow  chart  ready 
for  translation  into  a  computer 
program  is  shown  in  Figure  2-4. 
As   In   the  previous  example,  we 


must  have  e  >^ 


I n  most 

applications  of  this  algorithm. 


^f(L)X-F(R)_<Oj— ^  ^  ,2 


Method 
inapplicflibler 


-F(M)Xf(L)  < 


j^J  9 

\f  1 

1 

\ 

I  II 


N<-N+l 


J 


one   is   interested  only    in  the  piGURE  2-3 

final  value  of  M  and  not  in  the  number  of  steps  N  or  the 
intermediate  values  of   L  and  R.      In   this  case,   the  boxes 


N<-1 

t 

N  <-N  +  i 

and 
1 

It  is  assumed  that  the  input  values  of  L  and  R  are  such 
that  L  <  R.  It  is  further  assumed  that  f  has  opposite  signs 
at  L  and.  R  (i.e.,   that  f(L)-f(R)<0). 
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ERIC 


It  will   be  found  that  th  i  s 
sequence  wi  I  I   not  converge  nearly 
as   fast  as  the  square   root  algo- 

>Ithm.     Faster  con ve rg i n g  me th ods 
are  possible  for  the  problem  at 
hand,   but  to  use  them  it   is  ne- 
cessary that  the   function  satisfy 
extra  conditions  which   in  general 
are  hard  to  verify.  However, 
there  are  many   important  special 
cases  where  the   faster  methods 

^r-e— known- to  work  and  should  be 
used.     Such   methods  will  be 
studied   in  a    later  chapter. 


M4-  (L+R)/2 


^  if(M)i<6i  yL 


f  (M)Xf(L)  <  O 


M*'i5  an 
approxima 


yr  9 

\  F  10 

R  <-  M 

1 

'  1 

N  <-N+l 


FIGURE  2-4 
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PROBLEMS 

Draw  a  flow  chart  for  a  program  which    is  to  search  for 
zeros  of   a  function   f    in   the   following  manner: 

(a)  Read   values  for:  A      left  end-point  of   an  interval 

B     right  end-point  of  an  interva 

e     error  tolerance 

N     a  positive  integer 

(b)  For  each    integer  K  between    1   and  N,   apply  the  algo- 
rithm of  this  section   to  the  sub-interval   CL,RD  of 
CA, B],   whe  re 

L  =   A  +  and   R  =  A  + 

Wri'te  the  program  described  in  Problem  1,  and  run  it  with 
the   following  functions   f  and  numbers  A,   B,    e,   and  N: 

(a)  f (x)   =   x3   -  2x^  +   X  +  5 

A=-IO,      B=IO,      e=-OI,  N=40 

(b)  f (x)   =   x3   -  2x^  +   X  +  5 

A  =   -10^     B  =    10,      e   =    -01,     N   =  2 

(c)  f(x)   =   x^   -  x^ 

A  =   -5,      B  =   5,    e     =    .01 ,     N   =  20 

Use  the  program  written   in   Problem  2  to  approximate 

(a)  the  positive   root  of   x^   -  2  =  0 

(b)  the  positive   root  of   x^   -  30  =  0 

(c)  the  negative   root  of  x^  +  x  +    I   =  0 

In   each  case,    let  N= 1    and   choose  appropriate  values  of 
A  an  d  B  . 


3.       Prob I  em  So  I ut  i  on  Using  Sequen  ces 


Sequences  also  arise   in  other  ways  than    in  approximating 
numbers.     We  give   here  an  illustration. 

Examp le;     A   boy   has  a   super-ball   which  when   dropped  will 
bounce   back  to  ^  of    its  original    height.      If   the   ball  is 
dropped  from  a   height  of   5   feet  and  allowed  to  continue  to 
bounce,   what  will    be  the  total    up  and  down   distance   it  travel: 

Solution:      It    is  clear  that  the  total    up  and   down  distance 
is  5   feet    less  than  twice  the  total    distance  the  ball  travels 
downward.      If   we    let  d^   represent  the  total    distance  the  ball 
falls   before   reaching  the  ground   for  the  n"*"^  time,   we  have, 
ignoring  the   diameter  of  the  ball, 

d     =  5 
1 


6-5.  5(1) 


^  -  3 . 3(1) .  3(l)^ 


n-  1 


We  have  thus  constructed  a  sequence.  We  will  show  that  this 
sequence  converges  to  a   certain   number  which  we  will   take  as 
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total    distance  the  ball    falls   in   infinitely  many  bounces. 

There  may  be  some  question  as  to  whether  the  ball  actually 
bounces   infinitely  many  times.      In  the  mathematical  model 
of   the  problems  we   have   selected,    it   is  convenient  to  adopt 
the  attitude  that   it  does   bounce   infinitely  many  times. 
This  gives  answers  close  to  actual   experience.      (The  total 
distance  the  ball    travels  after  the    100^^   bounce   is  negligible 
for  all    practical  purposes.) 

In  order  to  find  the  number  to  which  our  sequence  con- 
verges,  we  express  the  term         in  a   different  way.  We 
i  I  I ustrate  this  with  d 

b 

^  "  -   3(1)  .  3(1)^  .  .  3(1)'  .  3(1)  = 

Subtract  i  ng , 


-!-d  =  5  +  0  +  0  +  0  +  0  +  0-  5 
8  6 


Thus  , 

S  i  m  i  I  a  r  I  y  , 

Now  we  can  see  what  happens  to  as  n  gets  large;  the  value 
of  gets  closer  and  closer  to  zero  so  that  the  term  5  (|-) 
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becomes   Insignificant.     Thus,   we  see  that  the  sequence 

d       d   ,   d   ,  ...     converges  to  the  value  of   40.     The  total 
1       2  3 

up-and-down  distance  traveled   by  the   ball    will  be 

2(40)   -  5  =  75  feet. 


(In   this   problem  of   the  bouncing   ball,   we  see  an  example 
of   "mathematical   modeling".     Mathematics    is   not  equipped  to  • 
talk  about   nature  directly;    there    is   always   a  mode  I i ng   p roce s s 
involved.      In  this   case,   we  think  of   the   position  of   the  ball 
as   being   a  point  on  a  vertical    line.     You  may    if  you  wish 
think  of   this  as   the  center  of   the   ball.      In  this  simplistic 
model,   we   ignore  the  difference   In  air   resistance  at  different 
speeds,   the  deformation  of   the   ball    on   hitting  the  ground, 
etc.     Furthermore,   we  take  a   rule   for  the   height  of   return  of 
the  ball   observed    in  a  certain   range  of   heights   and  extend  it 
to  very   small    heights   for  which  we  are   unable  to  make  measure- 
ments.     It   is  a  moot  question  whether  the   ball    actually  bounces 
infinitely    many  times,    but    in  our  model    we  consider  this  to 
be  the  case.     More   sophisticated  models  of   the  bouncing  ball 
are  possible  taking    into  consideration  all    of  the  phenomena 
mentioned  above  and  others.     But    in  any   case,    in   using  math- 
ematics  to  describe   real    life  occurrences   some  model    is  either 
tacitly   or  explicitly   being   used.     The   "correct"   answers  to 
such   problems  are  considered  to  be  those  calculated   bv   use  of 
the  model    and   not  those  obtained   by   performing  the  experiment 
and  making  measurements.) 


PROBLEMS 


I,       Consider  the  sequence 


=    I   +  r 
=    I   +   r  +  r2 
d,    ^    I   +   r  +   r2  +  r3 


d     =|+r+"r^2  +   r3.+   ...   +  r'^^ 
n 

(  a )     Compute   rd^    -  d^  . 

(b)  Computf^  a   new  expression   for   d^    by   dividing  your 
result   i  rr  part   (a)    by   r- U      (Assume   r  i  1.) 

(c)  Repeal    steps    (a)   and   (b)   with   n    in   place  of  4. 

(d)  To  what  value  does   the  sequence  d^   converge  if 
!r|<|? 

(e)  C3n  yoL.  determine  whether  or  not  the  sequence  d^ 
conve  rges    i  f   ril  ? 

2.       Repeat  Problem    I   with  the  sequence   indicated  below, 
where   k   is   some  number. 


d     =   k  +  kr 
2 

d     =  k  +  kr  +  kr2 
3 

d     =   k  +  kr  +  kr2  +  kr3 


d     =   k  +  kr  +  kr2  +  kr3  +   ...   +  kr"^^^ 
n 

3.  For  each   sequence    indicated,    compute  the   number  to 
which   the   sequence  converges. 

(c)  d     =|0  +  2  +  J-  +  Jh-+...+  -rr-r 

n  5       25  5^"^ 

(ri^      r^     -   1        14    ,    28       56  2.n-i 

(d)  d        =     7     -    -r^    +    -pr-    -  +     ...     +7      •  (-rz) 

n  3         9        27  3 

4.  (a)     Show  that  the   repeating   decimal  0.232323... 

(that    is,         +  +  +  +   ...)    is  equal 

4.  23 

(b)     Show  that  the   repeating   octal    number  0 . 45  I  45  I  45  I  .  .  . 

4        5  14  5  1 

(that    is,   9"  +  ^     +  -T"*'— iT"*'^"*'"^'*'---^'^ 

*^        8  8388 

equal  to 

4 • 8^  •+   5-8  +  I 

83  -  I 
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(c)     Show  that   in  the  base  B  number  system   (for  any 
integer   B> | ) ,   the  expression 

0.cic,...c^d,d,...d^did,...d^...  (where  d^.-.d 
keeps  repeating)  represents  a  rational  number. 
Hint:     The  value  of   the   first   n+km  digits  is 


where 


+  —  and     D=H-+  — 


Suppose  that  Katonah    loses  a  war  against  Nashville  and 
agrees  to  pay   reparations   in   perpetuity   as  follows: 
1000  knashes  the   first  year;   each   year  after  thfe  first, 
the  amount  to  be  paid   is  i  of   the  amount  for  theprecedin 
year.      Suppose   that   fractions  of   knashes  are  minted 
in   such   a  manner  that  each   year   it  will    be  possible  for 
the  exact   debt  to  be  pVi  i  d .     How  much  will    be  paid 
durijng  eternity? 

The  half-life  of   a   radio-active   isotope   is  the  time  in 
which   half  of   any  given  quantity  will    decay.     For  ex- 
ample',  the   half-life  of   Strontium  90   is   about   25  years. 
Thus,. .half  of   any  quantity  of   Strontium     90  will  decay 
in  25  years,   t h ree- f ou rt h s  will    decay    in  50  years, 
seven-eights  will    decay   in  75  yesrs.      Indeed,   for  any 
postive,  integer  n,    the   fraction  wnich   decays    in  25n  years 
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will  be 


2  ^   4  ^   8        •  •  •    ^  ^ 

For  each   of   the  following  elements,   calculate  the  amount 
of   the  element  that  will    have   decayed  and  the  amount  that 
will    remain  after  the    indicated  time, 

(a)  I    oz.    Strontium   90   (half-life  25  years);    1000  years 

(b)  3  oz.    Strontium   90;    1000  years 

(c)  3  oz.    Strontium   90;    3000  years 

(d)  I    oz.   Rubidium  87   (half-life   (  I  . 2 )  ( I  0^ ^ )  years); 
(  I  .  2)  (  I  0^  M  years 

(e)  16  tons  Rubidium   89   (half-life    15  minutes);    24  hours 

(f)  1    oz.   Beryllium   8   (half-life    lO"^^  seconds);  I 
second   (You  may  estimate  the  answer  to  part  (f).) 

(g)  1    lb.   Radium  226   (half-life    1600  years);  16,000 
years 

7,       Suppose  that  a   bull   breaks   half  of   the   remaining  dishes 

in   a   china   shop  every   20  seconds.      If   the   shop  originally 
has   64000  dishes,    how  quickly  must  the   bull    be  routed 
in  order  to  save  1000? 


log 
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4. 


Def  i  n 1 1  i  on  of  Convergence 


We  have  seen  enough  of  the  usefulness  of   sequences  to 
warrant  their  systematic  study.     First  we  give  a  formal 
definition  of   a  sequence. 

Def  i  n  i  t  i  on .     A   sequence   is  a   function  whose  domain  is 
the   set  of   positive    integers.      (We   have  not   said  what 
the   range  of   the   function  must  be.     This    Is   in  fact 
quite  arbitrary.     But   for  most  of   our  sequences    in  the 
present   chapter,   the   range  will    be  a   set  of   real  numbers. 

Thus    in  our  sequence,   a,  of   approximations   for  the  square 
root  of  2 

n  a  (  n  ) 

1  I 

2  3/2 

3  17/12 

4  577/408 
•  • 

we  have  a(l)   =    I,   a(2)   =  3/2,   a(3)   =    17/12,   etc.  However, 

in  the  case  of   sequences  it   is  customary  to  depart   from  the 
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ordinary  function   notation   and  use  subscripts,  writing 


3         ^17  ^  577  . 


Sequences  are  usually   defined  by  means  of   some  formula, 
such  as 

3n^  +  4  -    I  9 

"       2n2  +  3 

or  by  means  of   a   recurrence  relation   by  means  of  which  terms 
of  a   sequence  are   defined    in  terms  of   their  predecessors. 
An  example  of   this    Is  the  above   sequence   for  the  square  root 
of   2    in  which   the  terms  are  defined  by 


a 

1 


a      1  +  a  , 
n-  1  n-1 

a 


n  2 


n   =   2,    3,  ... 


Not  all    sequences  converge.      For  example,   the  terms  of 
the  seq  uence 


c     =n^  n=l,2,3,... 

n 


"qo  shooting   off   to   infinity"   while  the  terms  of   the  sequence 
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d     =    (-1  n   =    I ,   2,  3, 

n 


oscillate  between  -I    and    I    and   do  not   "zero   in"  on  one 
particular  value. 

To  be  precise,    it  will    be   necessary  to  pin  down  the 
concept  of   convergence   by  giving   a   definition  of    it.  In 
our  earlier  work  on  sequences  of   approximations,   we  said 
that  a  sequence  converged  to  a   number  L  provided  that  the 
sequence  could   be  used  to  approximate   L  to  any  desired  degree 
of   accuracy.     This   is   intuitive  but   rather  vague.     We  can, 
however,   give  this   statement  a  precise  meaning.     Before  we 
talk  about  approximating   to  any   desired  degree  of  accuracy, 
let's  talk  about  approximating  to  a  given   fixed  degree  of 
accu  racy . 

V^hen  we  say  that  a  sequence  a^,   n   =    1,2...,  approximates 

a   number  L  with   accuracy   e   ,   we  mean  that   if   we  start  computing 

terms  of   the  sequence,  we  eventually  get  to  the  point  where 

all   the   remaining  terms  will    differ  from  L   by    less  than   e  . 

This  condition   can   also  be  phrased  geometrically,   to  wit: 

Consider  an    interval    centered  at  L  with   radius  e    (the  radius 

of  an   interval    is   half    its    length).     Now  after  n   reaches  a 

certain  value,   then   for  all    higher  values  of   n,   the  terms 

a     will    lie   in  this    i  nte  rva  I  . 
n 


As  an  example,   we  will   show  that  the  sequence 


2  _L  I 

^   n  +  I  n  -    I  9 

a     =   2   n  -    I,         :> , 


approximates  the  number   I   with  accuracy    l/lOO,     First  of  all, 
note  that  all   terms  of  this  sequence  are  greater  than    I  since 
the   numerator   is  greater  than  the  denominator-     On  the  other 
hand,   by  writing  a^   in  the  form 


n  n  ^ 


v^e  see  that  as  the  value  of  n  is  increased,  the  value  of  a 
decreases.     Thus   for  all    n  greater  than    10,   we  have 


I    <   a     <  a  =1.01 
"  10 

Therefore,   after  the    10^^  term  all    succeeding  terms  will  lie 
in  an   interval   of   radius    l/lOO  centered  at   I.     And  this  means 
that  the   sequence  a^,    n  =    I,   2,    3,  approximates    I  wi+h 

an  accuracy    l/lOO  according   to  our  definition. 
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We  must  point  out  that  there  are  many  other  numbers  which 
this  sequence  approximates  with  this  accuracy.     For  example, 
for  all    n  greater  than    10,   we  have  seen  that  a^    lies  between 
I   and    I. 01   and  hence  all   these  a^    lie  between    1.005  -  .01 
and   1.005  +   .01    (that   is,   between   .995  and    1.015).  Hence, 
this  sequence  approximates    1.005  with  accuracy  l/IOO. 

Similarly,   the  above  sequence  approximates   I   with  accuracy 
1/1,000,000  since  for  n   >    1000,   we  have 


<   a     <   a  =    I  + 


'n   ^   ^  0  0  0   '  1,000,000 


so  that  all   terms  after  the   1000+^  term   lie  within  1/1,000,000 
of    I.      (Note  that  this  sequence  does  not  approximate  1.005 
with  accuracy  1/1,000,000.) 

Now  we  are   ready  to  give  a  definition  of  convergence. 

Def  i  n  i  t  i  on .  A  sequence  a^,  n  =  I ,  2,  ...»  converges 
to  L  provided  that  for  every  positive  number  e  ,  the 
sequence  approximates  L  with  accuracy  e  . 

This   is  what  we  meant  earlier  by  our  vague  talk  of  a 
sequence  approximating  a  number  to  any  desired  degree  of 
accuracy.     If  this  definition   is   interpreted  geometrically. 
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it  says  that  for  whatever  positive   e  we  choose,   we  eventual  I 
reach  the  point  where  all    further  terms  of  the  sequence  lie 
in  the   interval    centered  at  L  with   radius   e  , 


The  above   definition   is  generally  worded   in  this  some- 
what more   readily   usable  form: 

Definition.     A  sequence  a^,   n  =    I,   2,  converges 
to  L  provided  that  for  every   positive  number  e  there 
is   a   number  N  so  that   for  all    values  of   n  greater  than 
N>   a^  differs   from  L  by    less  than  e. 

We  can  easily  show  that  the  sequence 


actually  converges  to  I.  Gr%en  an  arbitrary  positive  number 
£   ,   we   need  only  exhibit  a  positive   integer  N  such  that 


a 


n 


3, 


<  e 


for  a  I  I    n>N • 


Now 


»•  16.- 


 2  '  "2 

n  n 

and  —  <e         n2>i    that   is   if   n>-J^  .     Thus,   N  may  be  taken 
to  be  any   integer  greater  than  . 

This   shows  that  the  sequence  a^,    n  =    I ,    2,  approximates 
I   with   accuracy     e.     And   since   z  was  quite  arbitrary  except 
for  being   positive,   we  see  therefore . that  for  ever^  positive 

number  s   ,   the  sequence  a^,    n  =    I,    2,   3  approximates 

I   with   accuracy   e   .      in  other  words,   the   sequence  converges 
to   I  . 

There  are  several   theorems  we   should    like  to  prove 
about  convergence.     The  first  of  these   is  that  a  sequence 
cannot  converge  to  two  different  numbers.     For  suppose 
a   ^   a   ,   a   ,    ...    is  a   sequence  and  that  L  and  M  are  two 
different  numbers. 


M 


Choose  small  intervals  1^  and  1^  centered  at  L  and  M  which 
do  not   i  ntersect . 


1 


M 
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If   the  sequence  converges   to  L,   then  after  a  ce  rta  i  n...pp  i  n  t 
all    the  terms   in   the  sequence  will    lie   in  the   interval  I 

1 

so  that  none  of   these  terms  will    lie   in    I    .     Thus,    the  sequence 

2 

cannot  converge  to  M. 

Hence,   we  see  that  the   number  to  which   a   sequence  con- 
verges   (if   the  sequence  converges  at  all)    is   unique.  This 
number   is  called  the    limit  of   the  sequence. 

Definition.     We  denote  by 


Mm 


the  number  to  which   the  sequence  a   ,   a    ,   a    ,    ...  converges 

12  3 

If  the  sequence  does   not  converge,   we  say  that    Mm  a 
does   not  ex  i  s  t . 


Thus,   according   to  the  previous  example,  where 


^     -         +   I  ,  r> 

a     -    >      n,    =    I,    I,   5,  ... 

n  o 
n-^ 

n^  +  I 

we  can   say   that    Mm  a     =    I    or,    replacing   a     by    ,  we 

n-*-»  n  ^ 


may  write  directly 


I  I  m    =  I 

n-*-"  n^ 
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You  will   be  asked   in  the  problems  to  prove  that   if  r^ 

is  a  convergent  sequence  and   if   r  >a   for   all    n,   then    Mm  r^>_a. 

"  n->-oo 

It  follows  that   if   r^    is   a  convergent  sequence  and  r^>a  for 
all    n,   then    Mm   r   >a,   but   it  need  not  be  true  that   Mm  r^>a. 
2 

For  example,  ^  >l    for  all    n,   but  we  have  just  seen  that 

n2 

I  im         ^    '    =1  .     Similar  statements   can   be  made  with   <_  and 
2 

n->-<»  n 

<      i  n   p I  ace  of  ^  and  > . 

It  will    also  be  a   problem  to  prove  that   if  and 
are  convergent  sequences   and  Xp^Yn   ^o""  then 

Mm  X   >lim  y    .     The  corresponding   statement  for  <.  is  true, 

n —  n 
n-^-"  n-^°° 

but  the  corresponding   statements   for  >  and   <  are  subject  to 
the   reservations  of  the  previous   paragraph.     Be  certain  to 
notice  the  hypothesis  that  x^  and  y^  are  convergent  sequences 


For  example,    5+(-l  )  "   ^  for  all    n,   and    Mm   =  I, 

,2  n-*-"  n"^ 


n 


but   it   is   not  correct  to  conclude  that   Mm  [5+(-l)"]^l, 
because    Mm  [5+(-l)'^II  does  not  even  exist. 

Another  problem  will    be  to  prove  that   if    Mm  x     =  a, 
then    Mm   |x    |  =  |  a|.     You   should  determine   for  yourself  what 
can  be  said   about  the  convergence  of   the  sequence  x^  if 
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I  I  m     X     =a  • 

'   n  » 

Examp  I  e :     An    interesting  exmple  of   a   sequence   defined  by 
a   recurrence   relation    is  the  Fibonacci    sequence ♦      In  this 
sequence,   the  first  two  terms  are    I   and  each   subsequent  te 
is  the  sum  of.  its  two   immediate  predecessors.     A   few  terms 
of  the  Fibonacci    sequence  are: 

I ,    I ,   2,    3,   5,   8,    13,   21 ,   34,    55,    89,  ... 


Thus,   the  terms  a     of   the  Fibonacci    sequence  are  de- 


fined  by  the   following  conditions; 


n  +  1 


a     +  a 
n  n-1 


n  =  2,  3^ 


A  flow  chart  for  generat- 
ing the  terms  of   the  Fibonacci 
sequence   is   shown    in  Figure 
4-1.     Here  the  variables 
ASUBN,   ASNM I ,   and   ASNP I 
stand   for  a 


a     ,  ,  and 
n-1 


'n+i  ' 


respect  i  ve I y .  The 


use  of  MAX   is  to  prevent 


N  <-  1 
ASNM1  <-0 
ASUBN <-1 




N , ASUBN 


(^ASUBN  >  MAX ')jfsTOp) 


ASNPK-ASUBN  +  ASNM1 


ASNMK— ASUBN 
ASUBN  ^ASNPI 


FIGURE  4.-I 
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overflowing  your  word- 1  engtt.  .     The   input  value  of  MAX  should 
not  exceed  half  of  the    largest   integer  expressible   in  your 
mach  i  ne . 

The   Fioonacci    sequence  obviously  does   not  converge. 
The  terms,    increasing   by  at   least   I    each   time,  eventually 
exceed   any   prescribed  bound. 

We  call    attention   here  once  and   for  all    to  a  principle 

which   slightly  generalizes  the  meaning  of   "sequence";  namely, 

if  we  alter  the   values  of  the   first  53  terms   of  a  sequence 

a   ,   a    ,   a   ,    ...   this  will    not  affect  the  convergence  or  di- 
12  3 

vergence  of   the  sequence  nor  the   value  to  which    it  converges 
if    it  does   converge.     To  see  this,   we  need  only   require  that 
the  value  of  N   in  the  definition  be  always  taken   greater  than 
53.     Thus  we  may  always  be  oblivious,    in  questions  of  con- 
vergence,  to  what  happens  to  the   first  53  terms,   or  even  to 
whether  they   are   properly   defined.     Of  course,   this  principle 
is   valid   not  only   for  53  terms   but  also  for  279  or  8967  or 
for  any   fixed   finite  number  of  terms. 

For  example  we  might  define  a^  =   ( n-3)'(  n-5)    *  Clearly 
this   is  meaningless   for  n  =   3  and   n  =  5.     We  blithely  ignore 
this   fact   in   discussing  the  convergence  of  the  sequence  since 
there  are  only   finitely  many    integers   for  which  a^   is  undefined 
In    light  of  these   remarks  one  may,    if   he  wishes,   adopt  a  modi- 
fied definition  of  sequence  as   a   function  whose   domain   Is  the 
set  of   all    positive   integers   greater  than   some   arbitrary  number 


PROBLEMS 


For  each  of  the  sequences  indicated  below,  determine 
whether  the  sequence  converges,  and  if  it  does,  find 
the  limit- 


Hint:      /n-^+ 1     >n,    so    <  — 

if   n    >   I,   and  c^   =  14. 

n 

(e)     e  =   cos  2n7T 
n 

( f  )     f  ^  =   /4-C0S  Zn-n 

(g)    g,  =  5 

Let  d     =   (-1)".     Answer  each  of  the   following  questions 
n 

and  justify  your  answer. 

.f 

(a)  Does  the  sequence 

(b)  Does  the  sequence 

2  +   !   ^ 

^       I  ,000,000 

(c)  Does  the  sequence 

(d)  Does  the  sequence 

(e)  Does   d  converge? 


r    .  (-1)' 


(b)  b 

n 


(c)     c.  ' 


(  d  )      d     =   Cos   n  "ir 


d  approximate  2 
n 

d^  approx  imate  -  I 

d  approximate  I 
n 

d  ap p rox  i mate  0 


w  i  th   accu  racy    I  0? 
w  i  th  accu  racy 

5 

w  i  th   accuracy  -^1 
5 

with   a  ecu  racy  ? 
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The  decimal   expansion  of  i  is  0,142857  142857  142857,.,. 

Let  a     be  the  sequence  of   numbers  obtained  by  keeping 
n 

the  first  n  digits  of   the  expansion.     That  Is, 

a  J   =  0.1 
32   =   0. 14 

=  0 . I  42 
e  tc . 

(a)  Does  this   sequence  approximate  0.14  with  accuracy 
0  .003? 

(b)  Does   this   sequence  approximate  j  with  accuracy 
0  .003? 

(c)  Does   this   sequence  converge  to  y.-" 

Prove  that  each  of   the   following   sequences   fails  to  converge 

2 

( a )  a     =  n 

n 

(b)  =   (-1 )" 

Affirm  or  deny  each   of   the  following   statements  and 
justify   your  reply. 

(a)      If         ^  a   for  all    n,   and   if   r^  converges,  then 

I  i  m  r     >   a  . 
n-»     "  " 


(b 


)      If   r     >   a   for  all    n,    and    if    r     converges,   tht n 


I  i  m  r     >   a  . 

V  n 
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(c)  If   r     is  a   rational    number  for  all    n.   and   if  r 

n  n 

converges,   then    Mm  r     is  a   rational  number. 

(d)  If  X  for  all    n,   and   if   both  x     and  y 

n  —  '  n  n  '  n 

converge,   then    I  im  x     >    I  im  y  . 

n  —  n 

(e)  If  x^  —  converges,  then 
X ^  con ve rges . 

(f)  If  x^  and  y^  are  sequences  which  converge  to  the 
same    limit  m,   then    Mm  z     =  m,   where  z      is  the 

sequence  x^,   y^,   x^,   y^,   x^,    y^,  ... 

(g)  If    Mm   r     =  m,   and   if   s      is   defined  by  s     =   r  . 

n-^co     n  n  ^     n  n+i 

then    li  m  s     =  m . 

(h)  If    iim  X     =  a,   then    Mm    |x    I  =|a|. 

n  n 

(i)  If         Is  a  sequence  and  the  sequence  y^  =  |x^l 
converges,   then  the  sequence  converges. 


6.       Let  T  be  defined  for  all   positive  numbers  x  by  T(x)   =  — r4- 

(a)  Show  that  T(x)    >         i f  x  <   /7,   and  T(x)   <  /Z  i f 

(b)  Show  that     |T(x)   -  /7|    <   ( /Z    -   I)  |x-/Z|. 


Hint:     Show  that 


T(x)  -  /7 
 X  -  /2 


T(x)   -/2  _   /7  -  I 


/2  -  X  X  +   I  • 
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(c)  Let        be  the  sequence  defined  by         -   I,  and 

a         =  T(a   )   for  n  >    I.     Show  that  a     is  a  sequence 
n  +  i  n  — 

of   rational    numbers  which   converges  to  /2. 

(d)  Calculate  a^,   a^,   a^,   and  a^. 

(e)  Write  a  program  to  approximate   /2  by  calculating 
terms  of  the  sequence  a^   until   two  successive 
terms   differ   by    less  than    lO"^.     Have  the  program 
print  the  number  N  of  terms  calculated,   and  the 
average  of   the    last  two  terms.     Compare  the  rate 

of  convergence  with  the  rate  of  convergence  obtained 
by  the  program  written  for  Problem    I   of   Section  2-1. 

The  "arithmetic-geometric"  mean  M  of  two  positive  numbers 

a  and   b    is   defined  as   follows:      suppose  that  a  <.  b  and 

define  a    recursion   formula   by  a     =  a,    b     =  b, 

a     +  b  ^ 

=   /i  b~"     b         =   .     We  get  two  sequences 

■^n+l  n     n'     n  +  i  2 

a     and   b     and    it  will    be  shown    later  that  both  sequences 
n  n 

converge  to  the  same    limit  M.     Write  the  appropriate 
flow-chart  and  program   for  computing  an  e-app rox i mat i on 
to  M,   and  carry  out  the  computation   for  e=   .000005  and 
the   following  pairs  of   values  of   a  and  b. 

a  =    I ,      I ,      5,      .001 ,    I  ,10 

b  =   2,    10,      6,      1000,    10^,  10 
Draw  some  conclusions   from  the    last  three  cases  and 
prove  your  conclusions    if   you  can.      Is  this   an  efficient 
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algorithm,    in  the  sense  of  giving   an  accurate  result 

in   few  steps?     Try   some  of   the  above  cases   for  the 

smallest  e  that  you  can  use  on  your  computer  and  see 

how  many  more   steps  are  needed. 


Modify   the  Fibonacci    sequence   flow  chart  so  as  to 

output  a   running  total   of  the  first  n  terms  of  the  Fibonacci 

seq  uence ,  i.e.. 


s     =  a     +   a     +   ...  +  3-, 
n         1         2  " 


Your  output  box  should  have  the  form 


N,    ASUBN,  SSUBN 


Write  the  program  for  this   flow  chart  and   run   it.     Can  you 

spot  a   simple   relationship   between  terms  of  the  sequence 

s   ,    s   ,    s   ,    ...   and  terms  of  the  sequence  a   ,   a   ,   a   ,  ..•? 
12       3  12  3 

Can  you  prove  that  this   relationship  always   holds  true? 
Hint:     You  may   want  to  use  mathematical  induction. 


Check  for  convergence: 

(a)  47,    183,   -IQlO,   62.5,    1/2,    1/3,    1/4,  ^  [   3.  . 

(b)  I,         -i,   2,    1/8,   -1/16,   3,    1/32,   -1/64,   4,  1/128, 


5  .     The  S I mp lest   Limit  Theorems 

In  the  preceding     section    (Section   4),   we  had   shown  that 

I  m   5        =    1  . 

n  ^ 

n 

We  did  this  by  means  of  the  definition  of  convergence  using 
G  and  N,  and  it  was  a  relatively  tedious  process.  When  the 
rule  of  formation  of  the  terms  of  a  sequence  is  fairly  com- 
plicated,   the  e  and  N  process   becomes  positively  painful. 

Fortunately,   there  are  theorems  available  which  help 
us  to  avoid   such   unpleasant  calculations.     Among  such  theorems 
(as  we  will    presently  prove)    are  the  sum  and  product  theorems 
for  limits: 

if    lima     =   Aandlimb     =  B 
n  n 
n->-oo  n->-°^ 

^then    I Im   (a     +   b^)   =  A  +  B 
n  n 

and    I  i  m   (a   b   )   =  AB 
n  n 

n->oo 

The  conclusion   of  the  Sum  Theorem  could  be  written  as 

lim(a     +b)=lima  +limb 

n         n  n  n 

n->oo  n-^oo  n^°° 

which  tells   us  that  we  may    interchange  the  order  of  adding 

and  taking  the    limit.     The  theorem   is  often   verbalized  as 

"the    limit  of   the  sum   is  the   sum  of   the  limits". 
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Returning  to  the  example  above,   we  could  write: 

n^  n^  n^ 

Applying  the  Sum  .Theorem,   we  have 

I  i  m  =lim(l+;J-2)=>im1+lim^2 

Since   it   is  quite       vious  that 

I i  m   1   =    1     and    I  im  ^2=  0^ 


we  have 


lim  ^  =1+0=1. 
n 

n->°° 


This  example  provides   us  with  an  excel  reason  for 

wanting  to  have  the  Sum  Theorem  and  similar  theorems  for 
products  and  quotients,   etc.,   at  our  disposal.     These  theorems 
often  enable   us  to  decompose  complicated    limits    into  combi- 
nations of    limits   so  simple  as  to  be  obvious   on  inspection. 

The  sum  and  product  theorems  themselves  should  seem 
quite  obvious,   for   if  n   is    large  enough  so  that  a^   is  very 
close  to  A  and  b^   is  very  close  to  B,   then  a^  +         ought  to 
be  very  close  to  A  +  B,   and  a^b^  ought  to  be  very  close  to 
AB.     We  are  glad  that  this  simple-minded  way  of    looking  at 
things   is  at  hand  to   lend  credibility  to  these  theorems.  But 
proofs  are  nevertheless  necessary  fo.      wo  reasons: 

I)     the  theorems  are  not  all   that  obvious;   the  reasoning 
having  been  offered   in  their  support  will    leave  the 
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critical    reader  with  an   uneasy  feeling   in   the  pit 
of   his  stomach ;   an  d 
2)     we  want  to  be  sure  that  these  theorems  actually 

follow  from  the   definition   of   convergence  on  which 
foundation  we  propose   to  erect  a    lofty  edifice. 

Now    let's  see  how  these  proofs  go. 

Theorem  1.      (Sum  Thoorem)      If    Mm  a     =  A  and    I  i  ci  b     =  B,  then 

  n  n 

n->-oo  n->-°° 

lim(a  +b)=A+B. 
n  n 

Proof:     Consider  an    interval   I   with   center  A+B  and  arbitrary 


ra  d  i  us  e  o  j 


H  f- 


A+B 

Let         and   I2  be    intervals   half   as    long  as  I,    centered  at 

A  and  B,  respectively. 

r  1  I2  I 

 J  1  V  H  \  V  1  1  1  

A  B  A+B 

If   for  some  value   of   n,    a      lies    in   It    and   b^    in   I2,  then 

n  *  n 

we  have 


A   -  zl2   <   a     <  A  +  zl2 
n 


B  -  z/2   <   b     <   B  +  e/2 
n 


and   add  i  ng 
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A  +  B-  e<     a     +   b  <A+B+e 
n  n 


so  that  a     +  b     is   in  the   interval  I. 
n  n 


And   since    Mm  a     =  A  and    !im         =  B,   we   know  that  there 

are  numbers  Ni   and  N2  so  that   for  n   >  Ni,   a^   is   in  and 

for  n   >  No.    b     is   in   lo-     Taking  N  to  be  the    larger  of  Ni 
^ '  n 

and  N2,  we  see  that  when  n  >  N,  we  have  a^  in  Ii  and  b^  In 
I2  so  that,  as  seen  above,  a^  +  b^  is  in  1.  Thus,  the  re- 
quirements of  our  definition  are  met  and  wr.  can  conclude  that 

I  i  m   (a^  +  b^)   =  A  +  B  . 

The  next  two  theorems   and  their  proofs   are  quite  simple. 
The  proofs  will    be    left  as  exercises   for  the  student. 

Theorem  2,      I  i  m  :c  =  k 
n->oo 

Theorem  5.      If    Mm  a^  =^  A,   then    Mm   (Ka^^)   =  KA 

Corol  lary   1  .  I  f    Mm  a^,  =  A  and    Mm  b     =  B,   then    Mm  (a^   -  b^)  = 

n->co     "  n->«>  n->«> 

Proof:      Mm   ( -b   )   =    Mm   (-l>b^  =  -MB  =   -B  by   use  of  Theorem  3 

Thus,    Mm   (a     -  b   )   =    Mm  (a     +   ( -b   )  )   =  A  +   (-B)   =  A   -  B  by 
n->«  n->-«> 

Theorem  1 . 

Corol  lary  2.  I  f    Mm  a^  =  A,   then    Mm  (a^   -  a)  =  0.     The  proof 
is   left  to  the  reader. 


Corol  I  arv  3.  If  !lm  a  -  A)  =  0,  then  Mm  =  A. 
Again  the  proof   is    left  to  the  reader. 
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PROBLEMS 


1-     Find  two  nonconve rgen t  sequences  whose  sum  converges 

2.  Prove  that   if    lim         ^  a  and    Mm  b ,  then 

n  -►oo  n 

lim(x+y)>a+b. 
n       '  n  — 

3.  Prove  that   if    lim  a   and    lim         <^  b ,  then 


m(x     -  y)>a-b. 

n       '  n  — 


4.  Prove  that   if    lim  x^   >^  a   and   k  >_  0,   then    lim  kx^   >^  ka. 

n->-oo  n-^oo 

5.  Prove  that   if    lim  x^  ^  a   and   k  <_  0,   then    lim  kx^   <^  ka. 

n ->-oo  n-^oo 

6.  Prove  Theorem  2. 

7.  Prove  Theorem  3. 

8.  Prove  Corollary  2. 

9.  Prove  Corollary  3, 

10,  Suppose   a^    is   a  sequence  which   approximates  A  with 

accuracy   e   and   b      is   a  sequence  which  approximates 

n 

B  with  accuracy     n.     Prove  that  the  sequence  a^+b^ 

approximates  A+B  with   accuracy  e+n . 
M*     Suppose  b      is  a  sequence   which  approximates  B  with 

r  r  p 

accuracy  n.  Prove  that  the  sequence  -b^  approximates 
-B  with   accu  racy   n . 
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Leh  a     and  b     be  as   in  Problem  10.     Prove  that  the 
n  n 

seauence  a  -  b   approximates  A-B  with  accuracy  e  +  n  . 
^  n  n 

Construct  an  example  to  show  that  a^-  b^   need  not 
approximate  A-B  with  accuracy  e-n  even   if  e-n  >  0. 
Let  a^  be  a  sequence  which  approximates  A  with  accu 
racy  e,   and    let  k  be  some  /.umber.     Prove  that  the 
sequence   ka     approximates  InA  with  accuracy  |k|e. 


6  .     Product  d rnJ  Q^oiJ  fin^  Theorems 

A  sequence  a   ,   a   ,   b   ,    ...    is  called  bounded  provided 
^  12  3 

that  all    the  terms  of   the   sequence    lie   in   some  interval 

lower    bound  upper  bound 

 1  1—1  1--!  1  1  1  

The    left  and   right  end  points  of   such   an   interval    are  called, 
respectively,    lower  and   upper  bounds   ■'or  the  sequence.  It 
is  clear  that   if  we  can   find  one  such    interval,   we  can  find 
many.  lower  bounds  upper  bounds 

 ^ — ' — ' — ^ — — ' — J — tny 

b'    b"     b     aiag    a2,a4a3  as   B  do 

Also   it   is  quite  clear  that  given  a   "jounded   sequence,  one 
can   find  an    interval    centered  at  the  oris'n    in  which  all 


_j  I  1  1 — I  h- 1  1  1  M- 

_M  Ob     ai  ae    az^^as  a.^  BM 


the  terms  of   the  sequence    lie.     That   is  to  say. 


-M<a     <M  n=l,2,3, 
—     n  — 


vat 
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This  can  be  expressed  rnure  concisely  as 


|a^|<_M  n   =    \  ,    2 ,    5 , 

We  wMI  use  this  form  in  our  "official"  definition  of  bcunded- 
nes s  . 

Definition.     We  say  that  a   sequence  a   ,   a   ,   a   ,  is 
  12  3 

bounded  provided   that  there   is  a   number  M  so  that 

|a^|    <_M  for  all    positive    integers   n.     Such  a   number  M  is 

called   "an   upper  bound  for  the  absolute  values  of  a^-" 

We  can   see  that  the  sequence 

a     =n         n=    1,2, 3,  ... 
n 

is   not  bounded,    for,    no  matter  how    large  a   numbei"  M  may  be 

chosen,   we  will    be  able  to  find   n   so  that  a^  > 

On  the  other  hand,   we  can   see  that  the  sequence 

a=(-l)'^  n=l,2,... 
n 

(that   is,    the  sequence  whose  terms   have  the  values 
-I,    I,    -I,    1,    -I,    I,    ...)    is   bounded  since   for  this  sequence 
|a    I    =  so  that  the  conditions  of   the  :i3finition 

are  satisfied  Vtlth  M  taken  to  be    i,   or,    for  that  matter, 


\  18i 


any   number  greater  than  I, 


This  sequence,   a^=(-l)",   n= I ,   2,  clearly   fails  to 

converge,  and  so  it  is  evident  that  a  bounded  sequence  does 
not   necessarily   converge.     On  the  other  hand,   we  have 


Theorem  5  if  the  sequence  a^,  a^,  a^,  ...  converges,  then 
it   is  bounded . 


Proof;      Denote  the    limit  of   the  a^  by   L.     We  can   find  a 
positive    integer  N  so  that  for  all  valuesof   n  with  n   >   N,  we 

have  a     between   L-l    and   L+ I . 
p 


,  *  \f  '  \ 

H  1  \- 


L-l  L  L+l 

Thus,    for  al  I   n  >,  N,   we  have 

(This  takes   care  of   both   the  case  that   L   is   positive  and  the 
case  that   L   is   negative.)     The  number   |L|+I    is   now   .  candidate 
for  the  M    in   the  definition.     The  only  terms  oi    the  sequence 
whose  absolute  values   could  possibly  exceed    |L|+I  are 


a   ,   a   ,   a   ,    ..•»  a^. 

12  3 
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Since  there-  are  only  finitely  many  of  these,  we  can  check 
them  all   out.     We    let  M  be  the    largest  of  the  numbers 
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I  L|   +    I  ,    |a J ,    |a J ,    |a J ,    . • • ,    I^N-I  ' 
and  then  we  will    have    |a^|    <_  M   for  all    positive   integers  n 


Theorem  6.      If    lim  a     =0  and  the   sequence  b    ,    b   ,    b  , 

  n^«,        ^  12  3 

is  bounded,   then  the  sequence 


a  b   ,   a   b   ,   a   b  , 

1     1         2    2         3  3 


converges  to  zero 


Note  that  we   do  not  assume  that  the  sequence  b   ,    b   ,    b  , 

12  3 

converges.     Thus,    for  example,   we  could  apply  this  theorem 
to  prove   that  the  sequence 

~sii*>n,  n   =    I,    2,  3, 


converges  s i nee 


lim  -  =  0 
n 


and  sin  n  is  bounded  (|sin  n|  ^  !).  This  is  true  even  though 
the  sequence  sin   n,    n  =    I,    2,    3,  does   not  conve.-ie. 

Proof:      Lc'  0,      Let  M  be  an   upper  bound   for  the  a  solute 

value  of   the   b    .     Choose  M  so  tnat  for  n   >  N,   we  have 
n 


"  M  <         ^  M 


(in  other  words,  so  that  |a^|  <  ^  ) 
Then  for    n   >   N,   we  have 


a|<^and|bl<M 
n  I        M  I    n  I  - 


so  that 


or    in   other  words,    for  n   >_  N , 


-.e<ab     -  0<e, 
n  n 


^vhich    is  what   is   ..eeded   to  show   that  the   sequence  a^b^, 
2,    3,  converges  to  0. 


n  = 


Theorem  7.  (Product  Theorem)  If  I i m  a^=A  and  Mm  b^=B, 
 n-xM  n->-oo 

then    Mm    (a   b    )   exists   and    is   equal    to  AB. 
'  r,  n 

n^oo 


P  roof :      Check  that 


ab  =aB+a„(b^-B) 
n   n         n  n  n 
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Since         -  B       0  as  n->=   (by  CorC7''^''V  i         """^^^^gm  3)   and  sinc^ 

the  sequence  a^,   n  =   I,   2   ^\n^^^  Tf.eorem  5),  we 

"  .  ,       "  ^)       0  ■ 

see  ty  Theorem  6   that    Mm  a     (b^^  ^ 

n->co  " 

Theorem  3  assures  us  that 


Mm  a^B  =   B    llj  = 


And   now  Theorem    I    (The  Sum 


lifo  a  b     exists   and   is  given  by 
n  n 


num  f^'^X)   ^^''^^^   .s  that 


Mmab  =Mm(aQ)  ns.^  ^  n  ^  ^ ' 
n-><»  n-»-°°  ^ 


Examp  I  e  .      Let  x^   be  the  sequenc 

I 


,    2,   3   Then    Mm         ^  '   ^"'im    (5  +  -) 


n->oo 

=  4-::  =  20. 


In  order  to  prove  the   remair''"^   T^^/C?  ^"^'"'^'^s, 
foMowing    lemma   whose  p  roc  t  we        '     ^i^^^         ^Q||ows  the  same 
general    lines  as  Theorem  5. 


Lemma .      If  the  sequence  a^,    n   =  x  ^eJ^Se^  to  a 

number  different  from  zero  and  '       terms  eqjal  Vo 

zero,   then  the  sequence 
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is   bounded • 


Theorem  8,      (Reciprocal   Theorem)      If   a^,   a^,    ...   converges  to 
a   number  A  different  from  zero  and  ;.as   none  of    its  terms  equal 
to  zero  then 


I  _  I 
a 

n->-"  n 


n  n  n 

Since  A  -  a         0   as   n-^"  and  since  by  our    lemma  ^  •  T  bounded 
n  °n 

then 


I  i  m 
n-)-oo 


^  n  ' 


by  Theorem  6 . 


Theorem  9.  ^  (Quotient  Theorem)  if  Mm  =  1^  and  lim  b^ 
  n->-oo  n->-oo 

with  B  5^  0  and   none  of   the  terms   b^  =  0,  then 


,  .     ^n  A 

'  —  =  B 
n->-oo  n 


-1^8  9 
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Proof:      Mm  I—  =  -R-  by  Theorem   8,    and   hence  by  the  Product 

  b  B 

n-»-<»  n 


Theorem , 


n^oo     n         n^^'  ^  n' 


Suppose  that  a^    is   a   sequence  which  converges   to  a  number 
A.      If   f   and  g   a  re   functions   such  that 


Mm   f(a    )   =   f(A)    and    Mm  g^a^^   =  9^^)  , 


then 


Mm(f(a^)   +g(a^))   =   f(A)  +g(A) 


and 


I  Im   (f (a    )g(a   ) )   =   f (A)g(A)  . 
n  n 

n-)"0o 


If   h    Is  eit  :.r  a  constant   function  or  the   identity  funct::>n, 

we   know  that    Mm   h(a^)    =   h(A).     Thus    if   P   is  any  polynomial 
n->'Oo 

function, 


Mm  P(a   )    =  P(A) 
n 

n^oo 
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Now  i  f  f  and  g  are 
rational    function  R(x/ 


polynomial    functions  and 
f  (X  ) 

=  —7 — r  ,   we  have 
g  (x  ) 


Mm   f  (a  ) 

I-  ^        n-^"^  _   f  (A)    .  ... 

1  fTi  R(a   )   =    ,  >     ^  .  — r  -  ^  /  A     -  r<^A;, 
n  limq(a;  g^A; 

n  ->oo  n  ^ 

n 


providing   that  g(A)   /  0  and  g(a^)   /  0   for  all  n, 


bxamp I e  .      Let  Cp  be  the  sequence   defined  by 


(3  +       )^  + 
c     =  n 
n   


(3  +  i  )2 
n 


Then  lim    ((3+1)2+  |) 

n 

PI  ->00 

lime     =  j — - 

n->«.     "        I  im    (  (3  +  -  I) 

n->oo 

I  i  ni  +  -!-)  2  +  Mm 
n  -)-co  n->'°° 

Mm    (3  +  -  Mm 


(  Mm   (3  +  ~)  )^  +  I 
n 

n'>-°°  

(Mm    (3  +  i))^  -1 
r. 


5^  +  I 
32    -  I 


Example,  Suppose  P(x)  =  2x3  .  4^2  -  7x  -  5,  and  suppose 
a_    Is  a  sequence  which  converges  to  3.  Then 


n 


Mm    (2(a   )3   -  4(a   )^  -  7a^  -  5).  =   2(3)3   .4(3)2   .7(3)  .5 

=   54  -   36   -   2  I    -   5  =  -8 


Examp  I  e>      Let  a^   be  any   sequence  which   converges  to  2  and 

^or  which   3(a    )^   -  4(a   )    -   2  ^  0   for  any   n.  Then 
n  n 


+    I  (2)2  +    I    5 

2 


I  im   ^ 

n->«  3  (a         -  4(a)    -  2       3(2)^-4(2)    -  2 
n  n 


Examp  I  e:  An  irjteresting  sequence  can  be  obtained  from  the 
Fibonacci    sequence.      Let         be   defined   by  the  ratio 


r 


n  a 
n 


where  a     is  the  n''"'^  term  of  the  Fibonacci    sequence.     We  will 
n 

not  now  attempt  to  answer  the  question  cf   whether  the  sequence 

r       r  .   does  converge,    but  we  will    show   how  to  find  the 

1  '      2  ' 

value   it  converges  to   if    it  does    indeed  conv^jrge.  Using 
the   definition  of         and  the   recurrence   relation   for  3^+^' 
we  have  for  n^2. 


*  ■ 
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series  converges  absolutely«     That   is,  5Z^n         abso  I  ute I y 
convergent   if  2J|a^|    is  convergent. 

The  alte mating  ha  rmon  ic  series   is  an  example  of  a 
series  that  converges  but  does  not  converge  absolutely. 
The  following  theorem  shows  that  the  reverse  case  Is 
I mposs  i  b I e • 

Theorem  2.     An  absolutely  convergent  series    is  convergent. 


P  roof .      Let  S|a^l    converge.     Define  two  new  series  by 


a       I  f     a     >  0, 
b     =    i  n  -     '  ^ 

"        '  0       if     a     <  0, 

n 


0       if     a  >  0 

n  — 

•e       If     a  <  0  . 

n  n 


b     >  0  and  b     <   |a   1.   and  hence,   by  Test   I,  fa„  converges, 

^n—  n  —  'n''  n 

The  same   Is  true   for  I^c^.     Hence  -  c^)  =  Z]a^ 

converges.      (Problem    1(a)   of  Section  2). 


This  theorem  will  sometimes  tell  us  when  a  series 
containing  negative  terms  converges  but  never  when  It 
diverges.     For  example,   the  series 

I 


I  + 


7  "  T 


diverges,  but  none  of  our  tests  will  give  us  this  Infor- 
mation,     (See  Problem  2), 


962 


From  Theorem  2  and  Test  I   we  get  another  useful  test 
for  convergence. 


Ratio  Test   I .      If,   for  sufficiently    large  n. 


a     7^  0  and 
n 


a 


n+l 


<  M.  < 


i  ^2   ^  ' 


then  X)^, 


con  ve  rges 


d  i  ve rges 


^n+l 


<  M|    <    I  then 
n-N 


a.,  I   =  CM  " ,  where 


Proof.      If   for  n  >^  N  we  have 

l^.n'   1  ^1  l^n-l  '   ^       '^n-2'  1  1  -'I  '^N 

C  =  M|"^|a^|.     Since  M|    <    I,  Z^CMi"^   converges  and  hence  so 

does  S|a^|,   and  by  Theorem  2   so  does  Sa^* 

a 


I f   for  n   >  N  we   ha ve 


^n+l 


>^  M2  >    I    then  ,  similarly, 

la    I    >  CM^".     Since  M„  >    I,         does   not  approach  0,  and 
'    n     —       2  ^  n 

the  series   diverges   by  Theorem    I   of  Section  2. 

The   following   test   is   related  to  +he  one  above   in  the 
same  way   that  Comparison  Test  3   is   related   to  Comparison 
Test  2. 

a 


Ratio  Test  2.      If     ^ ].m 


conve  rges 


n+  I 


d  i  ve  rges 


i  f 


=  M  then 
M  <  I 

M  >  I 


If  M  =    I    this   test  gives   us   no  information. 
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Example  4,  continued.     Applying  Ratio  Test  2,  we  have 


(  n  +   I  )  5  (  .  9  ) 
ri5(.9)" 


n  + 


=  Mm 


,9    Mm  (I   +  -) 
n  n 


=  ,9 


Since   c9  <    I   the  series   conve  rges • 

Proof  of  Theorem   !,  We 
need  consider  only  the 
case  of  an  increasing 
sequence.      If  the  theorem 
is  true   for  this  case, 
and  if  a|,a2#aj#»«»    's  a 
decreasing  sequence  with 
a   I  owe  r  bound  B  then 
-a  I  , -a2 # -a^ # •  •  •    's  an  in- 
creasing sequence  with 
an  upper  bound  -B  and 
so  has  a    limit   L,  Then 


—  I 


\r 

At+1  < 

Al 
-  C 

Al+1  < — 

-  C 

'  \ 

■L+1 


F  i  gu  re  3- 


I  i  m  a  =  -  L  • 
n^oo  n 


So   ' ® +  a  j  ^  ^2  i  ^3 
<^  «••  ^  a^  <^ 
The   f I ow  d  i  ag  ram  I n 
Figure  '5^\    gives  the 


(a)  statement    E    is  true 
-   '  \  n  n   n  1  1  


BU4 


Al         l  c 

(b)  statement    EL  is  false. 
F  i  gu  re  3-2 


— t — 
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essense  of  the  bisection  process  one  follows  to  produce 
two  sequences  satisfying  the  conditions  of  the  Complete- 
nes  Axiom  and  determining  ^l^m  a^ .     Here  Statement  E   Is  the 
fo  I  lowing:     The  re   1  s  an  n  f  or  wh  i  ch   c  <,  a^  <,  B  ,  .  The 
way  this  statement  operates   is  shown   in  Figure  3-2.  In 
each  case  the  half  of  CA,,B,]  chosen  for  CA,^,,Bj^,]  Is 
the  one  containing  the  presumed    limit  L. 

By  the  usual   bisection  argument  the  sequences 
A,,A2,A3,...   and  B,,B2,B3,...   satisfy  the  conditions  of 
the  Completeness  Axiom  and  so  have   a  common    limit  L.  We 
have  only  to  show  that  L  is  the    limit  of   a,,a2,a3,...  . 

Given  e   >  0  we  must  find  an  N  such  that 

la    -   L|    <  e       whenever        n  >  N. 
'  n 

Now  the    length  of  the   Interval   CA.,B|]  is 


B     -  A,   =   (B,   -  A,)/2''  , 


an 


d  so  we  can  find  an   i    for  which  Bj   -  Aj   <  e.  Since 
B|,B2,...    is  a  decreasing  sequence  with    limit  L,   L  <_B. 
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similarly  L^Aj,   so  L  Is   In  the   Interval   Ca.j,B|D.  By 

construction,  there   Is  an  a^^   In  the   Interval  CAj^Bj]. 

I  f  n  >  N  then  a  I  so 

a^   Is   In  [A. ,B, 2,  for 
n  f  I 

a     >  a.,  >  A.  and 
n  —    N  —  I 

a     <  B ,   s I  nee ,  by 
n  —  I 

construction,  each 

Bj    Is  an  upper  bound   1  ,  1  j  j  

of  all   the  a^ • 
n 

Fi  gu  re  3-3   I  I  I  us- 

trates  the   relative  Figure  3-3 

positions  of  the 
var I ous  numbe  rs • 

Since,   for  n   >  N,   both   a^   and   L   lie   In  an   interval  of 
length  <  e  we  have    | a^  -   L|    <  e   as  desired. 

Like  statement  M  In  the  proof  of  the  existence  of 
a  maximum.   In  Section  6-7,  Statement  E   is  nonconstruct I ve 
since   It  cannot,   in  general,  be   decided  In  a  finite 
number  of  steps. 
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PROBLEMS 


I,     Prove  Comparison  Test  3, 


2.  Show  that 

diverges.     CHint.     CoHipare  the  partial    sums  Sj,Sg,Sg,... 
with  the  partial    sums  of   the  series    \   +  j  +  j  +   . . . 
Does  this    last  series  converge  or  diverge?] 

3.  Test  the   following  series   for  absolute  convergence, 
convergence,   or  divergence. 

n=  I 

(c)  y;  (-!)"■' 

h=l  n3  +  I 

k  =  3  /2 


S16 


(e)      >;    (-l)*^"'  ^ 


k2  +  I 


(g)     }^    (-1)"  ^ 


(h)  J    (-1)"-'  (^-^-^) 

(i)  J    (-1)"-'  " 
(  j)      £^  (-1)" 


n=  I  3 


n 


(k)  2]  (-1)"  — 

n=  I  /n" 


(  I  )      >      (-  I  ) 


n-  '  n  

^(  n  +    I  )  ! 


4.     We  often  think         a   real   number  as  an  infinite 
dec  1  ma  I ,  e.g. 

IT   =  3.  I  4  159265358979.  ... 

In  general,  any  positive  number  A  =  H^a^a^a^^^,  , 
where  N  is  a  non-negative  integer  and  each  3^  has 
a  value  0,1, 2,.. .,8,   or  9.     What  we  mean  by  this 


s  that 

_  OP  a 

A  =  N  +       +         +  +  ...  =  N  +  L,  -TTT 

|q2        |o3  n=IIO 


(a)  Prove  that  any  such  series  converges  to  a 
va lue   in   CN,N  +    I ]. 

(b)  What  general   statement  can  be  made  about  the 
remainder  after  n  terms;   that   is,   about  the 
error  in  truncati  ng  the  number  to  n  decimal 

p I  a ces  ? 

(c)  To  round  off  the  number  to  n  decimal  places 

we  add  ij/io""^'  and  truncate.  What  can  be  said 
about  the  remainder? 
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4,     I nf 1 n  i  te  Series  and   I mproper   I ntegra  Is. 


There   Is  considerable  similarity  between  infinite 
series 

I,  -  A-^- 

and   improper   integrals  of  the  type 

poo  Ml 

/      f(x)dx  =  Jjm    /  f(x)dx. 


To  capitalize  on  this  similarity  we  need  the  analog  for 
functions  of   Theorem   I   of   Section  3. 

Theorem    I.     A  bounded  monotone   function  on  [a,«),   has  a 
limit  as  x 

The  proof    is  the  same  as  for  the  earlier  theorem, 
with  merely  the  substi+ution  of   x  for  n  throughout.  The 
same   is  true  of  Corollary   I    and  the  comparison  tests. 

Corollary   I.      If   f(x)   >  0  for  sufficiently    large  x  then 

■  m   f 

f(x)dx  converges   if  and  only   if  f(x)dx   is  bounded 

for  all   M  >  a. 


j.' 
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V/e   leave  the  statement  and  proofs  of  the  comparison 
tests  as  an  exercise. 


Examp  I  e  \  .  In  Example  3  of  Section  12-4  v/e  encountered 
the    1 n  teg  r a  I 


3/t^  +   4t^   -  4t^   -   4t ^   +  'nt  +  I 
  (j  t 


0  (  I    +  t3)^ 

and  made  some  vague   statements   about   i to  convergence. 

We  can   now   be   good  mathematicians   and   determine    its  con- 

vergence   by  comparing    it  with   /       —  dt,   which  converges 

J  ^  ^2 

Using  Comparison  Test  3  we  have 


+  -^"     \     (  I     I-    t3)2      /  V  t  V 


3/t^2    +    4tl0    +  etc. 

=   I  I  m  

t-v~  (  I    +  t3)Z 


/,   .  ±_  -  1_  -  otc. 

,  .       3/  +^        t3   _ 

I  I  m  =   3  . 

-f-->-oo 


Hence   the  given    integral  converges. 
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Our  main  Interest,  however,  is  In  the  interaction  of 
series  and  Integrals,  and  for  this  the  following  theorem 
is  fundamental. 

Theorem  2.      If   f    Is  a  decreasing)  function  then 


(  I  ) 
and 
(2) 


f  (  k)   -  f  ( 


;=n 

'  m 


f(x)dx<_^    fCk)   -  f(m) 


/.m  fa, 

/       f(x)dx  +   f(m)   <    >^    f(k)    <_  / 


f ( x) dx  +   f ( n ) 


Proof .     The   1 nequa I i - 


ties 


(3)    f ( k  +   I ) 


k+  I 


f (x) dx 


<  f(k) 


Figure  4-1 


are  obvious   from  Figure  4-1,   since  the  middle  term   is  the 
shaded  area   under  the   curve  and  the  two  bounds  are  the 
areas  of   the  contained  and  the   containing   rectanyles.  In 
(3)    let   k  have  the  successive  values   n,   n  +    I,  m  -  ' 

and  add   the   resulting   inequalities.     We  get 


9?  I 
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m  |*m  m-  I 

J]      f(k)    <    /      f(x)dx  < 


which    is   (!)•     To  g©t  (2)   we  solv©  the  left-hand 

inequality  and  the  right-hand   inequality  of  (I) 

m 

separate ly  for    ^    f(k)   and  combine  the  two  re suits 

k=:n 

as   in   ( 2) • 


Although   this  theorem   is  stated   for  any  decreasing 
function  our  only    interest,   by  virtue  of  Theorem    I  of 
Section  2,    is   in  a  decreasing   function  with    limit  0, 
Such  a  function   is  necessarily  positive. 


Coro  I  I  a  ry  2.      If   for  sufficiently    large  x,   fCx)    is  a 

g     f ( x) dx 

and     5Zf(k)   either  both   converge  or  both  diverge. 
Proof .      If     X)f(k)   converges  then  the  rightmost  sum 

yf  m 
^     f ( x) dx  is 

bounded  as  m  »  and  by  Corollary  I  the  integral  con- 
verges.     If    5Z  f(k)    diverges   then  the    leftmost  sum 

y*  m 
^     f ( x) dx  and  by 

Corol lary    I   the   integral  diverges. 
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Example   2.     The   p-series.      I  f   p  ?^    I  , 


m 


-P 


-».oo     I     -  p 


I 


J         Mm   (m'"P  -   I  )  . 


The   limit  exists  only   if    I   -  P   <  0,    i.e.   p   >   I.  For 

m     which  dou:.   not  exist.     Hence  the 


p  =   I   we  get     r^m  log 
p-series  converges  only  for  p  >  I 


le  3.     We  v..ish   to  compute    X)     k  ^  to  5D  accuracy, 

k=  I 


Examp 


How  many  terms  do  we   need?     From   (2)   we  have 


/•  m 
n+l 


-2 


dx  +  —  ^  E 

k=n+l 


-2 


n+l 


-2    .  . 

X     dx  + 


(n+l) 


or 


_i  1  +  1-  <    E    k-^  1  - 

n+l       m       ^2  -  k=n+l 


+    I  m 


(  n  +    I  ) 


Now    I  et  m  -»■  Th  i  s  g  i  ves 


(4) 


<   R  < 


n  +    I   -     n  -  n  + 


(n  +  I) 


—  2 

R     being  the   remainder  after  n   terms  of    ^    k     .  Th 


I  s 


k=  I 


tells   us  that  the   remainder  decreases  quite  slowly,  like 

'        .     However,    (4)   also  says  that 
n+l 


0 
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 \   <  R  !  !   <   !  

2(n+l)2~     "       n+l  2(n+l)2-2(n+l)2 


Hence   If  we  add 


"        '       2(n  +  1)2 
we  get  an   approximation   in  error  by  at  most 


to  the  n-th  partial  sum 


2(n  +    I )^ 

sing  this,   for  5D  accuracy  we  need  an   n   such  that 


2(n  +  1)2 


<  5   X  10"'', 


which  gives   n  =   233,      In   a  sum  of   this  magnitude  roundoff 
error  will    not  be   serious  but   It  must  be  allowed   for.  This 
will    increase  the  value  of   n  slightly. 


00  /*  °° 

Examp  I  e  4 .     Although   neither    ^        nor    /.     — dx 

k=  I  ^ 
the   difference  of   their  "partial  sums". 


con  ve  rge , 


(5) 


s    =   X)  r  -  '09  n 

"  k=l 


does   converge  as   n  ->  <».     This   is  evident  from  Figure  4-2, 


F  i  gu  re  4-2 
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S     Is  the  area  of  the  cross-hatched   region,  and  as  n 
n 

Increases  this  area  decreases  as  pieces  of  the  bottom 
rectangle  are  whittled  away.     Hence  S^,  being  a  bcnnded 
dsfcreaslng  sequence   (bounded  below  by  0)   has  a  limit. 
This    limit,    like   tt  and  e,  crops  up   in  a  surprising 
number  of  places   in  mathematics.      It  is  called  Eu ler's 
constant  and  designated  by  the  Greek    letter  Y   (or  some- 
times by  C  or  other  symbols).     Its  value  to  20D  is 

Y   =  0.57721    56649  01532   8606  1. 


n 


Knowing  y,  the  best  way  to  approximate  k"  '^""3®  " 

k  ~  I 

Is  by   replacing         in   (5)   by   Its    limit  y.  Thus 
100  , 

V    1  =    log    100  +  Y  =  5. 18. 

k=  I  ^ 

The  error  in  such  an  approximation  can  be  shown  to  be 
about   I /n . 

This   relation   Indicates  the  extremely  slow  growth  of 

the  partial   sums  of  the  harmonic  series.     To  have 
N 

y\    '   >   100  we  need,  approximately,    I og  N  +  y  >    'OO*  or 
1^1 

N  >  exp(IOO  -  y).     This   is  a  very    large  number.     As  a 
computer  exercise  the  smallest  such  value  of  N  was  computed 
exact  I y .      It  is 

N  =    1509  26886  22113  78832  36935  63264  53810    14498  59497. 


925 


PROBLEMS 


Prove  Comparison  Test   I   for   integrals:      If   f(x)    >  0 
and  g(x)    >  0  on  Ca,»),   and   if   g(x)    is  unicon  on 
Ca,Mll  for  all    M  >  a,   then  if 


g(  X)    <^  f  (  X) 


g(x)        f  (X) 


on   Ca,")  and 


a 


(  x)  dx 


cpnve  rges 
d  i  ve  rges 


so  does  g(  x)  dx. 


State  and  prove  Comparison  Test  2  for  integrals. 

Determine,  if  possible,  the  convergence  or  divergence 
of   the  following  integrals. 


(a) 


(b) 


(c) 


(  d) 


J\  X 


e  dx 


I og  X  e  dx 


dx 


dy 
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(e)       /  _  e"^^  dz 


(f)     /I  — !-  dy 


(g) 


(h) 


(  I  ) 


(J) 


dx 


/8+x 


^  y 

•^0     2  + 


dx 

/37 


4,     State  and  prove  a  comparison  test  for  improper 
integrals  of  the  type  f(x)dx. 


A     x"^dx  converges   for  p  <   1   and  di 
•'0 

ve  rges  for  p  >^  i  . 


5,     Show  that 


6.     By  comparison  with   integrals  of  the  above  type 

-  determine,    if  possible,   the  convergence  or  divergence 

of  the  following  integrals. 


.v:<A     927  Or,- 

ERIC 


(a)       L    ^  dt. 


/o 
fo 


(b)       L  dt. 

/t  +  t2 


(c) 


(d) 


yl!  '  dx.     CH!nt.      Let  u  =  a  -  x.] 

°     /a2  -  x2 

/!'  '  dx,       k2  <  I. 

/(I  -  x2)(  i   -  k2x2) 


■tt/2 

(f)  tan  2x  dx. 


7 .     De  te  rm  i  ne  the  con  ve  rgen  ce  or  dive  rge  nee  of   the  following 
series.     Corollary  2   is  not  necessarily  the  best  test 
to  use. 


(a)  L 


n=2  n ( I og  n ) 


3 

n=  I  4 


(c)      E    2  sin  4- 
n=  I  2" 


d)      E     .  ' 

n=  I    /n^  +  2n 


C.      928  ^78 

ERIC 


(e)      52    log  (3n  +   I ) 
n=  I 


(f )  E    log  (  I  +  77 
n=  I 

(g)  53  arctan 


n=l  n2  + 


(i)  E 


sin  k 


k=  I  k2 


in  Section  11-8  we  defined  the  gamma  function  , 
r( x) ,  by 


^  CO 

r(x)  =  yo 


(a)     By  comparison  with  Sn^"'e""  show, that 

yj     t^^'e'^dt  converges  for  all   values  of 


(b)     By  comparison  with  t^"'dt  show  that 

/      t^'"'e'"^dt  converges  for  all   x  >  0, 


(c)     Hence  show  that  r(x)    is  defined  for  all 
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(d)  Show  that  r(x  +   I)   =  xr(x)   for  all  x  >  0. 

(e)  Hence  show  that  the  value  of  r(x),  for  any 
X  >  0,  can  be  obtained  from  the  value  of 
rCz)   for  a  suitable  z  fn  Cl,2).     Given  that 
r(l.5)   ^  0.88623  find  r(.5)   and  r(6.5). 


 L 


F  f  gu  re  A 

I   want  to  pile  domfnos,  as  InFigure  A,  so  as  to 
get  as  great  an  overhang  as  possible.     The  first 
(top)   domino  can  be  put  with   its  center  of  gravity 
over  the  edge  of  the  second  one,  so  as  to  give  an 
overhang  of  L/2,     The  c,   of  g,   of  these  two  can 
be  put  over  the  edge  of  the  third;   this  gives  an 
additional   overhang  of  L/4,     And  so  on.     We  can 
obviously  do  no  better  than  this. 
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(a)  Show  that   If   the  c.   of  g.  "of  the  first  n 
dominos   is  a  distance  of   a^   from  the  front 
edge   ( Fi  gu  re  B) ,  then 

^n+l   =  ^n  ^  iin  +    l)  ' 

(b)  What   is  the  maximum  overhang  available  with  28 
dominos  of    length  2   In.?     [Hint,     Use  Example 

Ans.     3.89  inches. 


(c)     What  can   you  say  about  the  overhang   if   there  is 
no  restriction  on   the  number  of  dominos? 


S8i 

931 


5  .     Powe  r  Sen i  es  > 

We  now  return  to  the  considerations  of  Section  I 
but  with  a  different  ap'proach.  There  we  started  with 
a  function  f  and  determined  its  Taylor  series,  of  the 
form 

oo 

n  =  0 

He  re  we  start  with  the   series   (1)   and  see 

whether   it  defines   a  function,     A  series  of   the  form  (1) 
is   called  a  power  series.     Every  Taylor  series    is  a 
power  series   but  the  converse    is   not  true. 

Of   course  we   are   interested   in  whether  or  not   (I)  con- 
verges -  more  precisely,    in   the   determination   of  those 
values   of   x  for  which   (1)    does   converge.     We  see   at  once 
that  (1)   converges  when   x  =  a,   for  then  the  series   Is  just 

aQ+0+0+0+...=aQ. 

To   investigate  other  values  of   x  we   need  a  preliminary 
theorem. 

Theorem   I.        If   (1)   converges  for  x  =   Xq   it  converges 
absolutely   for  any   x  for  which    |x  -  a|    <    | Xq  -  a|. 
If    (I)   diverges   for  x  =   Xq    i t  diverges   for  any   x  for 
wh  1  ch    I  X  -  a  I    >   I  x^  -  a  I  . 

^  .jr. 
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Proof  .  If  IZa^CxQ  -  a )  converges  then  |a^(xQ  -  a )  |  ^  0 
as  n  «•  Hence  for  n  sufficiently  large  |  a  ^  ^  Xq  ^  ^  I  —  '  * 
Now 


a   (  X  -  a  )  I 
n  _L 


X  -  a 


Xq  -  a 


=  r 


with  0  £  r  <    I    since  we  are   assuming    |x  -  a|    <    |xq  -  a|. 
Hence  for  n   sufficiently    large    |a^(x  -  a )  |      <       ,   and  by 
Comparison   Test    I,    Shp'^  "  ^^"l    converges   since     Xi  r" 
converges.     For  the   second  half   of   the  theorem,  if 

^a^ix  -  a)"   converged   so  would   Xiap^XQ  -  a)"   by  the  first 
half   and  Theorem  2  of   Section  3.     Hence     Xa^Cx  -  a)" 
mu  s t  dive  rge . 

We  can   now  prove  the  basic  theorem  concerning  the 
convergence  of   power  series. 

Theorem  2.     For  any  power  series  of   the  form   (I),  one 
of   the  following   is  true: 

(a)  '    The   series   converges  only  for  x  =  a; 

(b)  The   series  converges  for  all  x; 

(c)  There   is  a  positive  number  R  such  that  the  series 
converges    if    |x  -  a|    <   R  and   diverges   If   |x  -  a|    >  R. 

Proof .  For  simplicity  we  give  the  proof  for  the  case  a  =  0 
I  .e.   f or 


(2)  E  X 

n  =  0 


n 
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The  general    proof   proceeds  similarly. 


That   (a)    and   (b)    can   occur   is   shown   by   applying  the 

00  00  n 

Ratio  Test  to  the  two  series      ^    n!x  and 

n=0  n=0 

If   neither   (a)    nor   (b)    is  true,   there  must  be  two  points, 

X|    and  yj,   with  Xj    i  0,   such   that   (2)  converges 

for  X  =  X|    and  diverges   for  x  =  y|. 

If   X,    <  0   replace    it  by  -x,/2; 


if  y 


0   rep  I  ace    it  by  -2y  j  . 


CXi4-Yi)/2 


(        anZ"  converges  ) 

^r? — — V  T 


-Xi 

-z 

Then   by  Theorem    I    the   series  (2) 
sti  I  I    converges  for  x  =  Xj 
and  diverges  for  y  =  yj,  and 
0  <  X|    <  y|,     V/e   now  start 
the  bisect i on   process  shown 
in   Figure  5-1.     This  gives  us 
an    increasing  sequence 

X|,   X2,    •••   and  a  decreasing  *  

sequence  y^,   sf with   a  Figure  5-1 

common  limit  R,  and  such  that  (2)  converges  at  each  x. 
and  diverges  at  each  y..  If  |  x|  <R  there  Is  an  Xj  >  |  x| 
and  so  by  Theorem  I,  X^a^x"^  converges.  If  |  x|  >R  there 
is  a  yj<  I  x|    and  by  Theorem   I,   Xla^x"^  diverges. 


•  z 

■Y 


In  case  (c)   the  number  R  Is  called  the  radius  of 
convergence  of  the  series.     Cases  (a)   and   (b)   can  be 
included   In  this  definition  by  allowing  R  to  have  the 
values  0  and  «  respectively. 

The  algorithm  of  Theorem  2   is  an   impractical  method 
of   determining  the   radius  of  convergence,   since  the 
truth  or  falsity  of  the  branch  condition,   J^^^z^  con- 
verges,   is  difficult  to  determine.     The   following  theorem 
is  useful    in  many  common  cases. 


Theorem  3.        If  ^_^m 


^n+l 


=  R  <  CD  then  R  is  the  radius 


n 

of   convergence  of        ^      ^n^^  "  * 

n  =  0 

Proof .     Applying  the  Ratio  Test  to  the  series,  we  have 


convergence  or  divergence  according  as 

.  n+  I 

<     I   or  > 


I  i  m 
n-^« 


or  accord  i  n g  as 


I  i  m 
n-*-<» 


a   ( X  -  a ) 
n 


a  ( X  -  a ) 
n 


n+  I 


or  < 


This   limit  is 


X  -  a 


,  and  so  we  have  convergence  or 


divergence  according  as  R  >  | x  -  a |  or  R  <  | x  -  a|.  This 
Is  Just  the  condition  that  R  be  the  radius  of  convergence, 
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Examp  I  e    I  >       The  Taylor  series  for   log  x  about   I  is 
(x-l)-j(x-l)2  +  i(x-l)3~...  . 


Hence 


Hence  R  =    I,   and  the   series  converges   for    |x  -    l|    <  I 
or  0  <  X  <  2,  which  agrees  with  what  we  found  at  the  end 
of   Section    I • 

Examp I e  2 ,       The  Maclaurin   series  for  sin  x, 
sin   x=x-jyx^+'^x^-  , 


I 

~'$    •  •  •  # 


has  coefficients  n,    |,  0*"5T#  0#  ^T* 

and  Theorem  3  obviously  cannot  be  applied.  Hovev^-r,  we 
can   put  z  =  x^   and  write 


sin  X 


I  O  X 

=  .x(  I   -         2  +  ^        -   •  •  . )  , 


and  apply  Theorem  3  to  the   series   in   z.     We  get 

R  =  AiS^Tirr-TTTT  *   (2n  I  5)!^   =  us  .  2)(2n  + 

in  agreement  with  Problem  4  of  Section  !• 


Neither  Theorem  2  nor  3  tells  us  anything  about 
convergence  when  |x  -  a|  =  R.  Anything  can  happen 
here,  as  is  shown  by  the  following  examples,  each  of 
wh I ch  has  R  =   I : 


(a)  Y!  converges  at  botli    I    and  -I; 

n 

(b)  53  IT  converges  at  -I    but  not  at  I; 

(c)  ^  converges  at  neither   I    nor  -I. 

Frequently   the   behavior  at  the  ends  of   the    interval  of 
convergence    Is  of   no  great   Interest.      If    it  must  be 
determined  the  methods  of   Sections  2  to  4  are  available. 


For  values  of   x  within  the    interval   of  convergence 
the  relation 

f  (x)   =       Z)    ^n^^^  -  a)" 
n  =  0  " 

defines  a  function,  since  for  each  such  x,  f(x)  has  a 
definite  value.  The  manipulation  of  these  functions, 
for  a  given  value  of  a,  is  particularly  simple,  being 
essentially  the  same  as  for  nolynomials.  For  simplicity 
we  use  a  =  0  in  the  following  discussion;  in  any  case 
one  can  achieve  this  by  introducing  a  new  variable 
Z  =  X  -  a  and   using   power  series   in  t. 
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The  polynomials, 


f(x)   =  3q  +  +  ^2^^  "''   •••   "''  ^n^"' 


g(x)   =         +   b|X  +  b^x^  +   ...   +  b^x  , 


have  the  properties: 

(a)  f(x)   ±  g(x)   =   (aQ  ±   bg)   +   (a,   ±  b,)x  +   ...  +   (a^  ±  b^)x"; 

(b)  cf(x)   =  cOq  +  ca I  X  +   ...  +  ca^x"; 

(c)  f(x)g(x)   =  agbg  +   (agb,   +  a,b^)x  +   (aQb2  +  a,b,   +  s^hQ)x^ 

+   ...  +   (a     ,b     +  a  b     ,)x^''"'   +  a^b  x^"; 

n-ln         nn-l  nn 

(d)  f'(x)   =  a|  +  2a2X  +  Sa^x^  +   ...  +  na^x""'; 

^2    +    i   a_X^    +     ...     +   :  r  a_X 


(e)     Jq     f(t)dt  =  7  ^1^^       T  ^2^^  ••• 


n  +    I  n 


The  corresponding  properties  of  power  series  are 
,stated   in  Theorem  4.     Proofs  of   (a)   and   (b)    follow  from 
Problem   I   of  Section  2  but   (c),    (d),   and   (e)   are  much  harder 
and  proofs  will    not  be  given  here. 
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Theorem  4>  Let 

00  CO 

f(x)   =    T,    ax^         and         g(x)   =    S  b 
n=0     "  n=0 

have  radii   of  convergence  Rj   and  R2  respectively.  Then 

00 

(a)  f{x)   ±  g(x)   =  (a^  ±  b^)x\   R  =  mln  (R,,R2); 

n  =0 

00 

(b)  cf (x)  =    E    ca  x",  R  =  R| ; 

n  =  0 

(c)  f(x)g(x)   =  agbg  +   (aQb,   +  a,bQ)x  +  (a^b2  +  a,b,   +  a2bQ) 

+   ...  +  (agb^  +  a,b^_,   +   ...  +  a^bQ)x" 
+   .  .  .  ,         R  =  mi  n( R, ,R^) 


(d)      f'(x)   =  a,   +  2a2X  +  Sa^x^  +   ...   +  na^x""'   +  R  =  R 


n+  I 

X 

n 


(e)     Jq     f(t)dt  =  +  ^  a|X^  +  3  ^2^^  ^  TT^ 

+    •  •  •  ,  R  =   R  I  t 

In  each   case  R   is  the   radius  of   convergence  of  the  series. 

Example  3.     We  have  established  that 

(3)  I   I  ^  =l-x+x2-x3+...,  |x|<l, 
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and  so,  setti  ng  x  =  , 


.  t2  +  t**  -        +  ...   ,     |t|   <  I 


I  +  t2 

Tn teg  rating  from  0  to  x  we  have,   by  (e). 


(4) 


arctan  x  =  x  -  ^x3  +  ^x^  -  ix^  +  . . .    ,       |x|    <  1. 


Examp 


le  4.     Starting  again  with   (3)   we  get  by  d i f f e rent  1 ati 


and  changing  signs. 


-  2x  +  3x2   _  +   .  .  .  , 


X  < 


(I    +  X)2 

We  can  get  the  same  result  from   (c)   by  multiplying  the 
series    in    (3)   by   itself.      It   is  often  convenient  to  do  this 
by  the  method  used   in  elementary  algebra  f  or.  mu  1 1  i  p  I  y  i  ng 
po I y nom  i  a  I s : 


I    +  X 


=|-x+x2-x3+.,. 


I    +  X 


-  X  +  x2  -  x^  +   .  . 


-   X  +  X 


2    -    x3    +  .. 


-    X    +  X 


2    -  ^3 


x-*   +    .  . 


(2    -    x3    +  .. 


-   x^   +    .  . 


•     •  • 


(  I  +  x) 


2x  +  3x^  -  4x^  + 
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From  (d)  of  Theorem  4  we  get  the  following  important 
resu  1 1 , 

Corol  lary   I  .     If  the  series 


f(x)  =   E    a  (X  -  a)' 
n=0 


has  a  radius  of  convergence  R  >  0  then 
(a) 


All   derivatives  f^"^(x)   exist  for  |x  -  a|    <  R; 


(b)  a     =  J-T-  f  ^"^a)  ,     n  =  0,    I  ,  2,   ..  .  ; 

n       n  J 

00 

(c)  ^    a  (X  -  a)"   is  the  Taylor  series  of   f(x)  about 
n  =  0  " 


Proof «     By  Theorem  4(d), 

f'(x)   =    f:    na  (X  -  a)""'   =    f    na  (x  -  a)""',      |xl    <  R 
n=0       "  n=l 

Applying  Theorem  4(d)   to  this  series  gives 

f"(x)   =    y;    n(n  -    l)a„(x  "  a)"'^  =    L  "   ^^^n^""  '  ^ 

n=l  n=2 

|x|   <  R. 
And  so  on  .     In  gene  ra  I 

(5)   f^^\x)   =    E    n(n  -   l)...(n  -  k  +   Da^^x  "  a)"'*",   lx|  < 
n  =  k 
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Putting  X  =  a  In  (5)  gives 

f  (k)         =  k(  k  -   I  )  .  .  •  I  -a^  =  k  la^^, 

which  gives  (b),  (c)  follows  at  once  from  the  definition 
of  a  Tay lor  se r I es • 

  This  corollary  tells   us,   among  other  things,  that 

fhere   Is  at  most  one  way  of  expanding  a  function   In  a 
power  series   In  x  -  a,   namely,   the  Taylor  series  about  a. 
Thus  two  power  series  that*  equal    the   same   function  must 
have  their  corresponding  coefficients  equal.  This 
enables   us  to  use   the  method  of   undetermined  coefficients 
to  compute  terms  of  a  Taylor  series. 

Example  5.  To  find  terms  of  the  Maclaurin  series  for  the 
f unct I  on 

r  ^  s             jif    \   ^  cos  X 
(6)  f ( x)  =   


+  e 


we  assume  that 


f  (  x)   =  a^  +  a , X  +  ^2^^  +   . .  . 


and  w r  i  te   ( 6 )  as 

cos  X  =   (I   +  e^)(aQ  +  BjX  +  a^x^  +  ...) 
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or 


I   +  Ox  -  -kx^  + 


0x3  +  L-x"*  +  ... 


24 


=  (2  +  X  +  ^x2  +  ^x3  +  ^x**  +  ...)(aQ  +  a,x+  32x2  +  ...) 
=  2a     +   (2a     +  a  )x  +  (2a2  +  a,   +  7^0^^^ 


+   (2a2  +  ^  6^0^^^  '* 


Equating  coefficients  of  powers  of  x  gives 


2a, 


2a,   +  aQ  =  0, 


a 


a 


0  "  2  ' 
I 


232  +  a,   +  2^0 


2a3  +  a2  +  2^   +  6^0  =  °' 


a 


2  =  -4  ' 

7 

3  "  48  ' 


and  so  on.     Since  we  have   formulas   for  the  n-th  terms  of 
the  two  given  series  the  above  equations  are  the  first  few 
-cases  of  a  general    recursion  formula, 


i  f  n   I s  odd 


s  even 


for  determining  a^.     Our  present  methods  do  not  suffice 
to  determine  the   radius  of  convergence  of  this  series. 
From  the  theory  of  functions  of  a  complex  variable   it  can 
be  shown  that  R  =  ir. 


^  -  ■» 


Example  6.     We  wish   to  find  the  Taylor  series  about  I 


/log  X  \f  X  ^  \ . 


f  (x) 


I  i  f  X  =   I  • 

To  simplify  the  algebra  we  set  z  =  x  -  I  and  find  the 
Maclaurin  series  for 


^/log  M   +  2 ) 


g(2)   =  f (  I   +  2) 


Proceeding  as  above  we  get 


'QH    (  '    +    2>       =       ,    ^   1^   +     1.22    .   ±23  + 

=     (       +  a  I  z  +  323:^  +   .  .  . )  ^ 

+  ( 2aQa3  +  2a  j  32)2^ 
+  (2a^a^  +  2a|a3  +  32^^^"*  ^ 
Hence  =    I   and  since  f(0)   =    I ,  we  must  take         =  I 


2aQa 


^^0^2       ^  I  ^  "  T  '  ^2  "  96  ' 
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and  so  on ,  Finally* 

f<x)   =   I   -  i(x  -   I)   +  ^(x  -   1)2  +   ...  +  a^(x  -   I)"  +  . 
where  the  coefficients  are  defined  by  the  recursion  formula 

k=0 


You  can  see  how  this  method  might  be  used  for  a  wide 
variety  of  problems.     For   instance,   referring  to  Example  I 
of  Section  7-2,    if  we  put 

CO 

y  =  f(x)   =    Y>    a  (X  -  a)",         a  =   I,  =  .35 

n  =  0 

we  can  solve 

x3  +  f(x)3  =  3xf(x) 

for  a, ,32,...,  thereby  obtaining  a  Taylor  expansion  of  the 
Implicit  function  discussed  in  that  example. 


Another  application   is  to  differential  equations, 
equ  a  t  I  on 


The 


(7)     ^  =  x2  +  y2,       y(0)  =  I, 


for  example,  can  be  solved  by  putting 


(8)     y       3^  +  a,x  +  a^x^  +  p 


and^  solving 


a ,  +  2a^x  +  3a^x3  + 


•  •  • 


=  x^  +  ( a^  +  a , X  +  a^x^  + 


•  •  • 


successively  for  a|,a2^*..   •     In  this  type  of  problem  the 

determination  of  the  radius  of  convergence  of  the  series 

can  be  extremely  difficult,  and   In  general  It  can  only  be 
approximated  by  numerical  computation. 

There   Is  a  serious  objection  to  this  method  of  getting 
power  series  If  we  wish  to  use  the  series  to  compute  approx- 
imate values  of  the  function;  namely,  we  have  no  bounds  for 
the  remainder  after  n  terms.     For  instance  the  series  (8) 
Is  readily  found  to  start 

(9)     y=l   +  x+x2+  jx^  +  ^x**  +  jx^  + 
I  f  we  put     X  =   •  2,  Is 


I  .256 
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a  good  approximation   Yo  y(.2),  and   if  so,  what  is  the 
maximum  possible  error?     We  have  no  easy  way  of  answering 
these  questions. 


This  does  not  mean  that  (9)    is  worthless,   for  there 
are  uses  for  infinite  series  other  than  the  computation 
of   function  values.     One  of  these   is  the  determination 
of    limits,  the  topic  of  Section    10-4.     Suppose,  for 
Instance,  that  we  want  to  find 

I  J      I   -  cos  X 
y(x)   -  e^ 

where  y(x)    Is  the  solution  of   (7),     Expanding  each  function 
in  a  Maclaurin  series  gives 

I   -  (  I   -  jx^  +  -^x**  -  .  .  >)  

iio  ( I   +  X  +  x2  +  1x3  +   . . . )   -  (I   +  X  +  jx^  +  1x3  +   . . . ) 


Ixa  .  ^  ... 

I  ]  m   


X-^0  +  |-x3  + 


1  +  i_x2  + 
.  ,      2       24^  * 

=   M  in  — 


x-»-0  i,  +  2x  + 
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For   limits  as  x       a  this  method   Is  often  the  simplest 
one  to  use   If  the  functions   Involved  can  be  expanded  In 
Taylor  series  about  a. 

Power  series  have  many  other  Interesting  properties 
and  applications,  some  of  which  are  given   In  the  problems. 
For  the  full   development  and  understanding  of  the  theory 
of  power  series   It  Is  necessary  to  allow  the  variable  to 
assume  values  which  are  complex  numbers.     The  related 
theory,  the  theory  of  functions  of  a  complex  variable.  Is 
one  of   the  most  Interesting  branches  of  mathematics. 


d08 
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PROBLEMS 


I.     Find  the   radius  of  convergence  of    ^    a^x"  for  each 


n  = 


of  the  following  cases,    if  possible. 


(a)     a     =  2"  (b)     a     =  n^ 

n  " 


,    ^  (nl )^  (f)     a     -  ^' "  " 


(g)  a 


=   log  "  (h)     a„  =  cos 

n  n  n  3 


(i)     a_  =  sin   (^).     [Hint.     Try  grouping  terms.] 


n 


(I   +  x)^  =  I 


2.     (a)     Derive  the  "binomial  series" 

,    m(  m  -    I  )    ^2  r 
+  mx  +   2          ^         •  •  • 

.    m( m  -    I )    ...    ( m  "  n  +   I )  ^n 

+  

where  m  is  any   real  number. 
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(b)     Show  that  the  radius  of  convergence  of  the 

binomial  series  is  I  except  when  m  is  a  non- 
negative   integer,   in  which  case   it   is  »• 


Find  the  first  four  non-zero  terms  of  the  Maclaurin 
series  of  each  of  the  following  functions.  If 
you  can,  also  find  the  general   term  and  the  radius 
of  conve  rgence « 


(a)     e^  sin  x 


(b)     tan  X.     [Hint,     tan   x  =  ^  .] 


X    .  -X 

,   .  .  e     +  e  

(c)     cosh  X  =   n  


sinh  X  =   75  


(d)      log  cos  X.     [Hint.     Use  tan  t  dt.U 


(e)  /3  +  cos  X.     Ans.     2  -  -^x^  +  ^l^x"*  +  Jq^^^  + 

(f)  Solution  of  y'   =  X  +  Y   ,  yCO)  =  I. 

(g)  Solution  of  y'   =  x  -  y^,  y(0)  =  0. 

Ans.     ^x2  -  ^x5  +  j^x^  -  -515^x11  +  ...  . 
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The  "sine   integral"   function  Si(x)    is  defined  by 


(a)  Find  the  Maclaurin  series  of  Si(x). 

(b)  Compute  S  i (  I )   to  3D* 

(c)  Use  the  computer  to  compute  Si  (5)   to  5D, 
Ans*      I  .54993. 

(d)  Write  and   run  a  program  to  tabulate  Si(x)   to  5D 
for  X  =  2(.l)7.     Compare  with  page  242  of 
"Handbook  of  Mathematical   Tables",  Abramowitz 
and  Stegun,   Dover  Publications. 

(e)  This  table  can  also  be  computed  by  evaluating 
the   Integral   by  Simpson^s   rule.      If  this  is 
done  efficiently,    i.e.  without  recomputing 
the  whole   integral    for  each  value  of  x,  which 
method  do  you  think   is  most  efficient.  Give 
the   reasons  for  your  answer. 

(f)  Recompute  the  table  using  the  Simpson   rule  and 
compare,    if  you  can,   the  machine  times  needed 
for  the  two  method. 
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The  following  theorem  can  be  proved  by  methods  some- 

oo 

what  beyond  those  of  our  text:      If  converges 

00  n  =  0 

then  the  function   f(x)   =    V    ^n^^         defined  and 

n  =  0 

continuous    In  -I    <  x       I  .     The   important  point  is 
the  continuity  at  x  =  I. 

(a)  Apply   this  theorem  to 

X^  X  ^  X** 

f  (  x)  =  X  -        +  ^  J—  +  .  •  • 

to  p  rove  that 

I   -  "    log  2. 

Check  the  answer  of   Problem  Bisection  2. 

CHint.     Since    log(l   +  x)   =  f(x)    for  x  <    I,  and 
both   functions   are   continuous  at  x  =    I,  we 
must  have    log( I   +    I )   =   f ( I ) . D. 

(b)  Prove  that 

III  ^ 

(c)  Using  the   method  of   Problem  8^   Section  2, 
evaluate   tt  to  2D.      (But  see  Problem  7  below). 
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6.     Evaluate  the  following  limits. 

,    .      , .      tan   X  -  X 
U5  sin   X  -  X 

(b)      Mm  ""^^"^   ;  ^ 
XH^O         -  e"     -  2x 


loa  ( I  +  x) 
'  og   (I   -  X) 


/I   +  X  -   /I   - < 


(  d)      I  i  m   ^ 


( e )  Mm 
x-^0 


(f )  Mm 
x-^0 


/sin   X       cos   X  \ 


/X      I  •      /x  -  1 


(  h  )      Mm       ( tan   x  -  sec  x) 
x-^7r/2 


7*      (a)      Prove  the  identity 

A  +  B 

arctan  A  +  arctan  B  =  arctan    ^  ^ 
by  taking  tan  of   both  sides. 
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(b)     By  successive  application  of   this  identity 
show  that 


4  arctan 


-  arctan 


=  arctan    I   =  • 


(c)     Use   this    identity  and  the  Maclaurin  series 


for  arctan  x  to  compute   tt  to  4D  accuracy, 
using  pencil   and  paper  only. 

This   method  was   used  by  William  Shanks 
in    1873   to  compute   tt  to  707   decimal  places. 
Since   the  advent  of   the  electronic  computer  tt 
has  been   computed  to  more  than  100,000 
de c i  ma  I    p  I  aces , 

Associated  with   any  sequence   aQ,a|,a2,«««    there  is 
a  power  series   a^  +  a       +  a^^^'^  +  •     Even  though 

this  power  series   may  not  converge   for  any   x  except 
ze  ro  we  w  r  i  te  * 


and  ca  I  I   g(x)   the  gene  rati  ng  f  un  ct  i  on  of   the  sequence. 
Here    is   one  of   the  many   applications  of  generating 
f  u  n  ct  i  on  s . 


oo 


g(x) 


n 
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(a)  The  Fibonacci    numbers   (see  Section  2-4)  are 
def  i  ned  by 

fo  =0,    f,  =  I, 

Ci)  =   f,.,    +   ^.2'      "   =  2,3,... 

Multiply   (i)   by       ,   sum  from  2  to  ~,  and 
reduce  the   result  to 

(ii)  g(x)(l-x-x^)=x, 

where 

( i  i  i )     g(x)  =   E  fx" 
n  =  0 

is  the   generating  function  of  the  Fibonacci 
n  u mbe  rs . 

\ 

(b)  From  (ii)   derive  by  partial  fractlof^s 

(iv)        g(x)     =    -L.   [,     ,'3^    -     I     -    bx]  ' 

where  a  =  —   ,     d  -  — ^   • 

(c)  Expand  the  two  terms  of   the   right-hand  side 
of    (iv)    in  series,   and  equate  coef  f  i  ci  ents  of 
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like  powers  of  x  in  the  resulting  series  and 
(ill)   to  get,   final  ly , 


/5 


(d)     Check  the  formula   for  n  =  0,1,2,3. 


(e)     Prove  that  f     is  the   i  n  te  ge  r  c  I  ose  s  t  to        j — ^  


ind  that  f     is  very  nearly  equal   to  this  quantity 


for   la  rge  n 


(f )     Show  that  f =  3.5   x    10^°  . 


(q)     Criticize  the  derivation  of  the   formula   for  f^. 
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Chapter  14 
DIFFERENTIAL  EQUATIONS* 


I  • 


NumericaJ  Solution. 


In  Section  9-2  we  con    idered  some  differential 


equations  with   initial    conditions,   of   the  form 


(  I  } 


=  f(x,y), 


For  certain  simple  cases  of  the  function  f  we  were  able 
to  find  a   solution   of    (I),   that   is,   a  function  y(x) 


for  every  x   in   some   interval    rxQ,Xj^J.      In   this   chapter  we 
shall   consider  much   more  general    cases  of   (I),  discussinq 
whether  they  actually   have  solutions,   and,    if   so,   how  to 
determine  these  solutions  either  exactly  or  approximately. 


To  keep  things  simple   at   first  we  start  off   with  an 
•equation  we   know  all    about,  namely 


(2)  y '   =  »<y ,         y  (0)   =   I  . 


*Some  of   the  material    in  this   chapter  is   taken  from 
"Engineering  Mathematics"   by  Block,   Cranch,   Hilton,  and 
Walker.     Permission   to  use   this   mate  rial    has  been  granted 
by  the  copyright  owner,   Cornell   University,   but   its  publi- 
cation   in   this   form   is   not  endorsed  by  the  copyright  owner 
or  the  original  authors. 


sat i  sf y  i  ng  the 


initial    condition   and  such  that 


y  '  (x) 


=   f ( x,y ( x) ) 


We  have  seen  that  the  unique  solution  to  this  equation  is 
y  =  e*^^.     Suppose  we   did  not  know  this   and  we  wanted  to 
find  the  va  I  ue  of 
y ( X  I )   whe re   x |   =   •  I  • 
S I  nee  f  rom  ( 2 )   we  can 
f  I  nd  y  MO  )     we  can 
use  the    linear  approx- 
imation of  y(x) , 

y(x)   =  y(0)  +  xy» (0) , 

to  get 

y(x,)   =  Y, 


F  1  au  re    I  -  I 


=  y(0)   +   .  ly* (0)   =    I   +  .Ik. 

In   Figure    l-l,  y(x,)    is   the  ordinate  of  A  and  Y,  the 
ordlnateofAj. 

Now  suppose  we  want  y(x2),  where         =  2x,.     We  could 
of   cou  rse  take 

y(x^)    =    I   +  .2k, 


giving  the  point  but   it  seems  better  to  start  with 

A|    and  take  another  step  of   Xj.  Thus: 


Y(X2)   «  Y2  =  Y,   +    .  lyMY,)   =  Y,   +   .  IkY,. 

This  gives  us  point  Bj.   Notice  that  the    line  A|B|  Is 
not  tangent  to  the  curve  yCx),   nor  parallel   to  the 
tangent  to  yCx)   at  A,   but   is   tangent  to  the  solution  of 
y»   =  ky  that  passes  through  A|*     (Dotted    line   in  Fiqure  l-l 

The  process   can   now  be   repeated  to  get  Y^^Y^,... 
corresponding  to  points  C|,D|,...   that  approximate  points 
C,D,...   on   the   true  solution. 

To   investigate  this  process   further  it   is  convenient 
to  introduce   some  notation.     We  assume  that  x^^ |   -   x^  =  h 
is  cons.tant,  so  that         =   >^o  "  ^  present 

examp I e .  Then 

This  equation  gives  a   recursion  formula  for  Y^.  Written 
In  the  form 

=    (I    +   hk)Y^,  =  I, 

we  see   that  Y     is  multiplied  by  the  constant   (I   +  hk)  at 
n 

each  step.     Since   its   initial   value   is    I  we  obviously  have 

Y     =   ( I   +  hk)". 

n 


Now  we  can  wrl  te 


nhk 


n 


(  I   +  hk) 


(I   +  hk) 


TTK" 


Y     =   (  I   +  hk) 


n 


and  by  Problem  7(a)   of   Section  10-4, 


(  I   +  hk) 


hk 


e  • 


Hence   for  a  fixed  x  =  nh ,   as  h       0   and  n  -> 

|jm  Y     =  e       =  y(x).     Thus  we   are   assured  that  we   can  get' 
n 

as  close  an  approximation  as  we  wish,   by  taking  h  small 
enough. 

We   shall    show  that  this   happy  conclusion   applies  to 
a  very  general    class  of  equations  of   the   form   (I).  Before 
proving  this,   however,   we   shall   examine  these  equations 
from  a   geometric  point  of  view. 
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PROBLEMS 


The  error   in   using         as  an  approximation  to  y(x)  is 
E  =  e*^^  -   (I  +  hk)^/^  . 

(a)  Regarding  the   right-most  term  as  a  function  of  h 
and  using   its    linear  approximation   show  that 

E  =       k  2  xy  (  X )  . 

(b)  The    relative  error,   the   ratio     of   the  error  to 
the  true  value,    is   in   many   cases  more  significant 
than   the  absolute  error.     Discuss   the  behavior  of 
the  two  types  of  error   in   this  problem,  oarticu- 
larly   as   x   increases  with   fixed  h.     The  cases 

k   >  0   and  k  <  0  must  be   d i st i n au ' ,  .  .  J . 


Use  the   computer  to  determine  E   for  various  values 

x/h 

of   k,   X,   and  h,   with   kx  =    I.     The   value  of    (I   +  hk) 
is   best  obtained  by   successive   squaring,   using  h   -   y.1  ^ 
Does  the    linear  approimation   seem  to  hold  pretty  well? 
What  happens  for  very  small   values  of  h? 
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2.     Graph  1 ca I   So  I  u tl on , 


We  consider  the  differential  equation 
(  I  )  y'   =  f (x,y) , 

assuming  tJiat  the  function  f  has  enough  continuity  proper- 
ties  to  make  the  following   discussion  meaningful. 

At  any  pol n  t  ( x,y ) 
at  wh 1 ch   f ( x,y )    is  de- 
fined,    (I)   determines  a 
direction,   or  more  pre- 
cisely,  a  slope   at  the 
point.     The  combination 
of  point  and  slope  is 
called  a    line  e I e me n t 
and   is  usually   rep  re - 
sented  by  a  point  with 
a  short    line  segment 
through    it.      Figure  2-1 
shows  three    line  elements. 

Figure  2-2 

  .  l,^^ 


Any  solution  of   (I)   must  be  tangent  to  the  line 
element  at  each   of   its  points   (Figure  2-2);   and  con- 
versely.  If  we  can  find  a  curve   that   is  tangent  to  the 
line  element  at  each  of   its  points  then   it  determines 
a  solution  of   (I).     This  property  can  be  used  to  get 
some   information  about  the   solutions  of  (I). 

To  do  this  we  first  draw  a    large  number  of  line 
elements,  as   in  Figure  2-3,   for  the  equation  y'   =  x  -  y^. 
This   is   somewhat  of   a  chore   if   done  by  hand  and  is 
most  eas  i  ly  accomp lished     by  first  drawi  ng   i  soc  I  i  nes  , 
curves  along  which   the    line  elements  have  constant 
direction.     These  are  obviously  the  curves  f(x,y)   =  m 
for  various  values  of  m.     One  of  these   is   shown  dotted 
in  F I gu  re  2-3 . 

A  much  pleasanter  way  to  get  the    line  'element  field 
is  to  use  a  computer  with   a  good  graphical   output.  Here 
It   Is  easier  to  dispense  with    isoclines  and  Just  olot  a 
large  number  of    line  elements  on  a  rectangular  grid. 
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With   a  sufficient  number  of    line  elements  one  can 
fairly  easily  sketch   in  solutions  of   the  equation. 
These  give  an   idea  of  the  general   shape  of  the  curves, 
their  behavior  with   regard  to   local   extrema  and  inter- 
vals of   monoton i ci ty ,  etc.      In  Figure  2-3   it   is  easy 
to  deduce  that  the  solutions  approach  the  parabola 
X  -  y2  =  0  as   X  increases  but  what  happens  as   x  decreases 
Is  not  so  obvious.     In   fact,  each  curve  has  a  vertical 
asymptote   (Problem  2). 
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EKLC 


This  graphical   approach   is  often  useful    in  getting 
an   Idea  of   the  shape  of  a   solution  before  starting  an 
elaborate  analysis  or  computation   to  find   it  orecisely. 
Knowing  what  to  expect  ahead  of   time    is  both   a  guide  in 
the  selection  of  a  method  of   computation   and   a  check  on 
any  serious  errors  that  might  occur. 
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PROBLEMS 


Use    line  elements     to  sketch   several    solutions  of 
each  of   the   fol lowing  equations.     Make  whatever 
comments  you  can  about  different  types  of  solution  of 
the  same  equation,    local   extrema,   behavior  for  x 
increasing  and   decreasing,   etc.     Note   that  all  local 
exTrema  occur  on   the   isocline   f(x,y)   =  0. 

(a)     y*   =  X  +  y  (d)     y'  =  

x^  +  y^ 


(c)y»=-^  (f)y'=x+l 


We  wish   to  show  that  a   solution  ^"f         ^  ^  " 
has  an  asymptote   as   x  decreases. 

(a)     Setting  z  =  -x,   show  that  the  above  statement  is 
the   same  as   showing  that  4z"      ^       ^  ^ 


(b)      Let  y(z)   be  a   solution   of  4^  =   z  +  y  ^  and  w(z)  o 


asymptote  as  z  increases. 

dY 

4^  =  w^.  with  initial  condition  y(a)  =  w(a)  =  b, 
d  z  ' 

a  ^  0,   b  ^  0.     Give  an   argument  showing  that 
y(z)   >  w(z)   for  all   z  >  a. 
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(c)  Solve  for  w(z),  to  get  w(z)   =   j   . 

a  +  ^  -  z 

(d)  Show  that  y(z)   has  an  asymptote  as  z  Increases. 

3.     Consider  y  ^   =  xy  +   I    for  x  >^  0 ,  and  the  solutions 

starting  at  (0,b)  for  various  negative  values  of  b.  Let 
the  curve   xy  =  -I    in  the   fourth  quadrant, 

(a)  Show  that  a  solution  that  crosses  C  eventually 
goes   down   rapidly   in  the   fourth  quadrant,  . 

(b)  Show  that  a  solution  that  crosses  the  x-axis 
eventually  goes  up   rapidly   in  the   first  quadrant. 

(c)  Show  that  there  must  be  at   least  one  curve  that 
crosses  neither  the  x-axls  nor  the  curve  C, 
CHlnt.     Use  a  bisection  process. D 

(d)  We  shall   show    later  (Section  8,  Problem  9)  that 
there   is  exactly  one  such   curve,   through   a  point 
(0,b^).     Locate  b^  as  well   as  you  can. 
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3.     The  Fundamenta I  Theorem, 


To  discuss  the  solution  of 

(  I  )  y'  =  f (x,y),       vCXq)   =  Vq 

we  must  first  consider 

some  properties  of  the 

function   f.     Suppose  that 

f    is   defined   in  some  open 

region  R  in  the  xy-plane. 

The  adjective  "open"  means 

that  the  points  on  the 

boundary  a  re  not  regarded 

as  points  of   R.  For 

F  i  gu  re  3-1 

example,   R  might  consist 

of  the  points  strictly   inside  a  circle,  or  inside  a 
rectang  I  e  • 

f   is  cont  i  nuous   in   R  if,  given  any  point  (xQ#yo^  ^ 
and  any  e   >  0  there   is   a  6   >  0  such   that   |f(x,y)   -  "f^Xo^yo^' 
whenever  (x,y)    is   in  R  and    |x  -  Xq  I   ^  ^  "  Vq  '   ^  ^* 

This   is  an  obvious  generalization  of  the   definition  of 
continuity  for  a  function  of  one  variable.      Its  geometrical 


i 


significance   is  shown   in  Figure  3-1:     Given  a  square  of 
side  26  with  center  at   ^XqpYqK  function  values  at 

the  center  and  at  any  point   inside  the  square  will 
differ  by    less  than  e. 

f    is   Li  psch  i  tzi  an   i  n  y   (see  Section   3-10)    in  the 
region   R  if   there    is   a  number  L  such  that 

I f (x,y  ,  )  -  f lx,y2) I     1    L|y ,   -  y2l 

for  all   pairs  of   points   ( x ,  y  ,  ) , ( x , y 2 )    'n   R.     We  usually 
prove  that  f    is   Lipschitzian  by   showing  that   |fMx,y)|    <  L 
in   R,  where   fj^(x,y)    designates   the   derivative  of   f  with 
respect  to  y   regarding  x  as   a  constant;  i.e. 

,   _    ,.     fCx.v  '^  h)  -  f(x,y) 
f'(x,y)   =  Jim   2  r  

Proof    Is    left  to  the   reader.      (Problem  I), 

We   can   now  state  the   fundamental   existence  and 
uniqueness   theorem  for  differential  equations. 

Theorem   I.      If   f    is  continuous    in   a   region   P,   then  for  any 
(Xq,Yq)    in   R  there    i  s   an  H   >  0  such   that   (I)   has  a  iiolution 
y(x)    for   |x  -  Xq  I    <  H.      If    in   addition,   f(x,y)    is  Lipschitzian 
in   y   i.n  the   region   R  then   the  solution    is  unique. 

ERIC 


The  proof  of   this   theorem  Is  well   beyond  the  level 
of  this  text. 


Examp I e    I .     For  the  equation 

(2)  y'   =   X  +  y,         y(0)   =  I 

we  can   take   R  as   the  whole  plane,   since   f(x,y)   =  x  +  y 
is  continuous   for  all   values   of   x  and  y,   and  fMx,y)   =  I 
is  certainly  bounded. 


The  solution  is 


Y 

y  ( x)   =  2e  ^  -  X  -    1  , 

which  extends  indef- 
initely  in  both 
directions.  *  Hence  in 
this  caSv''.  we  can  tak'J 

s 

(0,1) 



\ 

\ 

\ 

X 

Has    la  rge  as  we 
p  lease. 

\ 

\ 

\ 

\ 

\ 

\ 

\ 


F  f  gu  re  3-2 

Example  2 .     Consider  the  equation 

(3)       y.  =  ^y%;     ,     yd)  =  i. 


970 


1020 


ERIC 


The  function   is   defined  and  continuous   in  each  of  the 

regions  x  >  0 ,   -~  <  y  <  ~  an d  x  <  0 ,   -«  <  y  <  ~ .  Since 

our   Initial   point  (1,1)    lies   in   the   former  region  we  use 

I -t-       f»    =  ^  is     bounded   if    |y|    is   bounded   above  and 

y  3x 

X  Is   bounded  away  from  zero.     So  we  must  take   P  of  the 
form 


a<x<<«,      |yl    <  ^, 


for  some  a   >  0  and  some   M   >  0 


The  so  I u  t  i  on  is 


y  = 


2  + 


curve    ®    in   Figure  3-3.  The 
curve   goes    Indefinitely  to 
the   right  but  must  stop  when 
It  hits   the  boundary  of   R  at 
x=a.  HenceH=l-a, 
where  a  can   be  arbitrarily 
sma I  I • 

If  we  change  the  initial 
condition  to  y(l)  =  3  we  get 
curve    d)    with  equation 


Fiaure  3-3 


y  = 


2  - 
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This  behaves  quite  differently,  having  an  asymptote  at 
X  =  and  hence  having  H  =   /2  -    I • 


Finally,   cu  rve    (3)  , 


y  = 


96 


64   -  7x2 


with  initial  condition  y(4)  =  -2,  has  an  asymptote  on 
the    left,   at  X  =  8//T  =  3,  and  so  H  =  4  -  8//7  =  I. 


Examp  I  e  3 ,  (See  Problem  14  of  Section  9-2), 
(4)  y'    =   3y^^^.     y(0)   =  0. 


-1/3 


Here   f    is  continuous   for  all    x  and  y  but  f^   =  2y 

y 

unbounded  near  the  x-axis.     The   fundamental  theorem 
says  that  (4)   has  a 
solution   but   it  may 
not  be  unique.  In 
fact,   any  cu  rve  of 
the  type   shown   i  n 
Figure  3-4   is   a  solu- 
tion of  y  '   =  3y^^^ • 
Thus   the  re   is   an   i  n  f  i - 
n i te  number  of  such 
curves   through  any 
p-oint  on   the  x-axis# 


Y-(X-bW 

Y-o  y 

b 

/Y=(x-a)^ 

F  i  gu  re  3-4 
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PROBLEMS 

1.  (a)   Use  the  Mean  Value  Theorem  to  Drove  that   if  a 

function   F   has   the  property 

L|  1  F'(y)    <  L2 

for  all   y   in   Ca,b],   then   for  any  y|    and  in 
ra,b] 

F(y I )   -   F(y2)   =   kCy ,   -  ^ , 
w  1  th   L  I    <_  k   <_  . 

(b)      Prove  that   if    |F'(y)|    <_  L  for  all   y   [a.bl  then 
|F(y  ,)    -  F(y2)  I   1  L    Iy  ,  " 
 for  all   y  I  ,  '  " 

2.  Investigate  carefully  the   solutions   of  y'   =  -2/7- 

3.  Consider  the  modification   of   Example  2: 

1    lyLz_lV      if     x>  0, 

f(x,y)  = 

I    0  i  f     X  =  0  . 
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(a)  Show  that  f    is   not  continuous   at  any  point 
(0,c) . 

(b)  Show  that  y'   =  f(x,y)   has  solutions  over 
intervals  (a,b)   that   include  the  value   x  =  0. 

(c)  Show  that  there   are   no  solutions  through  (0,c) 
unless   c  =   3/2  or  0.     For  c  =  3/2   there    is  an 
infinite   number  of  solutions,   for  c  =  0  the  re 
is  one . 

(d)  Compare  the  above  behavior  with   that  of 
y '    -   g( x#y )  when 


g ( X, y  )  = 


^  if  X  5^  0, 
X  ' 


0      if     X  =  0. 
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4.       Eu I e  r ' s  Nume  r I ca I   Method . 

The  numerical   method  that  was   introduced   in  Section  I 
is  known  as  Euler's  method  of  solving  differential  equations 
Given    the    equation  with   initial  condition 

( I )  y '   =  f (x,y ) ,  I  V 

we  choose  a  number  h,   generally  small   and  positive,  and 
define  numbers  Yq,  Y|,  by 


f(x^)   =  yQ, 


(2) 


0  -  ^0 


n+  I 


+  hf (x^,Y^) ,     n  =  0,    I  ,    .  .  .    ,  N 


where  x     =  x„  +  nh.     The  special   case  of  Section    I    leads  us 
n  0 

to  hope  that   in  the  general   case        will   be  an  approximation 

to  y ( ) . 
n 


Examp  I  e 


4y     -  ^Y,  yd) 
3x  ' 


This  case  has  been  examined   in  Example  2  of  the    last  section, 
so  we  know  what  to  expect. 
Table  4-1   gives  the  comput- 
atlons   for  h  =   .5,  N  =  6, 
and  Figure  4-1   shows  the 
same  data  graphical ly. 
Even  with  such  a  large 


X 

Y 

f ( x.Y) 

y(  x) 

1.0 

1  .000 

-.667 

1  .000 

1.5 

.667 

-.494 

.  706 

2.0 

.420 

-.302 

.500 

2.5 

.269 

177 

.364 

3.0 

.18  1 

-.106 

.273 

3.5 

.  128 

-.067 

.2  1  1 

4.0 

.095 

.  167 

value  of  h  the  Y^  are  not 


Table  4-1 

hopelessly  bad  approximations  to  the  y(x^).     Cutting  down 
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the  size  of  h   Improves  the  approximation  considerably, 
as  one  can  see  by  comparing  the  values   at  x  =  2  from 
Tab  les  4-1   and  4-2. 


Now  consi  der  the  same 
equation  with^the  initial 
condition  y(l)   =  3.     We  saw 
in   the  earlier  example  that 
this  has  an   asymptote  at 
X  =   /2"  =    1,414  and  hence 
the  solution   cannot  be  con- 
tinued beyond  this  point. 
Nevertheless,   the  numer- 
ical   "soluti'-^^',   as  Table  4-3 
shows,   goes   r\  :]ht  on  past 
with  no  clear  indication 
that   its   results   are  mean- 
ingless.    The   rathe  r 
sudden  jump    in   the  value 
of  Y  at  X  =    1.5  does   i  n  d i - 
cate  possible  trouble 
and   suggests   that  we  back 
up  a  bit  and  try  a  smaller 


F I nu  re  4-1 


X 

Y 

f (x,y) 

y 

1  .0 

1  .000 

-.667 

1  .000 

1.2 

.  86  7 

-  .578 

.872 

1.4 

.75  1 

-.535 

.Ijii 

1  .6 

.644 

-  .  455 

.  G  5  ' 

1.8 

.  553 

-.388 

.573 

2.0 

.475 

.500 

Table  4-2 


value  of  h.  But  the  computed  value  at  x  =  1.4  looks  perfectly 
good  even   though    it   is   hopelessly   far  off. 


976 


X 

Y 

f (x,y) 

y  (x) 

1.0 

3.00 

6  .00 

3.00 

1  .  1 

3.60 

9.  16 

3.  80 

1.2 

4.52 

15.  16 

5.35 

1.3 

6.04 

28.  12 

9.68 

1.4 

8.85 

6  1  .66 

75.00 

1.5 

15.02 

Tab  le  4-3 


This  exdmple  shows  the 
need  for  two  things:  first, 
a  machine  program  to  carry 
out  the  arithmetic  involved 
In  getting  a  numerical 
solution  to  any  usefu  I 
accuracy;  and  secondly,  an 
error  analysis  that  will  tell 

us  what  value  of  h  to  use  to  get  a  given  accuracy.     We  leave 
the  first  of  these  to  theireader  (Problems  2  &  3)  and 
proceed  to  discuss  the  second. 

We  assume  that  (I)   satisfies  the  conditions  of  the 
Fundamental   Theorem  and  has  a  unique  solution  y(x)  for 


,Q  <_    X  <^  x^.     We  designate  y  ( )   by  y^.     The  error  in 


the  approximate  solution  given  by   (2)    is  then         -  y^  -  Y^. 


Now  by  the  Extended  Mean     Value  Theorem, 

y(x^^,)   =  y(x^)   +   (x^^,   -  x^)y'(x^)   +  ^(  x^^ ,   -  x^)2y"(?), 

where  x     <  5  <  x  _^ ,  •     This  can  be   rewritten  as 
n  n  + 1 

(3)  y^^,   =  y^  +  hf(x^,y^)  +  ^h2y"(0. 


4 
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Subtract  from  this  the   recursion  formula 


(4)  y^^,  =        +  hf(x^,Y^), 


and  we  get 

(5)  E^^,   =  E^  +  h[f(x^,y^)   -  +  ^h2y"(U. 

The  quantity         =  ^h2y"(5)    is  called    hhe  t runcat j  on 
error,   the  error  arising  by  cutting  off   all   terms  of  (3) 
except  those  of   first  depree   in  h.     To  handle  the  ex- 
pression  in  brackets  we  make  the  further  assumption  that 

all    (X  ,Y   )    lie   in  the   reaion   R.     Then  by  the  Llpschltz 
n  '  n 

con  d  i  t  i  on , 

f(x   ,y   )   -   f(x„,Y^)   =  K^(y^  -  Y   )   =  K  E  , 
n'n  n'n  n     n         n  nn 

where    |      |    <^  L,   the   LIpschitz  constant.     Then   (5)  becomes 


(6)  E      ,     =     (  I   +  hK  )E     +  T^  . 

^  n+  I  n     n  n 


Now,   however,  we  must   remember  that  we   re  ally   do  not 
compute  Y^_^|   exactly  from  (4),    because  of   roundoff  .e  rrors 
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in  the  computation.     That   is,  we   really  have 

n+ 1         n  n '   n  n 

where   R     is   some  unknown   roundoff  error,   about  which 
n 

we  can  only  say  that   |  R^  |    <^  R  for  some  small    number  R 
depending  on  the  corrjjexity  of   the  function   f,   the  word- 
length   of   the  machine,  etc.     With   this   factor   in  the 
analysis   (6)    is   replaced  by 

=   ^'   ^  ^^^^  ^  "^n  -  \' 

To  aet  bounds   for  E     from   (7)   we  must  have  bounds  for 
^  n 

the  quantities   K   ,T   ,   and  R   •     We  have  already  seen  that 
^  n     n '  n 

|R^j    <^  R,     Assume  that  for  all    x   in  [Ixq,Xj^3  we  have 

|y"(x)|    <^  M;   then   |  T^  |    <^jh^M,    For         we   use  only   an  upoer 

bound.   K     <   K,     We   take  care  of  the    lower  bound  bv  assumina 
'     n  — 

that  h    is   small   enough   to  make    I   +  hK^   positive,    (In   fact,  i 

IhK  I  >  I  the  approximation  is  too  poor  to  be  of-any  value.) 
'      n  '  — 

Under  these  conditions. 

The  proof,   which    is   not   difficult  but   rather    lonn,  is 
given   at  the  end  of   this  section.     The   case   K  =  0  can  be 
handled  by   taking   limits   as   K  ^  0   (see  Problem  I). 
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The  bracketed  expression   in   (8)   can  be  handled  as  in 
Section    I.      For  small    values   of   hK  we  have  approximately 

/  .    .    uu^^N         NhK  Kx 
(9)  (l+hK)     ~e         =e  , 

if  X  =  Nh.  We  can  therefore  draw  the  following  conclusions 
f  rom  (8)   and   ( 9 )  : 

U      If   there    is   no   roundoff,    i^e.    in   the   case  of  exact 

mathematical   analysis,    limlE.J    =  0   and    lim  Y.,  =  y(x). 

h-»-0  h-»"0 

This  proves   the   convergence  of   Euler^s   method  under  the 
conditions  we   have  assumed. 

2.      If   roundoff    is   present  then   the   upper  bound  for 

|E    I    becomes    infinite  as   h       0.     This   does   not  mean  that 
'    n ' 

I I    necessarily  becomes  very    large   but   it  admits  the 
possibility.     A  more  exact  analysis,   using  equation  (7) 
and  the  statistical    distribution  of   the       ,   shows  that 
I  E^  I    does    indeed  become  arbitrarily    large   as  h  0. 


3.     For  fixed  h   and  variable   x,   the  bound  on  |E 


N 


grows    like  e'^^.     Here   again,   this   does   not  mean   that   |  E^^ 
grows   this   fast,   but   if   the         remain   fairly  close   to  K 
the  growth    5s  of  this  order  of  magnitude. 
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4.       Roundoff  and  truncation  error  are  of  about  equal 
significance  when         =  2R/M.     For  a  typical   situation  we 
might  have  R  =    lO"!'*,  M  =  8,   in  which  case  the  critical 
value  of   h   is  5   X   IQ-S.     Since  this  would   require  twenty 
million   steps   to  go  from  Xq  to  Xq  +    I   one   is  hardly 
likely  ever  to  use   so  small   a  value  of   h.     On   the  other 
hand,    for  R  =    iO"8,   M  =   .5,   the  critical    value   is  2  x  lO"**. 
This    implies  only  5000  steps   per  unit  change   in   x  and  gives 

|Ej  <  ^ie^""  -    i)   X  lO-**. 

For  K  =  2,   X  =    I   we   get  |eJ  <   3.  I   x    |0-\   which    is  only 
3-place  accuracy.      If   more  accuracy   is   needed  and  there  is 
no  way  of   decreasing  R  -  by   going  to  another  machine  or 
by  using  multiple  precision   programming  -   Euler's  method 
must  be  abandoned   in   favor  of   one  more  complicated  but 
more  accurate.     There  are    literally   dozens  of   such  methods 
and  more  are   invented  every  year.     Any   good  book  on 
Numerical   Analysis  will    discuss   several   of   the  most 
i  mportant  ones . 

Example  2.       y'   =  x  -  y2 ,     y(0).=  0,     y(2)   =  ? 
This    is  the  equation   discussed  graphically    in   Section  2. 
We   see   from  the   discussion   and  Figure  2-3  that  y(x)  is 
an    increasing  function  whose  value  at  x  =  2   i s  roughly 
between    I   and    1.4.     To  oet  the  value  of   M  we   need  to  know 
something  about  y"(x).     y"   is  obtained  by  differentiating 
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1  Oli  i 


the   differential   equati.on  with   respect  to  x,  thus: 

y"  =    I   -  2yy '    =    I   -  2y ( x  -  y^ ) . 

y"(0)   =   I.     Since  y   is    increasing,   y'    >_0   and  y  ^0;  hence 
yi»   decreases,     A  few  trial   r^oints   taken   from  Figure  2-3 
are  enough   to  convince  one  that  y"   never  gets  close  to 
-I    for  X   in   the   range   C0,2l|,   and  so  we  can   take   M  =  I. 


To  get  a  value   for  K  we  use  the   result  of  Problem  1(a) 
of   Section  3.     Since   f^(x,y)   =  -2y    is  bounded  by 
-2.8  and  0,   we   see  that  the   values  of         are  similarly 
bounded  and  so  we  can   take   K  =  0,     Then   Problem   I   of  this 
section   g.ives  as   the   bound  on    |E  i# 


For  X  =  2  the  error  bound  is  then  simply  h,  plus  the 
roundoff  contribution. 


In   Table   4-4,   columns  Yl 
at  corresponding  values  of  x, 
respectively.     By  our  results 
to  3D;  'hence   the  next  column, 
and  Y2 ,    is  an  estimate  of  the 

Si2 


nd  Y2  give   the  values  of  Y 
for  h   =   .  I    and  h  =  .0005 
above,   Y2   should  be  accurate 
giving  the   differences  of  Yl 
e  r ro  rs   in  Y  I  . 


(The  machine  which  produced  this  table  has  R  <  10  , 
so  the  roundoff  error  is  negligible.) 


^?  Y^-Yl  Y3  YS-y? 


H= . nonPS 

0  0 

0  oonooo 

0   0  s)  0 '.)  0 

0    ■)  0 1) 

(.)  oooooo 

U   (1 0  0  0  0  0 



.  1 

-? 

0  0  0  0  0  0  n 

-ill  r>oon 

1  w>.) -^4 

.010 

.  n04qS7 
,  .11  gQ'SQ 

.000012 
^  OOOOP^i 

.3 

-4 

,  ;W4H0  5 

.'US 

.  )44H4? 
 ^J.9444 

.00  00  37 

.5 
.6 

.  1.2  33'>4 

.  I  /'.vvry 

.  1.?4 

.123 

.  ] 23403 
. L7b1 47 

.  000 

,  oonoA7 

.7 

.H 

.■'?J'7744 

.030 
.0  3-^ 

.23b'3n*i 

,  •■»n4t;>'-^ 

.00007^ 

-  linn n7R 

.9 

1-0 

.37  r THO 

.    .  )33 
.  133 

.3778^59 
.'+'->b4'>H  

. 00007^ 
_^Of)0«i7f' 

\ol 

1  .? 

.h.3-j7Hb 
.^!74;^f7 

'  .u3i 
.  ^7^\ 

.*>3^8<:>0 

.  (-.17^40 

.000072 
.  noof^ftn 

1.3 

1  -4 

.■b74'S^■<'■» 

.7  79171 

.0  2/. 

.020 

.^991 45 

-779^1 7 

.0000*^^ 
.  Mnnn4ft 

T 

1  .  ) 

.«4 

.4?071o 

.•1^)7  3^1 
.■■:)J317b 

.  ah 

.0  11 

.nh73S7 
.  V32>'0l 

.  0000'^'^ 
.000096 

1  .7 

1 

1  -:)ft',7S^ 

1  ,00341  >1 
1  .070 

.  0  07 
-  0  04 

1 . 0  0343S 
1  ^  0  70  773 

,000017 

,  .(iooon.9.. 

I 

1  .  l3/''^b7 

1  -  1  Oat^'-iH 

1.  .134130 
1  -  1 

.  0  0  1 

-  .  0  fl  1 

1 . 134133 
1  ,  1  ^1i^7H 

. 000003 
ofinnn? 

TAHl.K  4-4 


Actually  the  error  In  Y,   at  x  =  2   is  very  small. 
On  the  other  hand,  the  error  at  x  =   I,   .033,    is   in  good 
agreement  with  the  computed  bound,  which   is  h/2  =  .05. 
The  cause  of  the  decrease  beginning  at  about  x  =   I.I  is 
the  change  In  the  curvature  of  the  solution  near  this 
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point.      (Set;   Fioure   4-2   and   Problem  7  of   Section  lO-l.) 
At  first  the  curve    is  convex^   and  Yj    underestimates,  as 
in   F  i  gu  re  4-*  I  . 
:  hen   the  curve 
becomes  concave 
and  Y I    ove  rest  i - 
mates,  thereby 
gradua  My  can- 
celling  the  p  re- 
V  i  ou  s  e  r  ro  rs  . 
From  this  point 
on   the   curve    is  Figure  4-2 

fairly  flat,  i.e.  M  is  small,  and  the  error  build-up  in  Y^ 
will    be    less   than   the  above  estimate. 


It    is    important  to  notice   that  the   discussion    in  the 
above  example    is   not  mathematically   rigorous.     We  have 
not  proved  that  y(2)    lies  between    1.4  and    1,   nor  that  -I 
is  a    lower  bound  of   y".     This  can   be   done    in   this  sirrple 
example  but   in   general    the   difficulties  would  be   too  great 
to  be  Justified.      Instead  we   usually   proceed  as  we   do  for 
Simpson   rule    integration;   we   get  a   solution   for  a  value 
of   h   hopefully   small   enough,   re  peat  the   pro cess  with  a 
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value  of   h   half   as   big,   and  compare  the   results.  This 
was   done   In  columns  Y2  and  Y3  of   Table   4- I •  The 
difference,   tabulated    in  the   next  column,    indicate  that 
the  values  are  almost  surely  accurate  to  3  places. 

Proof  of    (8).     We   start  with 


<7)  E,^,   =   (I    f  hK^)E^  f         -  R^. 


whe  re 

(10)  0   <    I   +   hK^  ;^   I    +   hK,      I  tJ    ;^  jh^M,      I  RJ    1  R. 

and  Eq  =  0  since  Yq  =  Yq.  Consider  quantities  defin 
by   the   recursion  formula 

(11)  F^^i    =    (I    +   hK)F^   +  ih2M  +   R,      Fq  =  0. 

It  is  easy  to  see  that  if  |  |  <_  F^  then  U^^J  ^  F^^,. 
For,   f  rom  ( 7 )   and  (10), 


1  II        hKjiEj    .    |TJ    .  |R^ 


<_  (I    +   hK)|E^|    +  jh^M  +  R 


<  (  I  +  h  K )  F  +  ih  2  M  I-  R 
—  n  <i 


=     f    X  I  • 

n+  I 
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Since   |Eq|    <_  Fq   it  follows  that 


(12)  |EJ  < 


for  a  I  I    n  • 


To  get   (8)   we  have  to  solve   (II).     This  equation  ii 
of  the  form 

F^^,    =   aF^  +  b, 

where  a   and  b   are  constants.     We  can   simplify   it  still 

further  by  adding  a   suitable  constant  to  F^,    i.e.  let 

G     =  F     +  c.      In  terms  of  G   ,    (13)  becomes 
n         n  ri 

G     .=aG     -ac+b+c.  G=c. 
n-»-i  n  '0 

Taking  c  =  b/(a  -    I)  leaves 

^n+l   =  ^^n'       ^0  =  '^/^^  - 
Now ,  ob V  i  ou  s I y , 

G,    =  aGg,   G2  =  aG,   =  a^G^,    ...    ,   G^ >  a^Gg, 

and  so  the  solution  of   (13)  Is 

^  n       b   b       _       b     ^  ^n  _  ,x 

F     =  a  ,   -   r  ~   a     -    M  .  • 

n  a-  a-  a-l 


Final  ly,  putti  ng 

a  =   I  +  hK,  b  =  ^h^M  +  R, 

gives  as  the  solution  of  (II), 
(8)   then   follows   from  (12). 
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PROBLEMS 


(a)     Show   that  taking    limits   in    (8)    as  K       0  gives 


(b)     For  X  e  Nh   discuss   \  as  h   goes  to  zero  with 

fixed  X,   and  as  x   increases  with   fixed  h. 

(a)     Write  a   flow  diagram  for  the   recursion  process 


with    initial   values  Yq  =       ,   Xq .     Output  the 
successive  values   of   x  and  Y. 

(b)  Write   a  program  from  your  flow  diagram. 

(c)  Test  your  program  with   the   two  cases  of  Example 

Modify  your  program   in   Problem  2   to  out.put  x  and  Y 
at  every  M  steps    rather  than  at  every  step,  This 
enables  you  to  use  very  small    values  of   h  without 
unduly  depleting  the   forests  of  America. 


=  Y     +  hf (x   ,Y   ) , 
n  n '   n  ' 
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4.     Use  your  orogram   In   Problem  2  or  3   to  make  reasonable 
tabulations   and   graphs  of   the  solutions   of   the  follow- 
ing equations  over  the   given    intearals.     PIscuss  any 
■■^feature  of  the   solution   that  seems  unusu?l. 

(a)   y  =  ,   y(o)  =  -I. 

(i)      for  0  1.    (''^    ^o""  °  1^1  '•^* 

(Compare  with   Section   2,   Problem  1(e)). 


(b)     y'  = 
(  i  ) 


/y2  - 
x2  - 


,     y(0)   =  2, 


for  -.9  <  X  <  .5.  [Use  neoative  values  of  h 
for  X  <  O.J 


(ii)  for0<_x<_.9. 

(Comoare  with   Section   7,   Examole  2). 


(c)  =  2n(t) 


-  i^/y    ,      y(0)    =0,      0    <    t   <_  1000, 


cos    ^75"    i  f    2n    <_  rrLr   <    2n  + 


a(t)  = 


if   2n+ I  < 


TW7  - 

t 


TF2 


<   2n  +  2 


,    n    =   0, I ,2, 


(Compare   with   Section   5,   Exarrole  I). 


5.     Use  your  program  to  solve  Problem  3(0)   of   Section  2. 


(b) 
(c) 

7.  (a) 

(b) 
(c) 


Use   Euler's   method  with   h   =    .2   to  estirat^^ 
y  (  I  )  if 

y'=xy+I,y(0)=-I. 

Tabulate   x,y,   and  y',   and   carry   only  two 
decimal    places    in   your  calculations. 

Use  your  values   of   x,y,y'    to  comoute  y" , 
and  estinate  values   for  M,   K,   and  P. 

Determine  the  possible  error   in   your  aporox- 
1  ma t  i  on   to  y (  I  )  . 

Solve   y'    =   xy  +    I,     y(0)    =  -I,   by  exoressinn  y 
as   a  Maclaurin   series,   as    illustrated  in 
Sect! on    I  3-5 . 

Comoute  y(l)     to     two     decimal    places.     Ans.  -0,24 

Use   the   re suit  of   (b)   to  net  the   actual  error 
in  5(a)   to    two    olaces,   and  corpare  with  the 
estimated  possible  error   in   5(c).      Is   the  latter 
a   reasonable   bound,   much   too  oesslmistlc,  or 
not  a   bound  at  all? 
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8.  (a) 


(  b) 


Is  Euler's  method  the  best  numerical   way  to 
find  yCx)  when  given 

y'   =   f(x),     y(xg)   =  yQ? 

Describeabetterone. 

Flow  chart  and  Drooram  the  best  rriethod  you  can 
th  i  r     of . 

So  I  ve 

y  I    =   /I   +   x3    ,     Y  (  I)   =  2  , 
to  5D  accuracy   for  x  =  !(.l)5 
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5 .     App I i  cat ( ons , 


A  differential   equation    is   apt  to  arise    in  a 
mathematical    model   of   almost  any   problem  involvinq 
continuously  changing  quantities.     As    is  the  case  with 
all    applications  of   mathematics   the   solution   of  such  a 
problem   involves  the  three  steps  of   setting  up   the  model, 
solving  the  equation,   and   interpretting  the   re suits. 
The   rest  of   this  chapter  treats  step  2.      In   this  section 
we  are  mainly  concerned  with   step    I,   more  particularly 
with   the    lasthalf   of   steo    I.     The   f ormu lation  of  a  mode  I 
involves   first  the  acceptance  of   some  simplifying  approxi 
mations  to  the   true   situation,   and  then   the  expression  of 
the   simplified    picture     in  mathematical    te rrs . 

The  examples  and   problems  of   Section  9-2  illustrate 
the  two  most  common  ways    in  which   a   differential  equation 
is   set  up   as   a  model   of   the   approximation  of   a  physical 
sys-^em.      In  one  of   these   (Examples   3  and   4  and  Problem  5 
to   12)   the   derivative  of   a  quantity  enters  directly, 
usually  as   a  slope  or  a   rate  of   change,   and  the  differ- 
ential  equation   re suits   f  rom  a   re  I  at  ion   between  this 
derivative,   the  quantity    itself,   and  the  independent 
variable.     Motion   problems,    involving  distance,  velocity, 
and  acceleration,   are  typical   of   this  mode  of  formulation 
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The  other  method   ,    illustrated  by  Examples    I   and  2 
of  Section  9-2,  makes  no  direct  use  of  derivatives  but 
analyzes  the  problem  in  terms  of  small   changes  of  the 
variable,   attempting  so  to   formulate   the  situation 
that  by   letting  these  changes  approach  zero  an  equation 
involving  one  or  more   derivatives   appears.     This  technique 
is   more   general    than   the   former  but   is  also    less  direct 
and  often   tricky  to  .r.andle.     We   shall    give  examples  of 
both  methods. 

In   some  of  the  examples   and  problems,   notably  Example  2 
and   its   related  problems,   we   consider  the   realism  of  the 
approximations  made    in   step    I,   by    i n te rp ratt i n q  the 
solution   of  the   differential   equation  back   into  physical 
terms.     Results  that  are  physically   impossible  indicate 
the  need  of   changes    in   the   simplifyinq  ar>sumpt  i  ops  . 


Examp 


le    i.     The  Allukaw   river,    like   the  Nile,   has   a  stronaFy 


seasonal    flow,   approximated  by 

f(t)   =    10^(1   +  sin  ^g-)    cu    ft/day  , 

t  being  measured  in  days  from  January  I.  To  level  off  the 
flow  we  build  a   dam  200   ft   high,   holding  2  x    10^0   cu  ft, 


993 

^04  : 


Fi  gu  re  5-  I 


to  impoi'id  the  water.  The 
water  runs  out  of  an  open- 
i.ng  at  the  base  of   the  dam 

he   rate  of  lO'^/y 

t /day ,   y  being  the 
height  of   water   in   the  dam. 
If   we   imagine  the  reservoir 
to  behave   simply    like   a   tank,   as    in   Figure  5- ! ,   then  the 
area  of   the  base    is  2   x    10^^/200  =    10^  sq   ft,   and  the 
volume  of  water   in    it   <s    IO®y.  So 

^(lO^y)   =    10^(1   +  sin  ^)   -    10^/7  , 

or 

=   I   +  s  i  n  ^  -  jjj-  /y  . 


A  machine  solution,   using  Euler^s  method  with   h  =    I  but 
printing  only  every  20   steps,   gives   the  curves   in   Figure  5^2^ 
It  was  assumed  that  the   reservoir  was  empty  on  January    I*  No* 
that  the  annual   variation   in   flow  has   been    reduced  from 
2  X    10^     to     .3  X  iqQ. 


200 


t30  ^ 


CP 


X 


Examp le  2.  R  rabbits  are  running  around  in  Australia.  We 
make  the   following  approximations   rega rd i ng- the  change  in 


(a)     The   rabbits  are  spread   uniformly  throughout 


Aust  ra I i  a ; 


(b)     When  two   rabbits   of   opposite  sex  meet  they 


produce   r  more  rabbits; 


(c)      The  average    lifetime  of   a   rabbit   is   b  years. 


From   (a)   the  chance  of   a    rabbit  meeting  a  member  of 
the  opposite  sex   in   a   given  time   is   proportional    to  R. 
Hence   the  total    number  of   such   meetings    in  a   given  time 
is   proportional    to  R^ .     By   (b)   the   rate  of    increase  by 
births    is  proportional    to       .     By   (c),    1 /b  of   the  rabbits 
die  each   year.     Hence,   measuring  time    in  years, 

dt  -  F  • 

The  solution  of   this  equation    is   analyzed   in  Problem  !• 

This    is  of  course  a  very  crude  mode  I    since  our 
assumptions   are   grossly  oversimplified.     For  one  thing, 
we  have   neglected  the   food  supply  -    It   there   are  too 
many    rabbits   some  of   them  starve.     We   can    include  this 
point   by  making  b  a   decreasing  function  of   P,   for  instance 
b   =   c(l    -  R/Rm^'   where   R^.is   an   unper  bourd  to  the  number 
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of    rabbits   that  could  possibly    live   in  Australia,  If 
we  want  to  get  fancy  we  can    let         be  a  function  of  t, 
to  take   care  of   climatic  variation. 


Examp le  3.     A    long   rope  of  vari- 
able  cross-section  hangs  verti- 
cally  and  supports  a  weight  W 
at   its    lower  end,      (Figure  5-3). 
At   distance   x  from  this  end  let 
A(x)   be  the  arej  of  cros5-::.ec-' 
of   the   rope;  p(x)    the  density 
of   the  Material,   and  S(x)  trie 
stress    in  the   roP'     in   force  per 
unit  area.     Consider  the  forco3 
acting  on    ihe  portion  of  the 
rope  between   x  and  x  +  Ax, 
(Figure   5-4).      Pulling  !.»nward 
at  the  top    »c   the  orce 

S  (  X  +  A  X )  A  :  >■  ^   t>  \  >  ' 

of  the  stress  at  rhlt:  point. 
Pulling  downward  is  S(x)A(y) 
plus   the  weight  of   the  p  i    ?  o+' 


F  i  gu  re  5-3 

t  ■  ■ 

s(x)A(y.) 

i  g  u  re  5-4 
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rope.     This  weight  w    is  bounded, 

op  (  X|  )  A(  X2  )Ax  ^  w   <_  pp  (  Xj)  A(  x^)  Ax  , 

where  P(x,),   hf^y.^^   and  PCx^),   A(x^)   are  the  minima  and 
the  maxima  of   the  density   and   the   area   functions   in  the 
interval    Cx,x  +  AxD.     Assun.ing  that  the   functions  P 
and  A  are   continuous,    it   follows   that  there   are  x^   and  Xg 
in  Cx,x  +  AxU  sucii  that 

w   =   gp  (  x^  )  A ( Xg  )  . 

We  must  therefore  have 

S(x  +   Ax)A(x  +   Ax)    =   S(x)A(x)    +   <i,o  {  y.^)      x-^)  . 

Dividing  by  Ax  and    letting  Ax  -y  0  gives 

S  ( :<  +  Ax)A(x  +  Ax )    -   S(x)A(x)    ^    .  ,        ap  (  x^  )  A  (  x^  ) 
ll,l0  —  Ax->0   ~        5  6 

o  r 

(,')  llSJiilAiiill  =   aP(x)A(x)  . 

The    initial    condition    is     T(0)A(0)   =  W. 

(a)      If   A   is   constant  the  equation  becomes 
S'    =   gp (x) , 

AS   =  W  +  AgP(t)dt. 
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Thus   the  tension   AS  merely   builds  up  with   the  weight 
of   the   roDe   below  that  Doint. 

(b)  For  constant  P,   how   should  A   vary  so  that  S 
is  constant?   This    is  the   "most  economical"  desian, 
since  S   can  be   kept  Just  below   the   breakinq  point.  We 
get 

SA'   =  gpA, 

which    integrates  to 

W     x/k  1^   -  s 

S  '  gp 

For  steel,    k  =    15  ,000   ft.,   so  a  vertical   cable  three 
miles    long  would   have   to  have   a   cross-sectional    arer  2,^ 
times   as    large   at  the  too   as   at  the  bottoni. 

(c)  Suppose   the    rope  is 
elastic,   so  that   it  stretches 
under  tension.      Assume  that  p 
is   constant  throughout  the 
stretv:hing  and   that  A  has  the 
constant  value   Aq    in   the  un- 
stretched  state.     The  two  states 
of   a   portion   of   the    rope  a^e 
shJwn    In   Figure   5-5.  Hooke's 
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Law  says  that 

h   =  cHSA 

where  c  is  a  constant.  Since  we  are  assuminn  that  the 
density  is  not  chanqed,  the  volume  must  be  the  same  in 
the  two  states;   that  is, 

AqH    =   A(H   +   h)    =   A(H   +  cHSA) 
■^itf  h  i  ch  gives 
(  2  )  Aq   =   A (  I    +   cSA ) . 

To  combine   this   with    (1)    put    it    in   the  form 

cSA   =   1  , 

Then    ( 1 )  gives 

 A '    =   ca  pA , 

a2 

or 

A*    _  cgp 

"a3    "  ^0 

In  equations   involving  physical   quantities   it  is 
often   convenient   to  work   with   " d i me n s i on  I  e s s "  variables, 
defined  as   the   quotient  of   two  variables  of   the  same 
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physical    dimensions.      In   the   present  case    let  us  intro- 
duce  the  variable  y  =  A/Aq.      Replacina  A   in   the  above 
equation   by  A^y,  we  get 

(3)  -y""N'    =  ^  =  cqpAq. 

Separating  variables  and   integrating  aives 

y"^   -   y(0)"^   =  2kx, 


or 


y   r..   (y(0)"^-   +  2kx)"^^^ 


To   get      iO)   we   combine   (2)   with  W  =   A(0)S(0).  This 
gives 

y(0)    =   _  -     ,    ^  . 

So  our  fiPDl   solution  is 

A  =  A^Cb^  +  2kx)"^^^  , 
where   b   =    1    +  cW     and     k   =  cqpA^. 

E  xamp I e  4 ,  Newton's  second  law  of  motion  says  that  the 
rate  of  increase  of  momentum  of  any  bo^^  is  equal  to  th 
fo'ce  acting  on  the  body.  Consider  a  -cket  whose  mass 
and  velocity  at  time   t  are  M(t)    and  V(t),   acted  on   by  a 


1000 


force  F   (such   as  gravity, 
a!r  resistance,  ect.).  At 
time  t  the  momentum  of  the 
rocket   i  s  M(t) V(t) •  At 
time  t  +  At  this  "body"  has 
separated   into  two  parts, 
the   rocket  at  time  t  +  At 
anci  the  portion  of   the  fuel 
th*at  was   burned  and  ejected 
as   gas   In  the   Interval  At. 
The   mass  of   the  exhaust  gas  is 


v(t) 


ITTf 

(a) 


V(t+At) 


Ve-V 


(b) 


F I au  re  5-6 


M(  t)    -   M(  t  +   ^.t)    =  -  AM 

and   its  velocitv    is  -(V^  -   V),   where         is   the  "exhaust 
velocity",   a  constant  depending  on   the   design  of  the 
rocket  and  the  kind  of   fuel.     More  precisely,   the  momen- 
tum of   the  exhaust  qas   is  bounded, 


-(V     -  V(t,))    <  Mom.    <  -(V^  -  V(t^)), 

where  t,   and  ^2  ^       values  of   t   in   the    interval    [t,t  +  Atl 
at  which   V(t)   has   minimum  and  maximum  values.     Since   V  is 
continuous   there   is   a         in   th-s    interval    such   that  the 
momentum  of  the  exhaust  gas   is  -(V^  -  ^ii^))^^^. 
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The    increase  of   momentum   In   the    interval   At  is 

then 

M(t  +   At)V(t  +   At)    -    (V^   -   V(t^))Ar  -  M(t)V(t). 

To  get  the    rate  of   chanae   of  momentum   we   divide   by  At 
and    let  At       0;  thus 

r  M(  t  +  At)V(t  +   At)    -   M(t)V(t)        ...  A(^M) 
L'f%[  At  ^'e  -  ^^^3^^ 


A  (M(t)V(t))    +    (V^    -   V(t))    ^  , 


since   t^       t  as   At       0,     By  Newton's    law  we   then  have 

'    +        V   +   V    M'    -    V^''    =    F , 
e 


or 


(4)    MV    =    ~V    M'    +  F. 
e 


There   are   several    interostina  soecial    cases   of  this 
rocke  t  equ  a  t  i  on , 

(a)      F  =  0,    i.e,    motion    in   free   space.     We  can 
write    (  4 )  as 

^  d-i  e   rit  ' 


1032  ^^(So 


or 


dM  £V 


Assuming  M  -         when   V  =  0  we   net  by  integrating. 


or 


V 

1  og  M  -    1  on  = 

e 


M  ^  V/V 

0  e 
— rr-     =  e 
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Mq/M   Is   the   "mass   ratio",    the    ratio  of   the    initial  to 
the   final    mass   required  to  attain   velocity   V,  For 
example,    if         =    10,000   ft/sec  and   V   =   36,000  ft/sec, 
the  velocity   needed   to  escape   from  earth*s  gravity, 
then   M/Mq   =  37.      In   other  words   about  91%   of   the  initial 
mass   must   consist  of   fuel.      This    large   mass   ratio   is  the 
reason   why    rockets   cost  so  much. 

(b)      If   the   fuel    is  burned   at   a   constant   rate  then 

M  =  Mq   -  ct.      The  equation  becomes 

cV     +  F 
w .  e 


-  ct  • 


For  a  rocket  moving  through    the   air  at  subsonic  speed  the 
resistance  F    is   of   the   form  -   kV^ ,      The   resulting  equation 
cV     -  kV2 


^   ct  • 


Some  conclusions  that  can  be  drawn  in  this  case  are  treated 
I  n  Prob  I  em  4, 
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PROBLEMS 


I.     (a)     Solve  the   rab.b  i  t  equation 

1^  =  aR2  -  ^ 

with    Inital    condition   R(0)   =   Rq ,  by  the  method 
of   separation  of   variables    introduced  in 
Sect  I  on  9-2  . 

Ans.     R  =  Rq  [k  -   (k  -   Me'^^'']     ,     k  =  abRg. 

(b)     Show  that   i-f   Rq       aF  '^^^   rabbits   die  off,  but 
if   R     >  _L  they  become   inf intely   numerous    in  a 

0  3u 

f  i  n  i  te   t  i  me  . 


ERIC 


2.     Using  the   computer,    investigate   the   sugqested  equation 

dT  "  c( I   -  R/R^) 

(  a  )     Using  the  va  I  ues 

R     =  3x|0Q=l00/sqmile; 

M 

c  =      ^   an   average    life  of  5  years; 
a  =   10""*,   adjusted  to  try  to  get  ■<  reasonable 
an  swe  r ; 

Rq     =  I0\. 

draw  a  graph  of   the  growth  for   100  years. 


(b)     Show  that  at   the  equilibrium  situation  the 
average    life  span  of   a   rabbit,   as   niven  by 
b  =  c(  I   -  ^/f^M^'         ridiculously  small.  To 
avoid  this  we   must   replace   a  by   a  function 
that   is   fairly   constant   until    b   gets   down  to, 
say,    1/2,   and  then   decreases   rapidly  as   b  qoes 
to   zero.     Try  constructinn  such   functions  and 
run  experimental    trials  with  various  para- 
meters  to  see  If   you   can   qet  a   realistic  popu- 
lation  growth  . 


A  coi  led  sp  r I nq  ( see 
f 1 gu  re )  behaves  I i  ke 
p^n  elastic  rone  w  i  th 
the   fol  lowing  changes: 

( i  )     The  quan  t  i  ty 
S A   is    rep  I aced  by  the 
tens  I  on   T  ; 

(  ii  )     AP    is  re- 
p  I  aced  by  the    I  i  near 
dens  i  ty   X ,   mass   oe r 
unit    I  ength . 
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Equations   (I)   and   (2)   then  become 


»   X( I   +   CT) . 


(a)     Putting  y  =  X/Xq  show  that  these  give  tho  same 
equation   (3),  with   suitable   definition  of 
and  the  same  value  of  y(0). 


(b)     Suppose   z   is   the  length 
of   an   unstretched  sprlnp 
that  stretches   into  the 
piece   nf    length   x   in  the 

stretched  condition.  Since  mass  is  preserved 
i  n   the  stretch  i  ng. 


X 


XqZ  =      Ir^  X(u)du. 


Using  the  solution   of    (3),  show   that  this  gr 


ve  s 


k  .2 


+  bz. 
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This   is  well    illustrated  with   a  Slinky,  usinp 
w  =  0,     k   Is    large  enough,   due  to  a    large  value  of 
to  spread  the  coil   out  nicely  and  give  the  effect 
pictured   in  the  previous  figure. 

(a)     Separate  variables   In   the  equation 

cV     -  kV^ 


of  Example  3(b)   and  solve  with    initial  conditi 

/kT" 

(b)      Letting   r  be   the  mass  ratio 

^0  ■  ^0 

~   M     ~   Mq  -   ct  ' 

reduce   the  above  equation   to  the  form 

and  sketch  the  graph  of  V  as  a  function  of  r. 


V(0)   =  0  to  get 


(5)     V  = 
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5.      If  we  neglect  air  resistance  a  rocket  ascending 
vertically   is  acted  on  by  a  force   ^  =  -Mg. 

(a)  Set  up  the  equation  of  motion   if  M  =  Mq  -  ct, 
as   in  Examp I e  3(b). 

(b)  Integrate  the  equation,   assuming  V(0)   =  0. 
Ans.     V  =  -V^    log  ('   -  ^)    -  9  +  ' 

(c)  Integrate  s '   =  V  to  get  the  height  s  at  time  t. 

(d)  For  a  given  mass   ratio  r  =  ^  we  have 

t  =  —   =  -(  r  -    I).     Show  that  this  gives 

c  c 

V   =  V      loa   r  -  ^(  r  -    I  )  , 

e       ^'  c 

s  =  !£^(r  -    I   -    loo   r)   -  ^(r  -  1)^. 

With  this  velocity  the  rocket  will  coast  to  an 
additional  height  of  .  Show  that  the  total 
height  atta  i  ne  d  is 

(V      log   r)^  V^M 

S  =       ^     .  log   r  -   r  +    I  ) 

2g  c 

Show  that   r   log   r  -   r  +   I    is  positive   for  r  >    I   and  hence 
that  the  maximum  S   is  thus  obtained  by  making  c  as  large 
as  possible.   What  are  some    limiting  factors  on  the  value  o1 
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A  tank  contains  V   S  gal/min 

ga I  I ons  of  salt  so  I u- 
t i  on .     G  ga I /mi  n  of  a 
so  I ut i  on   conta  i  n  i  ng 
.5    I  b/ga  I    I s  pumped 
in,   and    100  gal/min  of 
the  so  I u t i  on   in  the 

tank   is  pumpe  d  out.     The   solution    in   the  tank  is 
stirred  constantly  and  may  be  considered  to  be  of 
uniform  concentration.     At  the  beginning  of   the  process 
the  tank  contains    10,000   gal   of   fresh  water.     We  want 
to  know  the   concentration  of  the   solution   in  the  tank 
af te  r  t  mi  nutes • 


100  gal  /  mm 


(a) 


Assume  G   is   constant,  G  =    100  gal/min. 
[Hint.     Set  up   a   differential   equation   for  S,  the 


amou 


nt  of   salt   in   the  tank.]     Ans.   C  =  -  e'"''"'^'^^^ 


(b)     Assume  G  fluctuates   as   given  by 


G  =    100  +  50  cos 


100 


[Hint.     First  find  V   as  a   function   of   t.  The 
equation   for  S  will   have  to  be   integrated  numeri- 
cal I  y .  H 


Partial   answer:     V  =  5000(2  +  sin  t/IOO)» 
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(c)      In   (b)    replace     cos  t/lOO     by   the  step  function. 


having  the  same   root  mean  square,   and  solve  the 
problem.     Considering  that  either  of  these  two 
cases  might  be  used  as  an  approximation  to  an 
oscillating   input,  has  one  of   them  any  advantages 
over  the  other? 

(d)     Run   solutions  with   .707   replaced  by  other  con- 
stants and  see   if   there   is  one  that  gives  better 
agreement  with  the  sine  curve. 

7.     Two  gasses  combine   to  form  a  solid, 
X  +  Y  ■>  Z. 

(a)     Give  an  argument   like  that  in  Example  2  to  show 
that 
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where  x  and  y  are  the  concentrations  of  X 
and  Y,   and  a   Is  a  constant.     State  any  assump- 
tions you  make, 

(b)  Give  an  argument  to  show  that  x  -  y   is   a  con- 
^'t'ant  p.     By   Interchanging  the   roles  of   x  and  y, 
If   necessary,  we  can   assume  P       0  • 

(c)  Solve  the   differential  equation. 

Partial    answer:      x  =   ^  if     p  > 

I   -  (yo/Xo)e-^P-^ 

In  Problem  7  suppose  that  2   is  also  a  gas,  which  can 
spontaneously   decompose   into  X  +  Y. 

ia)     Derive   an  equation 

^  =  -axy  +  bz. 
d  t 

(b)  Show  that,  with   x  -  y  =  p,   as  before,  we  also 
have  X  +  z  =  q. 

(c)  Reduce  the   d i f f e ren t i a  I   equation  to 


=  -a  dt,     r  =  b/a. 


x^  +  ( p  +  r )  X  -  rq 

The  quadratic  polynomial    in  x  must  have  one 
positive  and  one  negative   root,     (Why?)      Let  a 
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and  -6  be  the   roots  and  solve   for  x. 


Ans,   X  = 


a  +  6ke 


-Yt 


Yt 


Y=a(a+B),  k= 


I   -  ke     •  ^ 

9.     (a)     The   dynamic  systems   in  Problems   7  and  8  approach 
"steady  states"   as  t       «.     Show  that  the  steady 
state  can  be  obtained  directly  from  the  differ- 
ential  equation  by  settina         =  0 .     This  Is 
characteristic  of   steady  states. 

(b)  Find  the  steady  states  of   the  simple  rabbit 
equation   in  Example  2.      Is  a  steady  state 
necessari  ly     one  approached  as  t      « ?  Discuss 

the  notion  of  "stable"   and  "unstable"   steady  states 

(c)  For  the  second   rabbit  equation. 


=  aR2  - 


R 


c(  I   -  R/Rm^ 


show  that  the  graph 


of  R'   ve  rsus   R  has 


Hence  show  that  for 


the  shape  shown • 


3,  <  Rq  <  +he  popu- 
lation will    app  roach 


the  steady  state 
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R  =  but  for  0  <   Rq  <  S  I    it  will  aoproach 

,  zero.     What  are  the  steady  states,   and  which 

ones   a  re  stable? 

10.  Newton's    law  of   coolinq  says  that  the  transfer  of 
heat  from  a  body   at  temperature   B  to   its  surround- 
ings at    temperature    6^   is  proportional   to  6  -  6^. 
If   we  assume   the  temperature  of   a  body   is  uniform 
throughout  and  that  the  heat  content   is  proportional 
to  the  temperature,   this   gives   the  equation 

if  =  -Me  -  6^)  . 

The  equation  holds   regardless  of   the   sign  of   6  -  G^. 

(a)  A  pie   is   taken   from  an  oven   at  a  temperature 
of   350°F  ?       set  to  cool    in  an   atmosphere  of 
70^*      In   45   minutes    it   is  barely  eatable,  say 
150^.     When  will    it   reach  90°?     Ans.     94.8  min. 

(b)  An    identical   pie  made   at  the  same   time   is   set  i 
the   draft  of   an  oscillating   fan  which   has  the 
effect  of  multiplying  k  by  a  factor  of  2  +  cos  t/2, 
When   does   this  pie   reach   90°?     Ans^.     48.7  min. 


,..,0'        1..3  ^""^ 


A  body  subject  to  Newton's    law  of  cooling  contains 
a  small   amount  of   radioactive  material,  which  adds 
heat  to  the  body  at  a  constant  rate.     Show  that  this 
is  equivalent  to  a  n on- ra d i oact i ve  body   in   a  hiqher 
su  r round  i  ng  tempe  ratu  re . 


Over  a  series  of  days  the  air  temperature  is  approx- 
imately 

e     =  75  +    15   si  n  27Tt. 

s 

A  closed  car  standing   in  the  shade  has   a  cooling 
coefficient  of   k  =  2.     Assuming  that  the   car's  tem- 
perature   is   75°   at  t  =  0,   graph    its  temperature  over 
a  period  of   four  days. 


Consider  a   vertical   column  of    atmosphere  of    I   sq  ft. 
cross-section.     At  height  x  above  the  ciround  let 
p(x)   be  the   density  and  p(x)   the  pressure. 

SQ.  FT. 

(a)     Exp  lain  why 


p ( x)   =   p ( X  +  Ax) 

+   gp (x  I  ) Ax, 

whe  re   x ,    is   in  Cx,x  +  AxU, 


^3 


V 


AX 


•  J  A. 
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(b)  Derive  the  differential  equation 

dp 

(c)  If   the  atmosphere   is  at  constant  temperature 
then  p    is  proportional   to  p.     Solve  for  p  as  a 
f/unction  of  X,   given  that  p(0)   =    I5    Ib/sq   in.  and 

/gp(0)    =    .0  8    Ib/cu  ft. 
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6 •     Systems  of  Equatlons» 


In  more  elaborate  problems  than  those  considered 
In  the   last  section  differential   equations  can  arise 
in   forms  other  than  the  standard  y*   =   f(x,y).  Consider, 
f'or  example,   the  equation 

(1)  y»2    +    y2    =  ^2^ 

Involving  the   independent  variable  x,   a  function 

y  =  y(x),   and   its  derivative  y»   =  y»(x).     Equation  (I) 

Is  equivalent  to  the  combined  statement 

(2)  y»   =   /x2  -  y2         or         y'   =  -/x^  -  y^  . 

Any  curve  that  sat'sfies   (2)   at  each   point  (x,y(x)) 
is  a  solution  of   (I):   note  that   it   is  allowed  to  satisfy 
a  different  part  of    (2)   at  different  points.     A  s  i  rp  i  e  r 
examp I e  to  see   i  s 

<3)         y»^  -   (y  +    I  )y»   +  y  =  0, 

which  gives  by  factoring 

(4)         y»  -   I   =  0        or        y*  -  y  =  0, 
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y  = 


The  curve  (FI  gure  6-  I  ) 

X  +   I       I  f   X  <_  0 

I  f  X  >_  0 

satisfies  (4),  and  hence  (3).  at  all  points.  By  com- 
bining the  solid  and  dotted  curves  In  the  figure/four 
solutions  satisfy- 
ing f  (0)  =  I  can  be 
obta I ned.  Th I s 
does  not  contradict 
the  f undamenta I 
theorem  since  (3) 

is  not   In  the  form 

for  applying  th  i  s 

theorem.     Each  part 

of    (4)    is;   but  each  Finure  6-1 

part  of(4)    taken  as  a  sp.arate  equation,  has  a  unique 

solution  through  each  point. 


Y 

1  / 
1  / 

/  / 
// 

(1 .0) 

/ Y-X+1 

This  example   illustrates  some  of  the  complexities 
thet  can  arise   if  we  consider  differential  equations 
of  the  form  F(x,y,y')   =  0.      In  most  cases,  however, 
the   routine,  but  tedious,  procedure  of  the  following 
examp I e  can  be  used. 
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Examp  I  e  6"- 1  ,  Solve 
(5)       C03  y'  +  y 


y(  I  ) 


Here  we  cannot  solve  for  y'   explicitly,   as   in  (2), 
but  we  can  proceed  by  considering  y'   as  an   imp  licit 
function  of   x  and  y  defined  by  the  given  equation. 
For  X  =    I,     y  =    I     equation   (5)  becomes 


(6) 


cos  y 


?  - 


wh  i  ch  has  so  I ut  i  ons 
(Figure  6-2) 

y'   =  0,  y'  =  I  .  I  I  , 

y 


'    ^  3.70. 


The    last  two  values 
can  be  ref  i  ned  as 
much   as  needed  by 
app lying  Newton  ^  s 
method  to  ( 6 ) .  The 
th  ree  values   for  y ' 
imply  that  th rough  the 
point  (1,1)   the  re 
pass  three  solutions 
of   ( 5 ) •     Let  us  con- 
centrate  on  the  one 
with  y»   =   I  .  I  I  . 


2 

'^c::^^H  -  COS 

rr  3.70 

O 

1.11  X 

F I  g  u  re 
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^(1.1) 


p  J  o  u  re  6-3 


One  step  of  Euler's  method,  with  h  =   .1,  g 


I  ve  s 


and 

I 


X,  =   I .  I  ,  y 


(7)         cos  y'   =    I  .  I   -   .6 17  y'  . 

Now   (7)   also  has  three   solutions  but  we  are  interested 
in  only  one  of  them.     For  since  v;e  have  assumed  that 
yt    is  a  continuous  function  of  x,  the  value  of  y'  at 
X  =  'x,   will   be  close  to  that  at  x  =  Xq ,   and  so  we  want 
the  solution  of   (7)   that   is  close  to   I. II.      In  other 
words,    I. II   should  be   (if  our  value  of  h   is  sufficiently 
small)   a  good  first  approximation   in  ap p  I  y i n g  Newton ' s 
method  to  (7).     Two  applications  of  Newton's  method 
gives  y'    =    1.24  correct  to  2D.     We   can  now  get 

y^  =    ! .  I  I   +   .1(1  .24)   =    I .23 

and  continue  the  process.     Trouble  can  arise  only  when  (5), 
as  an  equation   in   y',   acquires  two  equal  roots. 
At  the  next  step  they  will    (generally)   separate  again, 
and  we  do  not  know  which  one  to  follow.     This   is  precisely 
the  situation  that  causes  the  multiple  solutions   In  the 
previous  example   (see  Problem   I),  and  conditions  out- 
side the  mere  statement  of  the  differential  equations 
are  needed  to  decide  which   path  to  take. 
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Of  considerable  more   importance  than  the  implicit 

=  0,   are  the  systems  of  equat  i  ons 
Here  we  have  more  than  one  unknown   function  and  an 
equal   number  of  equations.     The  standard  form  for  a 
system  of  equations   is  analogous  to  that  for  a  single 
equation,   that   is,   the  derivatives  a  re  expressed  as 
functions  of   the  variables.     For  example,   for  three 
equations   In   the  three  unknown  functions  x(t),  y(t), 
z ( t )  ,  we  have 

x'   =  f(t,x,y,z), 
(8)         y '   =  g(t,x,y ,z) , 
z'   =  h(t,x,y,z). 

For  a  more  general   notation  we  can  use  a  subscript 
notat i  on  ,   thus  : 


^1   =  -f  .(x^YmY 


2  » •  •  •  » 


Y2  =  I 


,  •  •  •  , 


Y 


f 

n 


,.72. 


•  «  •  , 


or,  more  compactly. 


0  • 
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(9)         y'   =  f   (x,y  ,  ,72,. '-yn^       ^  '    1,2,...  ,n. 


k 


For  such  systems  of  equations  the  fundamental 
theorem  and  Euler's   method  carry  over  in   the  simplest 
possible  way.     Thus  we  have 

Theorem   I.      If,    in   an   (n  +    I)  -  d  i  men  s  i  on  a  I    region  R 

in   (x,y,,y2  y^)-space,   each   of   the   functions  f^ 

In   (9)    is  continuous  and   is   Lipschitzian    in  each  of 
the  y^,   then   for  any  point  < Xq 'Y |  ,0 '^2  ,0  ' ' * ' ^n  ,0 ^ 
in   R  there    i s   an  H   >  0  such   that   (9)    has  a  unique 
solution  y^(x),     k  =   n,      i  n    |  x  -  Xg  |    <  H  with 

The   proof   of   this  theorem   is  essentially  no  more 
difficult  than   that  of   the  simpler  theorem   in   Section  3 

Euler's  method   is  equally  easy  to  generalize. 
For  simplicity    let  us   take  equations   18).     The  basic 
recu  rs  i  on   f o  rmu la  is 


ERIC 


x.,=x  +sf(t,x,y,z), 
n+l  n  n'n'^n'n' 

y.i=y  +sg(t,x,y,z), 

(  10) 

z.,=z  +  sh(t,x,y,z), 

n+l          n  n'n''n'n' 

n+l  n  ' 

with   the    initial   values,   '^q'^O'^C'^O  '^^''^S  given. 
One   important  warning:    in  proqramming  we  generally 
omit  the   subscripts   and  use,   for  instance, 

X       X  +  s  f(t,x,y,z) 

instead  of   the   first  equation   of   (10),     This  is 
M    right,   but  then   to  use 

y  ^  y  +  s  g(t,x,y,z) 

for  the   second  equation    Is  wrong.     The   above  assign- 
ment  isequivalent  to 

y.i=y  +sg(t,x.,,y,z), 
'n+l        'n  ^  n'n+l'^n'n' 

which    is  not  the  given  equation.     The  correct  programming  Is 
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xl       X  +  s  X  f(t,x,y,z) 

yl  -H  y  +  s  X  g(t,x,y,z) 

z  4-  z  +  s  h(t,x,y  ,z) 

X       X  I 

y   -H    y  I 

t       t  +  s  . 

The   one  phase  of  Euler's  method  that  does  not 
generalize  easily   is   the  error  analysis.  Although 
the  same  general    conclusions   can  be  obtained  the 
analysis    is  much   more   complicated,    involving  techniques 
quite  unsuitable   for  our  present  text. 

So  far  we  have   considered  only   f  i  rst  order 
differential   equations,   that   is,   those   in  which  only 
first  derivatives  appear.     Higher  order  equations,  or 
systems  of  equat  i  ons,  can   be   reduced  to  systems  of 
first  order  equations  by   introducing  extra  unknown 
functions  to  stand  for  the    lower  order  derivatives. 
Thus 

(II)         y'"  +  3xy"  -  e^y  =  cos  x 
is  equivalent  to  the  system 
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v»   =  -3 XV  +e  y+   cos  x. 


The  system 

x"  =   f  (t,x,y,x»  ,yM  , 

(13) 

y"   =   f (t,x,y ,x» ,y» ) , 

which  arises  in  considering  the  motion  of  a  planet 
through   a   resisting  medium,   can  be   replaced  by 


X*   =  u , 


y  t    =  V 


u*  =f(t,x,y,u,v), 
V*    =  g(t,x,y,u,v). 


Theorem   I    tells   us  what  kinds   of    initial  conditions 
are  appropriate   for  such  equations  or  systems.     For.  (12) 
we  would  want  values  of  y(xQ),   u(Xq),   ^^^q^  initial 
conditions,   corresponding  to  y ( Xq ) ,   y * ( Xq )  ,  y"(xQ)  for 
(II).     Similarly   (13)   would  need  x(0),   y(0),   xMO),  y»(0) 
that   is,   the   initial   position   and  velocity  of   the  planet. 
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For  higher  order  equations,  a  different  type  of 
condition  arises  naturally.     This   I  !5  typified  by  the 
trl vl a  I  equati on 

(14)       y"  =  0. 

The  solutions  of  this  are,  of  course,  the  lines 
y  =  ax  +  b,  where  a  and  b  are  arbitrary  constants. 
The  standard  Initial  conditions 

y(xQ)  =  yQ,       y't'^o'  "  ^0' 

amount  to  specifying  a  point  on  the   line  and  the  slope 
of  the   line.     it  is  well  known  that  a   line  can  also  be 
specified  by  two  points;  that  is,  that  (14)  has  a  unique 
solution  satisfying 

y(XQ)  =  yQ,     y<'<i>  =  yr 

(The  x,,y,  usod  here  should  not  be  confused  with  the 
x,,y,   occurlng  in  Euler's  method.)     Such  considerations 
lead  to  the  important     two-point  boundary  vaj^  BlolLojli 
n  a  me  I  y  : 

Given  a  region  R  In  the  xy-plane  and  a  differential 
equati on 

( 15)        y"  =  f <x,y  ,y' ), 
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under  what  conditions  will   two  pointsin  ^^o'^O^ 
(Xj^yj),   Xq  <   X|,   determine  a  unique  solution  of  (15) 

This   is   a  difficult  and  comp I i  cated  p  rob  I  em  even 
for  relatively  simple  equations.     The   following  example 
shows  the  kind  of  thing  that  can  happen. 

Example  2.     y"=-y,     y(0)=0,     y(X|)=y|.      It  is 

easy  to  check  that 

y=asinx+b  cos  x 

satisfies  the   differential   equation   for  any  a  and  b. 

In  Problem    6    of  Section    7      it  will   be  proved  that  these 

are  the   only  solutions.     To  satisfy  the  condition 

y{0)   =  0  we  must  have 

0  =  a  s  i  nO  +  b  cosO , 

or 

0   =  b. 

Then  to  satisfy  the  condition  y(X|)  =  yj   we  need 
y  I   =  a  sin   x ,  • 
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Case  A:  sin  x,  ¥  0.  Then  a  =  y , /s I n  x,  and  there 
is  a  un 1  que  so  I ut  i  on . 


Case  Bl :  sin  Xj  =  0, 
y     j<  0  .     We   requ  i  re 


I 


=  a  X  0 ,  wh  i  ch  is 


Impossible;  hence,  no 
sol u t  i  on . 

Case  B2:     sin  Xj   =  0, 
Yj   =0,     Here  we  need 
0  =  a  X  0 ,  wh  I  ch  Is 
true  for  any  value  Figure  6-4 

of   a.     Hence  there   Is  an   Infinite  number  of  solutions 


The  situation   Is   Illustrated   In  Figure  6-4.  The 
trouble   In  Case  B     lies   In  the  fact  that  every  solution 
that  goes  through   (0,0)   also  goes  through   (ir,0).  Con- 
ditions under  which  situations    like  this  occur,  and  the 
conclusions  that  can  be  drawn   In  these  cases,  constitute 
an   important  chapter  In  the  theory  of  differential 
equations,  but  one  that  we  cannot  Investigate  here. 
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PROBLEMS 


I,     (a)     Show  that  each  solution  of  equation   (3)  has 
one  of  the  forms  : 

(  i  )     y  =  X  -  a  +   I  , 


(  i  i  )     y  =  e 


(  i  i  i  )  y 


(  i  V  )  y 


x-a 


X  -  a  + 


x-a 


x-a 


X  -  a  + 


i  f  X  <^  a 

i  f  X  >^  a 

i  f  X  <^  a 

i  f  X  >  a  • 


(b)     Show  that  for  any  point  (Xg^yo^'  with  Yg  ^   '  ' 
there   i  s  an  H   >  0  such  that  for   |x  -  Xq  |    <  H 
there  are  two  solutions  of   (5)   through  (XofYo^ 


(c)     Show  that  for     any  point  (  Xq  ,  I  )   and  for  arbl- 
trari  ly  smal  I  H  >  0  there  are  four  solutions 
of   (5)   through   (Xq,I)     for   |x  -  Xq  |    <  H, 
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(d)     Show  that  the  exceptional   points  described 
In   (c)   are   character! zed  by  yielding  double 
roots   for  y'   as  solutions  of  (5), 


Set  up  a  program,  analogous  to  the  one  of  Problem  2 
or  3  of  Section  A,   to  solve  a  system  of  m  first 
order  differential   equations.     Test   it  on  the 
following,  given  the  exact  solutions. 

(a)     y»  =  -yz,      y(0)  =   I , 
z'  =   l/y2,     z(0)  =  0. 
So  I  ve  f  or  0  <^  X  <^  I  . 
Solution:     y  =  cos  x,   z  =  tan  x. 


(b)     x'   =  -X  +  y  +  z  -  t,  x(0)   =   I , 

yi=x-y+z-t,  y(0)=2, 

^x+y-z-t,  z(0)   =  3. 
So  I  ve   f  or  0  <^  X  <_  2  . 
So  I ut i  on : 


y  I  =  e  +  t  +  I  + 
z 


-e 

0 


-2t 


e 


-2t 


Use  the  program  of  Problem  2  to  solve  the  following 

(a)     y"=-y,     y(0)=0,     y'(0)=l,  0<^x<_8. 
So  I uti  on :     y  =  s  i  n  x. 
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<b)     (I  -  x2)y"  -  2xy'   +  20y  =  0. 

y(0)  =  l,  y'(0)=0,  0_<x_^.9. 
Solution:     y  =  -jjC  3  -  30x2  +  35x'*) 


<c) 


< — m 


Gm 


-GE 


( y  -  x) 


(y  -  x)2 


,     x(0)   =  0, 


-1 1 


y(0)   =   D,      x'(0)   =  y'(0)    =0,     G  =  6.7   x    10  \ 


E   =  6.0   X    lO^"*,      m  =   7.4  X    |022,      D  =   3.8  x  |0' 


In  how  many  seconds  wi  I  I   the  moon  hit  the  earth? 


Ans.     4.1  . 


Two  tanks,   of  capa- 
cities V  I   and  V2 
gallons,   a  re  full  of 
salt  so  I ut  i  ons .  At 
t  =  0  the  f  i  rst  tank 


contains  Sq    lbs  of 


salt  in  solution,   the  second  has  pure  water.     It  is 
desired  to  dilute  the  solution   in  the  first  tank  by 
Interchanging  the  contents  of  the  tanks  at  the   rate  of  r 
ga  I  /m  i  n . 
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(a)  Set  up  differential   equations   for  Sj  and 

the  amounts  of  salt   in  the  two  tanks  at  time  t 
minutes.     Assume  perfect  mixing   in  the  tanks 
at  all   t i  mes • 

(b)  For  the  case 

Vj   =    1000,     V2  =  500,     Sq  =  500,      r  =  60, 

what  are  the  concentrations   in  the  two  tanks  at 
the  end  of    10   minutes?     Ans.      .361,  ,178. 

(c)  How    long  will    it  take  to  get  the  two  concentra- 
tions within    \%  of  each  other?     Ans.     About  28  mi 

Modify  Example  2  of  Section  5   to  include  the  presence 
of   dingos,   the  wild  dogs  of  Australia.     Assume  that 
dingos    live  exclusively  on    rabbits   and  make  other 
appropriate  assumptions   to  get  differential  equations 
governing  the  populations  of   rabbits  and  dingos. 
Solve  these   for  various   values  of   the   constants  and 
various   initial   values  to  see   if  you  can  get  a  fairly 
rea  I  i  s t  i  c  mode  I . 
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A  d I ngo  is 
chasing  a  rabbit 
by   runn  i  ng 
d  i  rect  I  y  towa  rds 
i  t  at  any  moment , 
w  i  th   ve  I  oci  ty   V  • 
If   the   d  i  ngo' s 
coordi  nates  are 
( X , Y )   and  the 
rabb  i  t' s   ( A,B)  then 


dx 
dt 


=  V  cos  e. 


^  =  V  sin  e. 
at 


R:(A,B) 


whe  re 


cos  e  = 


A  -  X 


s  I 


n  0   =  ^  I  y   ,     D  =   /(A-x)^  +  (B 


Supposing  the   rabbit  runs   in  the  circle 


A  =    1000  cos  ^  f  +  f     B  =    1000. sin  ^  ft. 


and  the  dingo  has  velocity  30   ft/sec  and   is   at  (0,0) 
when  t  =  0,  whe re  and  when   does  the  dingo  catch  the 
rabbit?     CNote,     Because  of  the  various  errors  in 
Euler's  method  you  cannot  expect  D  ever  to  become 
exactly  zero.H, 


7.     In  a  flu  epidemic,  out  of  N  people    let  x  be  the 

number  who  have  not  been   infected  and  y  the  number 
who  are   infected.     The   remaining  N  -   x  -  y  have  been 
Infected,  have   recovered,   and  are  now   immune  to 
f  u  rthe  r   i  n  f e  ct  i  on  , 

(a)  Justify  the  equations: 

where   a  and  b   are  constants. 

(b)  Assume  y(0)   =  m  >  0,     x(0)   =  M  >  b/a.  Justify 
the   following  conclusions. 

(i)     y   increases   at  first, 
(ii)      X  always   decreases,  eventually 
b ecom i  n g  <  b /a . 
(ili)     y   is  a  maximum  when   x  =  b/a   and  then 
decreases,   approaching  zero  as  t  -> 
(iv)     X  may  approach   a    limit  x^  >  0. 

(c)  Take  N  =    100,   so  that  x  and  y   are  percentages, 
and  M  =    100  -  m,  and   run  solutions   for  various 
values  of   m,a,   and  b.      In  particular,  try  to  see 
how  X     depends  on  these  parameters. 
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We   return  now  to  the   first  order  equation  y'   =  f{x,y). 
Although   numerical    computations,   using  Euler's  or  some 
similar  method,   can   get  an   approximate   solution  to 
essentially  any  such  equation  there  are  various  reasons 
■for  finding  analytic  solutions,    if   possible.  Perhaps 
the  most   important   reason    is  that  the   form  of   the  solution 
may  tell    us   mo  re  about   its  behavior,   particularly  under 
changing   initial    conditions,   than   a  mere  table  of  values. 
Thus   the   knowledge  that  the  solutions  of  y'    =  x/y  are  the 
hyperbolas   y^   -   x^    =   c   is   useful    information   th^ii'-   is  not 
likely  to  be  obtained   from  numerical  solutions. 

The  solving  of   y'    =   f(x,y)    is   a  generalization  of 
the   process  of   finding  an    indefinite    integral,   for  the 
latter  is   simplythe   special    case  y'    =f(x).      Thus  we 
might  expect  to  encounter  all    the   difficulties,  tricks, 
and  special    cases   that  we  re  the  subject  of  Chapter  II, 
along  with   some   new  ones.     This    is    indeed  the  case.  Of 
all    the  various  means   that  have   been   devised   for  solving 
a   differential   equation  we  shall    consider   in  this  chapter 
only  two  or  three,   suitable   for       many  common   and  important 
cases  • 


The method  of   sepa rat i ng  variables  was  introduced 
in  Chapter  9  and  has  been   used  without  comment  earlier 
In  the  present  chapter.     Let  us    look  at   it  a  little 
more  critically. 


Example    I.     y '   =  ^    /'   "         ,     y(0>   =  -5. 

 ^   y  /  I  -  x2 

We  can  separate  variables,   first  writing  y'  ,  to  get 

e  f  the  r 

dx 


(  I  ) 


o  r 


1^ 


/I   -  v2  /l   -  x^ 


dx 


/y2  -    I  /x^   -  I 

In   the  first  form  we  must  have    |  x|    <    I,    |y|    <    I   and   in  the 
second,    |x|    >    I,    |y|    >    I.     Seeing  that  our   initial  point 
satisfies  the   first  pair  of    inequalities  we  must  use  (I). 
This   integrates  to 


(2)  -/l   -  y^   =  arcsin   x  -  c. 

The  value  c   is   determined  by  the   initial   point  to  be 

c  =   /l/2  =   .866...    .     So,   finally,   solving   (2)   for  y  gives 


(3) 


=   /I   "   (  c  -  a  res  i  n   x)  ^ 


the  positive  sign  of  the  square  root  being  chosen  to 
give  y (  0  )   =  • 5 . 


The   graph  of   (3)  is 
given   in   Figure  7-1  for 
the   maximum  domain  of  x» 
However^  this  whole  curve 
Is  not  a  solution  of  the 
differential  equation. 
For  it   is  evident  from 
the  original  equation 
that         >^  0  for  y       0 , 
Hence  the  piece  BC  of  the 


X  -  6in(c-i) 
X  -  sin  c 


F  i  gu  re  7-1 


curve  must  be  excluded,  and  the  domain  of  the  solution  (3) 
is  only  the   i  nte  rva I 

-si  n(  I   -  c)   <  X  <  si  n  c, 

or  about 


134  <   X  <   .76  I  . 

In  this  case   the   restriction  on  the   formal   solution  (3) 
was  easy  to  deduce,   but  this  kind  of   trouble  may  occur 
In  subtle   forms.     One  must  always  be  most  cautious  when 
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deaTi  ng  "with  mu  I  ti  p  le  valued  expressions    like  square 
roots  and  inverse  trig  functions.     The   following  theorem 
telis  us  how  we  can  proceed   in  a  general  case. 


Theo  rem 


I.      Let   f   be   unicon   in   (a,b)   and  g   in  (c,d), 


and  let  g(y)  ^  0  for  all  y  in  (c,d).  Let  Xq  be  in  (a,b) 
and  Vq  in   ( c,d) .  Let 

y 

f(t)dt,       G(y)   =  1^ 

'0 


F(x)   =  f(t)dt,       G(y)   =   fj  g(t)dt. 


Then 

(  a  )     F   is  def  i  ned   in   (  a  ,b  )  . 


(b)  G   is  defined  and  strictly   monotone   in  (c,d). 

(c)  G  has  an    inverse   function  H, 

(d)  y(x)   =  H(F(x))    is   defined   for  all    x  for  which  F(x) 
is    in   the   ranoe  of  G, 

(e)  G(y(x))   =  F(x)    for  all   such  x. 

(f)  y(x)    is  the  solution  of 
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Proof ,  (a)  Since  Xq  and  x  are  both  in  (a,b),  the 
interval  Cxq,xI]  is  contained  in  (a,b).  Hence  f  is 
unicon   on   Cxq,x1  and   F(x)  exists. 

(b)  S i mi  I  a r I y ,  G(  y  )   exists.     By   the  Fundamental 
Theorem  of   Calculus,   G'(y)    =   g(y)    4  0   and  so  G'(y), 
being  continuous,    is  either  always   positive   or  always 
negative.     Hence   G   is   strictly   monotone,   by   Section  6-6. 

(c)  Every   strictly   monotone    function   has  an 
inverse.   Section  7-3. 

(d)  The    range   of   C   is   the   domain   of  H   (Section  7-3). 

(e)  Basic  property   of   the    inverse  function: 
G(H(u))    =   u   for  all   u    in   the   domain   of  H.  Hence 

G  (  y  (  X  )  )    =   G  (  H  (  F  (  X  )  )  )    =   F  (  x  )  • 

(f)  Applying  the   chain-rule   to  y(x),   as  de- 
fined  in    ( d ) ,  gives 


(4) 


y  '  (  x)    =   H'  (  F( x)  )  F'  (  x)  . 


By   Sect  i  on   7-3 , 


H'  (u)  = 


GMH(u  )  ) 


1038 


Hence 

(5)  H'(F(x))    =   Gt(H<F(x)n    =   GUylx))  ' 

Since   F'(x)   =   f(x)   and  G'(y)   =   g(y),    (4)   and   (5)    give  us 

r^^'    =  g(ylx)) 

f  (  X  ) 

i.e.,  y(x)    is  a  solution  of         =  .     Since,  by 

definition,   GCyg)   =  0,  we  have  H(0)   =  y^.     Since,  also, 
F(Xq)   =  0,  we  have,  finally 

y(xQ)  =  H(F(Xq) )   =  H(0)   =  yQ. 

The  only    reason   for  requiring  g(y)   /  0  was   to   insure  (b) 
As    Long  as   G  is   s t ri ct I y  monotone  the   remaining  conclusions 
follow.     For  instance,   g(y)   =  y^  on   (-1,1)    is  acceptable 
s  i  nee 

is  strictly   increasing  on  (-1,1). 


To  see   how   this   theorem  applies    look  at  Example  I 
again.     We  have 
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y  =  0   is  excluded  sinte   g(y)   must  not  be  Ci , 


F(  X) 


Jo 


/I  - 


-  a  res  in  x , 


G(y ) 


=  /3/2. 


The   inverse   function  H   is  thus 


(6) 


H(z)   =   /I   -   (c  -  z)2 


the  positive  value  being  used  since  !Uz)   must   lie  in 
the   domain   of   G,     The   range  of   G   I  s   c  -    I       G  <   c ,  so 
this  must  be  the   domain  of  H,     This   is   a  restriction 
on   (6),  which   otherwise  could  have  the  range 
c-l<z<c+!.   This   restriction   \     what  rules  out 
the   arc  BC   in   Figure   7-1,     We  now  get 

y(x)   =  H(F(x))   =   /I   -   (c  -  arcsin  x)^ 

as  before,   but  with   the  restriction 
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or 


sin(c-   I)   <  x<c, 
giving  the  arc  AD  as  the  solution. 

The   conditions   of   Theorem   I    are  suf  f  i  ci  ent  to  insure 
a  solution  but  they   may  not  be  necessary.     That   is,  there 
may  be  solutions  that   do  not  satisfy  these  conditions. 
The  equation   in  Example    I,   for   instance,  has  the  obvious 
solutions  y  =    I     and     y   =  -I.     The   former  can  be  combined 
with    (3)    to  give  the  solution 

/I   -   (c  -  arcsin   x)*^    if     sin(l   -  c)    <  x  <  sin  c. 


Y  = 


if     s  i  n  c  <  X  < 


to  give  a  solution    in  the   interval   sin(l   -  c)    <   x  <  I. 
Since  the  two  parts   fit  together  with   the  same  slope,  0, 
the   differential   equation   is  satisfied  a.t  this  point. 

One  must  always   be  on   the    lookout  for  these  extra 
solutions.     They   usually    Me  along  the  boundaries  of  the 
regions   in  which   the  other  solutions  are  defined. 
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Some  of   the  advantages  of  the  analytic  solution  (3) 
over  a   numerical   solution  can  be  appreciated  by  investi- 
gating the  dependence  of   the  solution  on  the  initial 
point,   or,  equ i va I  en 1 1 y ,   on  the  value  of   the  constant  c. 
In  F  i  gu  re   7-2  , 
curves  of   the  type 
AB  a  re  vari  at  i  ons 
of   the  one  obtained 
above   for  c  =  /3/2. 
The  two  extreme 
cases  of   this  type 
go  through  the 


c    c  1 


Figure  7-2 


points   (-1,0)    and   (1,1)   and   correspond  to  c  =    I   -   ir/2  and 
c  =   tt/2   respectively.     For   larger  values  of   c,   up  to 
c  =    I   +  it/2  we  get  curves  of   type  CD;   and  for 
-it/2  <  c  <    I   -  tt/2  curves  of  type  EF.     This   kind  of  infor- 
mation  can  of   course  be  obtained  numerically  by  computing 
a    large  number  of   solutions   for  different   initial  values. 
This    is   apt  to  be  time  consuming  and  the  re  fore  expensive, 
especially   if   the  critical   curves  through   the  corners 
are  to  be   determined  with   some  accuracy. 
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The  technique     In  Theorem   I   of   using  the   integrals  F 
and  G  with   Xq  and         as    lower   limits  can  be  applied  in 
gene ra  I  v 


Exa mp I e   2 .     y  ^  = 


/y2  ^  I 
( x2  -  I) 

We  obv  i  ous I y  must  have 
X       ±  I  ,    I  y  I    >_  I  .  Hence 
any  solution    lies  in 
one  of   the  six  un- 
shaded   regions  outlined 
by  heavy    lines  in 
Figure   7-3.  Consider- 
1 ng  the  pos  i  t  i  on  of 
the   initial    point  (0,2) 
we   see  that  our  solu- 
tion must  satisfy 


y(0)    =  2. 


T 


(0.2) 


7 


Fi  gu  re'  7-3 


-  I     <    X  < 


7  2.'- 


We  get 


F(x) 


=  /o 


dt 


I  oa 


t  -  I 


t  +  I 


I  ,        I   -  X 
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the  argument 
pos  J 1 1 ve  for 
S 1  ml  lar ly , 


of  the  log 
the  values 


function  being  chosen  to  be 

of   X  in  which  we  are  interested. 


G(y) 


dt 


/t2    .  I 


2 


-  iog|t  +  /t2  -  || 


log(y  +   /y 2  -   I  )   -  i-  Iog(2  +  v?) 


I  y   +    /y2   _  I 

=  J  log  ^  

2  +  /3 


We  wish  to  so  I ve 


7  log 


y  +   /y2  -    I     _  I 


2  +  /3 


I    -  X 

=  2  '°9  n-T 


This   is  obviously  equivalent  to 


( 7)   y  +  /y2   -  I 


-  X 


I     +    X  ' 


2  +   /T  . 


The  range  of  y  +  /y ^  -  I  is  I  to  "  for  y  ^  I,  hence  x 
must  be   restricted,    if  necessary,   so  that 


I    -   X  ^ 
<  a  1 — T —  <  " 
—        I    +  X 


I". 
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The  right-hand  Inequality  Is  automatic  for  x  >-!; 
for  X  +    I    >  0  the    left-hand   Inequality  becomes 

I   +  X  <^  a  -  ax, 

(  I   +  a )  X  <^  a  -  I 

a  -    I  I   +  /T 

^la+l     "  3+/T 

Hence  x  Is   restricted  to  -  I   <  x  <^  I//3. 


To  solve   (7)   for  y  note  that 


y      +      /y2      _  I 


Thus 


y  -  -  ^ 


Adding  this  to  (7),  and  doing  a  little  algebra  gives  us 
as  the  solution 


I   <  X  <  —  . 
/3 


(8) 


y  =  2 


,2  -   /5x  + 


-  X' 
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Figure  7-4  shows  what  happens  at  x  «  —  .     The  curve 

(8)   has  a  minimum  point  and   is   increasing  for  l/ZJ  <  x  <  I, 

but  the  given  differential  equation  obviously  implies 
<  0,     The  dotted  curve  In 


the  figure   is  a  solution  of 
/y^  -  I 


\ 


(x^  -  I) 


obtained  by  taking  the  other 
determination  of  the  square 
root.     So  he  re  again   it  Is 
the  multiple  valued  quantity 
that  cause  the  trouble. 


(0.2) 


1 


F  i  qu  re  7-4 

The  solution  can  never- 
theless be  continued  beyond  x  =    I//T  since,  as  we  have  seen, 
y  ■    I    is   a  solution.     Our  solution   is  thus 

^  x2  -   /T  X  +  I 


-  v2 


I 


f       -  I     <    X    <     I  /»^  , 


f      I  //3   <   X  <    I  . 


In  Examples    I   and  2  we  were  able  to  solve  explicitly 
for  y(x)    in  terms  of  elementary  functions.     This   is  not 
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to 


to  be  expected  in  qeneral.  The  following  examole 
exhibits   two  kinds  of  complications. 


2 


Example  5.  =  (y**  +  y^)e^     ,       y(0)   =  I. 

Here  we  must  avoid  y  =  0  but  otherwise  there  are  no 
restrictions.     We  get 


Xhe  left-hand  side  integrates  by  partial  fractions,  and 
we  ge t 


Here  are  our  two  troubles:     First,   the   right-hand  side 
cannot  be   integrated   in  elementary  terms.     We  can  express 
it  as  a  power  series,   or  we   can   use   Simpson's   rule  to 
approximate   it   for  a   given  x.     Having   done  so,  we  then 
have   the  problem  of   solving   (9)    for  y.     This   is  another 
numerical   process,  using  bisection  or  Newton's  method. 
All    in  all,   Euler^s   method,   or  some   more   accurate  step- 
by-ste,p  method,  would  seem  to  be  preferable. 


(9) 


arctan  y  + 
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PROBLEMS 


Solve  the  following  equations.   Note  that  your  answer 

Is  not  necessarily  wrong   if    it   is  not   in  the  form  given. 


(a)  y*    =  x^y,     Ans,     y  =  ce 

(b)  y*   =  ay/x.     Ans.     y   =  cx 


x3/3 
a 


(c)     y*    =  ay^^/x*^,     m  ^    I,     n  ^  I, 
A  ns.     y  =     a  j-^r-pT  ^  ^  J 


l/(  l-m) 


( d)  y'    =  cos   X  cos  y,     Ans,   y  =  arctan  sinh(sin  x  +  c) 

(e)  y'    =  e^"^^.     Ans,     y  =  -log(c  -  e^)  • 

v^  +  I 

(f)  y'    =  ^ —   •     Ans,     y   =   tan    log  cx, 

v^  +  I 

(g)  y*    =    .     Ans,     y  = 


2  _L    I  I  -  cx 
x"^  +  I 

/UN       I       y^-l  .  c+x 

(h)     y»    =                  .  Ans.     y  =    ,  ^  • 


The  given  solution  of  Problem   1(d)   applies  only  to 

-7t/2   <  y   <  tr/2.      Find  the  solution  with    initial  condition 

(a)  y(0)   =  27T. 

(b)  y(0)   =  37T/2. 


3.     Consider  the  special   case  of  Problem  1(c), 


(a)  For  n  >  0  what  solution  has   this  equation  that 
is  not  cove  red  by  the  given  answer? 

(b)  For  n  =    1/2   find  the  special   case  of  the  given 
answer  that  satisfies  y(l)   =  I. 

(c)  Combine   (a)   and   (b)   to  get  the  most  complete 
solution  with   the   given   initial  condition. 
What   is  the  domain  of  this  solution? 

(d)  Do  (b)   and   (c)    for  the  case  n  =  2/3,  Warning: 
The  re  a  re  complications, 

4.     (a)     What  is  the  solution   of  Problem   1(h)   not  covered 
by  the  given  answer? 

(b)  There  are  two  points  that'  behave  peculiarly  with 
respect  to  the  solutions  of  this  equation.  What 
are  they  and  what   Is  the  peculiar  behavior? 
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5.     Sometimes  equations   in  which   the  variables  cannot 
be  separated  can  be   reduced  to  separable   form  by 
an  app  rop  riate  substitution.     The  substitution 
y  =  ux,    re placing  y  by  u,    is  often  helpful.  One 
common   case   in  which   it  works   is  when 

f  (x,ux)   =   f (  I  ,u)  , 

f   is  then  said  to  be  "homogeneous  of  degree  zero 
In  X  and  y". 

(a)  Show  that   if   f    is  homogeneous  of  degree  zero 
and  y  =  ux  then 

 du   _  dx 

f ( I ,u)   -  u  "  X  • 

(b)  Solve  the   following  equations,   at   least  to  the 
point  of  expressing  y  as  an   implicit  function 
of  X. 

(  I  )      yf    =  Z  +  exp    (J)  , 

Ans.     y  =  -X   log   (-log  cx)  . 
.  .  .  >       ,       y  +  X 

Ans.     y  =   X  ±   /2x2  +  c  t 
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(Iff)     y»   =        "^gY   ,   (see  Section  2,  Problem  l( 
(  i  V)      y  '    =  — i—   . 

Ans.     y         YI  ^  =  ^  ®><P  ^  2  

(c)     What  Is  the  meaning  of  "homogeneous  of  degree 
zero"   in  terms  of    line  elements? 

To  solve  y"  =  -y   (see  Example  2  of  Section  6)  we  use 
the  form  of  y"  given   In  Problem   I   of  Section  7-6: 

^         6x         dy     dx       dy  ' 

(a)  Solve 

If  V  =-y 

to  get     y'   =  Cq /c , ^  -  y2 ,     Cq  =  ±    I  . 

(b)  Solve 

to  get 

y  =  c .   sin   ( CqX  +       ) • 
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(c)     Show  that   in  all   cases  this   is  of  the  form 


y=aslnx+b   cos  x, 

7.     A  flexible   rope  of  uni- 
form  linear  density  P 
Is  hanging   loosely  as 
In  the   f I gu  re .  The 
weight  of  the  portion 
between   COfYo^  ^x^Y^ 
must  be  balanced  by  the 
upward  component  S  of 
the  tension  T  at  (x,y), 
so 

S  ^    /q     gp/l  +  y»  (t)^  dt. 

Since  the  tension  T   is  tangent  to  the  curve  we  have 

^  =  y'(x). 
0 

Hence 

rx   

ay'(x)   =    Jq     ^\       y'(t)2  dt,     ^  =  • 
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(a)     How  do  we  get  from  this  equation  to 


ay"(x)   =   /I   +  y'  (x)^  ? 

(b)  Using  y"  =  y'  ,   solve  this  equation  for 
y»    in  terms  of  y.     Show  that  the  simplest 
form  \s  obtained  by   choosing  y(0)   =  a, 
Ans.       y'   =  T  ^Y^  -  3^  • 

a 

(c)  Solve  the  equation   for  y.     CHint.     The  easiest 
method   is  that  of  Problem  8,  Section  11-3. 

Otherwise   see  Example  2,D 

.X       a  /„x/a    ,      -x/a  \  j.. 
Ans .     y  =   a   cosh  ~=^/e         +e  I.  ihis 

curve   is  known  as  a  catena  ry . 
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8.      Linear  Equations. 


A  differential   equation  of   the  form 


(  I  ) 


=  p(x)y  +  q(x) 


Is   said  to  be    linear.      Linear  equations,   and  their 
generalizations   to  higher  order  equations   and  systems 
of  equations,   have  properties   that  make   them  especial ly 
useful    in  examining  the  behavior  of   certain   kinds  of 
physical    systems.     We   shall    return  to  this   aspect  later. 
For  the  present  we   study  the   solutions  of   ( I). 

Theorem   I .      Let  p   and  q  be  unicon   in   (a,b),    let  Xq  be 
any  point   in    (a,b),   and    let  yQ  be  arbitrary.     Then  (I) 
has   a  unique   solution    in   (a,b)    satisfying  y ( Xq )   =  Yq* 

Proof.      Let   r  be   a   function,   to  be   determined,  positive 
and  unicon  on   (a,b).     Since   r(x)    is   never  zero,    (I)  is 
equivalent  to 

(2)  ry*   -   rpy  =   rq . 

We  wish   to  choose    r  so  that  the    left-hand  side  of  (2) 
is   the   derivative  of    ry.  Since 
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S  i  nee   r( x)    is  neve  r 
vari  ab les ,   gett i  ng 


+  c, 

or 

-s(  x) 

r  =  e 

whe  re 

s(x)   =     f     p(t)dt  +  c. 

Since  we  are  only  after  some  function  r,  c  can  be  taken 
to  be  any  value  we  wish.  We  choose  it  to  be  0  so  as  to 
make  s^Xq^   ~  ^* 

Equation   (2)   now  becomes 

from  which  we  get 
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(ry)'   =   ry'   +  r'y, 

th  I  s  will   be  the  case   i  f 

(3)  =  -pr. 

Thus  we  have  to  solve  (3)  for 
zero  on   (a^b)  we  can  separate 

dr  . 
—  =  -p  dx. 

r 


This  gives 


I  og  r  =  -   /*     p(  t)  dt 
^  ^0 


s  (  x) 

y  =  e 


[4'  ^-^'^^'t.dt .  c] 

Putting  X  =  Xq  gives  c  =  Yq. 


X      ^  ^  J 
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This   proof   not  only  establishes   the  theorem  but 
g-ives  a  formula  for  the  solution,  namely 

X 

^0 
(4) 

u(x)   =  e^^^^    ,       s(x)   =     /  D(t)dt. 

J  Xq 

However^    it   is   advisable   to  use  the   above  derivation 
rather  than  trust  one^s  memory  of   the  formula. 

If   an    initial   point   is  not  given  we  can   take   Xq  to 
be  any  convenient  point   in   (a,b)   and   regard  yQ  as  the 
arbitrary  constant  of  integration. 


Examp  I e    I .     y  *   =  y  +  e^^. 

2  X 

p{x)   =    I   and  q(x)   =  e       a  re  unicon   for  all    x  so  we  need 
not  worry  about  bounds   for  x.     Since  Xq   Is  not  given 
take   it  to  be   zero.  Then 


Jo 


'  X 

sCx)   =  I    dt  =  X. 


r(  X  )   =  e  . 
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Equation   (2)  Is 


-X  .  -X  -X  2x 
e     y'-e       =e  e 


or  (always  check  this  step) 


-X 


(ye     )     =  e 


Integrating  gives 


-X  .X 

ye       =  c  +  e 


or,  finally, 


X  ^  ^2x 
y  =  ce     +  e 


Example2.     y»  = 


y  +  I 


Here  p(x)  = 


.2  - 


is   unicon  on   any   interval   that  does 


not  contain    I   or  -I.     Let  us  take  the   interval  (-1,1) 


and  choose  Xq  =  0.  Then 


=  ^log  (I  -  x2) 


r  =  e 


=   (I   -  x2) 


-1/2 


(I   -  x2)"'''^y  =  a  res  in   x  +  c 


=   /I  -  x2  arcs  i  n   X  +  c  /I   -  x2  . 
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If  we  take  the   interval    (  I  ,~)  ,  with   Xq  =  2,  we  get 


s  =  tr  log    , 


x2    -  I 


y  =     c  /x^  -    I   +  1  /x^  -    I    logCx  +   /x^  -    I ) 


Examp  le  5 ,     y^   =  xy-x^,  y(0)=2. 

Here  p(x)  and  q(x)  are  unicon  over  any  interval.  Using  (4) 
for  brevity,  we  have 


Jo 


t  dt  =  x2/2, 


x2/2 
u   =  e  , 


y  =  2e 


x2/2 


e  d  t  • 


The  substitution  z   =  -t^/2   reduces  the   integral  to 


-x2/2 


ze^dz  =  2 ( z  -  l)e^ 


-x2/2 


=  --(x2  +  2)e"''^^^  + 
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Hence 


=  2e 


+         +  2  - 


2e 


x2/2 


Y 


or 


Y  =  x^  +  2. 

One  can    run   into  the  same  kind  of   trouble  that  was 
Illustrated   in  Example  3  of   Section  7. 

Examp I e  4  >     y*=y+i^,  Y^'^^'* 
We  get 

s   =  X  -    I  ,     u   =  e  , 


The  last  integral  is  not  expressible  in  elementarY  form, 
so   recourse  must  be  had  to  numerical  integration. 

The  situation    is  more  annoYing   if  p(x)   cannot  be 
Integrated   in  elementarY   form.     Then  two  numerical 
integrations  are  needed. 


Y 
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We  turn  now  to  the  properties  of    linear  equations 
of   use   In  applications.     Many  a  present-day   device  Is 
what   Is  called  a  "black  box";   that   is,   a  mechanism  - 
using  this  term   in  the    loosest  fashion  to  Include 
electrical,   hydra ulic,   acoustic,   etc.    devices  -  that 
has  an   input  q  and  an  output  y  that  are   functions  of 
time.     Thus   for  a  TV  set  the   input   is   radio  waves  and 
the  output   is    light  and  sound  waves.     For  an  automobile 
(In  the  simplest  case)    the   input   is   displacement  of 
the  gas  pedal   and  the  output   is  angular  velocity  of 
the  wheels.      In  these  and  other  similar  cases  the 
relation   between   the   input  and  output   is  much  more 
complicated  than  can  be   represented  by  a  sinale 
differential   equation   but  many  of  the   basic  principles 
remain   the  same.     For  a  TV   set,   for  example,    it  is 
absolutely  essential   that   the   performance  be    linear  to 
a  very  high   degree  of  accuracy. 

We  consider,   then,  the 
situation   Illustrated  in 
Figure   8-1,  where  q   and  y 
a  re  functions  of  time  t 
and  are   related  by  the 


B  I  ack  box 


q(  t) 


y(  t) 


Figure  8-1 


equ at  i  on 


(5) 


f ( t)y'   +  g(t)y  =  q(t)  ,     +  1  +o  • 


Here  f(t)   and  g(t)   are  two  functions  of   t  determined  by  th 

Internal   structure  of  the  black  box.     tg   is  some  start- 
ing time,   usually  chosen  to  be  0,     Our  problem  is  to 
investigate   the   form  of  the   function  y(t)   and  in 
particular  to  see   how    it   depends   on   the    input  and  on 
the   Initial   value  yQ, 

Consider  first  the  case  with   zero  Input.     A  solution 

of 


Is   called  a   null    f  un  ct  i  on   of   the  equation.     Equations  (4) 
show  that,   omitting  the   ident'cally   zero  null  function, 
all    null    functions   are  multiples  of  one  another,  being 
simply  multiples  of 


Note  that  the  null  functions  depend  only  on  f  and  g,  that 
Is,   only  on   the  structure  of   the  black  box. 


f(t)y'  +  g(t)y  =  0 


u(  t ) 
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It  now  follows  that  any  solution  of   (5)   can  be 
expressed  as  any  other  solution   plus  a  null  function. 
For   if  yj    and     2  ^"^^  "^^^  solutions,  I.e. 

f(t)y'|   +  g(t)y,   =  q(t), 

f(t)y^  +  g(t)y2  =  q(t), 
then  ,   subt  ract  i  ng 

f(t)(y,  -  ^^2)'  +  g(t)(y,  -  y2)  =  0. 
That   is,  y  I   -  y2  =  z   i  s  a  null    function,   and      \   ~  ^  2  ^  ^* 

Hence    if  we  have  one   null    function   of   the  black  box 
and   if  we   have  one  output   for  a  given    input  then  we  can 
get  all    possible  outputs   by  simply   adding  multiples  of 
the  null    function.      In  Example  3,    for   instance,    if  one 
were    lucky  or  clever  enough  to  notice   the   simple  solution 


y  =  x^  +  2  he  could  get  any  solution  by  adding  a  multiple 
of   the  null    function   y  =  e  .     Which   multiple   Is   to  be 

added   is   determined,   of   course,   by   the   initial   value  yCtp) 


So  far  we   have  only  considered  a  single   input.  When 
we  come  to  consfder  the  outputs   corresponding  to  several 
different   inputs   the   basic  property   is  the  following, 
known  as  the  Pr  incjple  of  Superpos  i  t  i  on  : 
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Let  y.  (t)   be  an  output  corresponding  to  the  input 
q,^(t),  k  =    l,2,...,m,   and    let  C|,C2,-..,c^  be  any  constants. 
Then 


m 


y(t)  =   E   c  y,(t) 
is  an  output  corresponding  to  the  input 


m 


q(t)   =    ^    c  qj(t). 


It   is    left  to  the   reader  (Problem   I)   to  express 
this   in  terms  of  equations  and  to  prove   it  by  simple 
substitution  of   the  output   into  the  equation. 

This  principle  finds   its  most  common  applications 
in  the  Stat i  c  case,   the   case   in  which  the  structure 
functions  of   the  black  box,   f(t)   and  g(t),   are  constant. 
The   differential   equation   is  then 

ay'  +  by  =  q(t) 

and  y  =  e*^^,  k  =  -b/a,    is  a  null   function.     Our  first 
observation   is  the  following: 
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The  output  with   zero  Input  grows  without  bound  If 
k  >  0,    is   constant   if   k  =  0,   and   tends   to  zero  if 
k  <   0,     Since    it   is  essentially   impossible   to  adjust 
a  mechanism  so  that  k   is  exactly   zero  the  middle  category 
is  of    little    importance.      In   the  case   k   <  0   the  behavior 
of   the  black  box   is  said   to  be   dampe  d ;   we  set  h   =  -k  and 
call    h   the   dampinq  coefficient.      If   k   >   0   the  behavior 
IS  negat  i  ve I y   damped.     This   case   can   occur  on . y  when 
there    is  a  source  of  energy  within   the  box. 

When  we  come   to  the   problem  of   finding  a  solution  for 
a  given    input   the  principle  of   superposition   ploys   a  vital 
ro  I  e  .      If,   for  examo I e , 

q(t)    =  6t2   -5+3   sin   4t  -  2e"^^ 

we  need  only   find  solutions  for 

9       .         .       v,^  "6t 
q=t^,    I,sin4t,  e 

and  then   combine   these  solutions  with   the  corresponding 
constant  multipliers.     The  above  terms   are  typical  of 
those   that  appear   in   practical    problems.      For  one  thing, 
we  can   approximate  many   functions  by  partial    sums   of  a 
power  series,   that   is,  by  sums  of   powers  of   t.      It   is  also 
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possible  to  approximate  many  functions  by  sums  of  mu I t i 
pies  of   sin  nt  and  cos   nt   for  different  values  of  n. 


Thus  even   if   the   input   is  quite  complicated  we  may  be 

able  to  find  an  output,   approximately,   by  app rox i mat i n a 

n  . 

the    input  by  terms   of   the   form  x   ,   sin   nx,   cos   nx.  e 
terms  are  not  so  common  but  they  are   just  as  easily 
handled,  so  we    Include  them  in  the   following  discussion* 

The   method  we  use   is   the  "guessing"  method,  or 
"method  of  undetermined  constants"   of   Section  II-6, 

Case    I.     q(t)    is   a   polynomial   of   degree  n.     We  observe 
that  the  solution 


will  also  be  a  polynomial  of  degree  n.  (Problem  2). 
Letting  this   polynomial  be 


(6) 


y  = 


aQ  +  a  1 1       a2t^  + 


•  *  • 


we  subst i  tu te  in 


ay'   +  by  -  q(t). 


equate  coefficients  of   corresponding  powers  of  t. 


and 


solve  successively   for  a 


n'  ^n-r 


a 


0' 
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Examp le  5 1          +  3y  =  -  |, 

Put  y  »  a  +  bx  +  cx^.  Then 

b  +  2cx  +  3a  +  3bx  +  3cx2  =         -    |  . 

Equating  coefficients  gives 

3c  =    I  ,  c  =  1/3, 

2c  +  3b  =  0,  b  =  -2/9, 

b  +  3a  =  -I ,  a  =  -7/27. 

So 

y  =  ^  6t  +  9t2)  . 

Case  2.     An   input  of  the  type  A  sin  nt  +  B  cos  nt,  has 
an  output  a  sin  nt       b  sin  nt.      (Problem  2). 

Examp  le  6 .     To  solve  y^   +  3y  -  cos  2t  one  sets 
y  =  a  sin  2t  +  b  cos  2t,  to  get 

2a  cos  2t  -  2b  sin  2t  +  3a  sin  2t  +  3b   cos  2t  =  cos  2t, 

Equa 1 1 n o  coe fflclents  of  sin  and  cos  gives 

3a  -  2b  =  0, 
2e  +  3b  =  I, 
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f  rom  wh 1 ch 


Hence  y  =  -{-y(2  sin  2t  +  3  cos  2t)  . 


Case  3.     (Proof    left  to  reader:     Problem  2) 


ay'   +  by  =  e^^  has  a  solution 


y  = 


e^''"/(ah  +  b)      if     h  5^  k , 


Ite*^"*"  if     h  =  k. 

a 


Example  7.  Solve 

y' 


+  3y  =  x2  -   I   +  5  cos  2t  -  2e''"  +  3e~^''",     y(0)   =  I 


Using  the  results  of  Example  5  and  6,  and  Case  3,  we  get 
as  a  solution  of  the  equation 

y|(t)   =  jy(-7  -  6t  +  9t2)   +  1^(2  sin  2t  +  3   cos  2t) 

-  ^     +  3te 

The  general   solution  is 

-3t 

y  =  y     +  ce 
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Putting  In  the   initial   condition  gives 

7     ^   15       I    ,    ^        ^  _  425 

So ,  our  answe  r  is 

+  ?^(2   sin  2t  +  3  cos   2t) . 
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PROBLEMS 


Prove  the  Principle  of  Superposition. 

(a)  Prove  that  the  expression   (6)    is  a  polynomial 
of   degree  n   if  q(t)    is   a  polynomial   of   degree  n 
[[Hint.     Prove    It  for  a  single  term  and  then 
comb  i  ne  te  rms . 3 

(b)  Prove  that   (6)    is  of  the   form    a  sin  nt  +  8  cos 
if  q(t)   =  A  sin  nt  +  B  cos  nt. 

(c)  Prove  that   if   q(t)   =  e^**"  then   (6)  is 
e^''"/(ah  +  b)      if     h  ^  k 


1  t  e^"*"  if     h  =  k  . 

a 


Solve  each  of  the  following: 

(a)  y'   =  ^  +  X.         Ans.     x^  +  Cx. 

( b )  y '    =  xy  +  X.       Ans .     Ce  -    I . 

(c)  y'   =  y  tan  X  +  sin  x.       Ans.     C  sec  x  "       cos  x 

(d)  y'   =  -y  sec  x  +  cos  x. 

Ans.     (sec  x  -  tan  x)(C  +  x  -  cos  x). 
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(e)  y'  =  ^  Y   ^  -   I.     Ans.   (C  -   log(x  +   l))(x  +  I). 

(f )  y«  =  — -    I.     Ans.  (Ce^+x+2)/(x+l). 
'         X  +  I 

(g)  y'  =  y   log  X  +  x^.     Ans.   x^( I  +  Ce"^) . 


The  equation 

,       2y  ^  x^ 

has  one  solution  that   remains  bounded  as  x  »• 
Find   it,   and  show  that   lim  y(x)   =  • 

Solve  each  of  the  following, 

(a)  yf   -  2y  =  e^^  +  3.       Ans.   y  =  Ce^^  +  e^^  -  3/2. 

(b)  y»   -  3y  =  -3  sin  3x.     Ans.  y  =  Ce^^  +  ^( s i n  3x  + 

(c)  y»   =  x^  -  y.     Ans.     y  =  Ce"^  +  x^  -  2x  +  2. 

(d)  y^    =  y  +  2x  +  3  +  4e^  +  5   sin   x  +  6   cos  x. 

(e)  y*   +  y  =  cos   X  +  sin   x.     Can  you  see   a  solution? 


Get  the  solutions  of  the  equations   in  Problem  4  that 

satisfy  the  given  initial  conditions. 

(a)     y(0)   =  0.  (b)     y(0)   =  2. 

(c)     y( I )  =  2.  (d)     y(0)  =   I . 
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Two  tanks  of 
vo I umes  V |  and 

are  connected 
as  shown,  and 
salt  so  I ut  ion 

flows  through   them  at   r  gal/min.      Let  S|   and  S2  be  the 
amount  of  salt   in  the  two  tanks.     The   flow   into  the 
first  tank   is  fresh  water,  and   initially  there   is  fresh 
water  in  the  second  tank.     When   is  the  salt  content  of 
the  second  tank  a  maximum? 

log  V ,  -   log  V2 


Ans . 


f   V,    7^  V^,     t  = 


r 


If   V,   =  t  =  -p-  . 

This  problem  illustrates  how  the  output  of  one  linear 
process   can   be  used  as   the   input  of   another.  This 
is  the  principle  of  multi-stage  amplifiers   in  radio 
sets  . 

An  equation  of   the  form 
y  •   =  p{ x)y  +  q( x)y" 


is  called  a  Be  rnou I  I i  equation 


(a)  Show  that  a  substitution  of  the   form  u  =  y 
gives  a    linear  equation   in  u. 

(b)  Solve  each  of  the  following 

( i )    y '  =  y  +  xy^ 
(  i  i  )     y '   =  y  + 
(  i  i  i  )     y'   =  - — ^— . 

^  y 

(Refer  to  Section  2,  Problem  3). 

(a)  So  I  ve  y '    =   xy  +    I ,     y(0)   =  b. 

(b)  Show  that  the  answer  can  be  written   in  the  form 


whe  re 

(c)     Show  that  for   large  x  the  solution  grows  like 

/2  x^/2 
e  or  -e  depending  on  whether  b   >  or 

b  < 


(d)      Investigate  the  behavior,   as   x      » ,  of  the 
solution  with   b  =   bg . 


t^-x^) /2^^^     Use  the  fact 

X 


[Hint.     y   =  - 
that  t^  -  x^  =   (t  +  x)(t  -  x)    >^  2x(t  -  X)  for 
t    >  X. 
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The  value  of        can  be  approximated  from  (b)  by 
the  methods  of  Section    11-9.     By  other  methods  one 
can  prove  that  b^  =  -  /it/2  . 


Consider  a  damped   linear  system  represented  by 
^  =  -hy  +  q( t) . 

We  are  Interested  In  the  long-time  behavior  and  so 
can   Ignore  the  null   function  Ce"^"*"  which   dies  out, 

(a)     Fill    In  the  gaps   In  the   following  argument. 
If  q(t)   =  sln(at  +  b),     a  >  0,  then 

v(t)   =   '  [h  sl'nCat  +  b)   -  a  cos(at  +  b) 

a2  +  h2  L 


1— r— 

/a2  +  h2  L/a2r  h 


—  si n( at  +  b  ) 
T 


a 


  cosCat  +  b)       =  A  sinCat  +  c 

/a2  +  h2"  J 

where  A  =    l//a2  +  h2    ,     c  =  b  -  arctan  ^  . 
N 

(b)      If  q(t)   =    E  sinCncot  +  b^),     (o  >  0  , 

n=  I 

write  an  expression   for  the  corresponding  output 
y  (t)  . 


The   input   In   (b)    is  periodic  of  period  Ztt/o),  i«e« 
q(t  +  27r/w)   =  q(t).     The  answer  to  (b)   tells  us 
that  the  output   is  also  periodic,  with  the  same 
period.     Since  most  periodic  phenomena,   such  as 
sound  waves,   radio  waves,  tides,  mechanical  vibra- 
tions, etc,  can  be  approximated  by  trigonometric 
sums  we  see  that  the  property  of  periodicity  is 
preserved  by  a    linear  differential  equation. 

To  solve  y'   =  p(x)y  +  q(x),     yCXg^   =  Yq '  power 
series, first   '  ^   Xq       °   replace   x  by  t  +   Xq  ,   to  qive 

(7)     1^  =   f  (t)y  +  g(t)  ,     y(0)   =  y^. 

Assume  we  know  the  Maclaurin  expansions  of   f   and  g, 

f(t)   =    E    at"    ,     g(t)   =    f    b  t\ 
n=0     "  n=0  " 

It  can  be  proved  that  if  the  radii   of  convergence  of 

these  two  series  a  re  R|   and  R2  then  the  solution  of 

(7)   has  a  Maclaurin  expansion  whose  radius  of  con- 

vergence   Is   >^  min(R|,R2).     Let  this  series  be 

y  -  t   c„t"  =  t  c„<><  -  xoi". 

n=0  n=0 


1074     I  i  Zlf 


(a)     Show  that 


C2  =  71 


Cb,  +   (a^c,  +  a,c^)l, 


C3  =  -^Cb,  +   (aQC2  +  +  32''o 

and  so  on • 

(b>     Find  5   terms  of  the  series  solution  of 
y»    =  y   COS   x+sinx,     y(0)   =  !• 

Ans.     y  =    I   +  X  +  x^   +  ^x^  -  -g-x**  +   ...  . 

2.     (a)     Draw   a   flow  chart  for  the   algorithm  of  Problem 
11(a),   assuming  the  a^  and         are  stored. 

(b)  Adapt   it  to  use   recursion   formulas  to  compute  a^ 

and  b^  when   they  are  needed.     Note  that  b^   is  used 

only  once  and  need  not  be  stored  whereas  each  a^ 

and  c     is  used   in       I    later  steps, 
n 

(c)  Program  the   algorithm  for  Problem   11(b)   and  find 
the  first  20  terms  of  the  series. 

(d)  Find  the   first  40  terms  of  a  series  solution  of 


1075  1^- 


y»=JL+|^  y(l)=0. 

Use   It  to  approximate  y(,l). 

you   think  your  value  is? 

CFi  rst  derf  ve   (  I   +  t)"  '       =  1 


A  second  order  linear  differential  equation  has  the 
f  o  rm 

f(t)y"  +  g(t)y'   +  h(t)y  =  q(t). 

(a)  What  would  we  mean  by  a  null  function? 

(b)  Prove  that  if   Z|   and         a  re  null   functions  so 
is  aZ|   +  bZ2   for  any  constants  a  and  b. 

(c)  Prove   that  any  two  solutions  differ  by  a  null 
function. 

(d)  Prove  the  Principle  of  Superposition, 

(e)  For  the  special  case 

y"  -  2y »   -3y   =  s  in  t 

k  t 

(i)     Find  tvo  null    func'^'ions  of  the  form  e 
Ans .     k  ^  -1*3. 


How  accurate  do 


I -3-5  3 


(ii)     Find  a  solution  of  the  form     a  sin  t  +  b  cos  t. 
Ans.  -j75-(-2  sin  t  +  cos  t)  . 

(Ill)     Find  the  solution  satisfying  the   initial  condi- 
tions y(0)   =  0,  y' (0)   =    I . 

Ans.   40y  =    lie'''''  -   ISe""*"  -  8  sin   t  +  4  cos  t. 


\  i. 


1077 


ERIC 


ANSWERS 


Vo I ume  II 

Chapter  9 


1-8,  page 


607 


a)   ae^^       b)   le""  +  c)   Zx^e^^"  +  2xe'^\       d)  ^^j-y 


(e^  +1)2  t2  /P^Ti 

3x  -1 

[|og(e^  -    I)     ■     ClogCe^^  .  l,Tie^^  ^   dJ  ' 
i)   Ze'^^'Ccos  2x  -  sin  2x),       j)   s'^x^Cx   log  3  +  3), 

,    I   +  x(x2  +  I 
k)    log  X,       I)  cot  X,       m)   sec  x,       n;  - 


X  +   /x^  +  I 

2 


7                                   -   2x   log(  I   +   x^)  V  2e>^ 

o)   ?   ,  P)   ^  Z  »       qJ   X  e  , 


r)  e^^'Ca  sin  bx  +  b  cos  bx),       s)   Ide^""  cos  4x. 


'-9.  page 


609 


a)  y'  = 


b)  y' 


c)   y'    =   (-1   +  cot  X  -  2  tan  2x  -  I  -  3  cot  3x  +  4   tan  4x)y, 

•      y  (  X  I  o  9  y  -  y ) 
°^   y         x(y   log  X  -  xJ 


A-31 


Chapter  9 

l-IO,  page  609 

a)   Min  at  P(x,y)   =   (-1,^),       b)   Min  at  P(X|,Y|)   =  (0,0) 

Max  at  P(X2,Y2)   =   ( 2 

c)  Max  at  P(x,y)   =  (0,10),       d)  y   is  not  defined  at  x  =  0, 

no  extrema, 

e)  Min  at  P(x,y)   =   (•!  ,  --)  ,       f)   Max  at  P(x,y)   =  (e,i) 

6  6  6 

I-  I  I  ,   page  609 

\      i-5x,  u\lx^,  \    ,      I  ii. 

a)  +c,       b)je       +c,       c)log|x-l|   +  c 

d)  +   iog|t|   +  c,       e)  ^  logjt^  +   ||  +  c, 

f)  log|e^  +   l|    +  c,       g)    log|e^  +   l|   +  c, 

h)  jx  -  -g-  iog|2  +  3e^^|   +  c,       i)   arctan  e^  +  c, 

j)    loglsin  x|   +  c,       k)   -log|cos  x|   +  c,       I)  -—  +  e, 

m)  — ^ —  +   I  •       n)   -Jl  /  — !  I  1   •       o)    log  3, 

e2  ^U"  / 

p  )  -J  -  Jf-  log  2,        r)   does   not  exist,        s)   does   not  exist. 

4 

•v       A-32  i/.,^ 


Chapier  9 


|.|3.  page  612 

\ 


a)  cosh        sinh  x   -—  , 

cosh  2  X  sinh-^x 

b)  /sinh  X  dx  =  cosh  x  +  c 
/ cosh  xdx=sinh  x+c 
/tanh   X  dx  =   logjcosh   xj   +  c 
/cosh  X  dx  =   logi si  nh  xj   +  c 


A-33  Ji^^ 

o 

ERIC 


Chapter  9 


1-16,  page  6  I  2 


2-  I  ,  page  626 


log  2     =  .693174 


a)   s  =    I6t2  +  5t  +  100 


I og  3     =1  .098657 


b)    r3  =  -3  cos  e  +   I  + 


log  5     =1 .6095 


c)   y2   =         +  2x  +  9 


I og  7     =1 .94598565 


d)   y2  =         +  I 


log   II   =  2.397984 


e )   y  =   I og ( c  -  e  ) 


log   13  =  2.5650518 


f)   z  =  /t  +  1)2 


2-2,   page  626 


a)   a  ^  0,     ay  +  b  =  ke^^  +  c,       b)   a  =  0,     y  =  bx  +  .c 


2-3.   page  627 

a)  2 

b)  Twice  the  mass  of  earth 


2-4,  page627 

a)  1981 

b)  1993 


A-34 


Chapter  9 

2*5^  page  627 

2-7^  page  628 
-kx 

y  =  e 

2-9^  page  628 

2>  I  U  page  629 
13.7  ml n . 


2-6^  page  627 
-12  =  xy  -  8y 

2-8^  page  ^28 
ke^  =  x3 

2>I0,   page  628 

a)  .09956  !b/gai. 

b )  105  m  i  n  . 


A-35 


Chapter  10 

I  -  I  ,   page  642 

a)  convex,  b)  concave,  c)  convex  for  x  2 ,  concave  for  x 
d)  convex  and  concave,  ^e)  convex,  f)  concave,  g)  convex 
h)   convex,       i)  neither 

I -2,   page  642 

a )  Proof  :     h"  =  f "  +  g"  0 

b)  False.     f(x)  =  0,     g(x)   =  x^ ,     h(x)   =  -x^ 

c)  False.     f(x)  =  -I,     g(x)   =  x^,     h(x)   =  -x^ 

I -5 ,   page  645 
a)   Yes,       b)  No 


1-4,   page  645 

a)  e^   is  convex,     y  =  x  +   I    is   tangent  at   (0,1),     so  e^  >^  x  + 

b)  log  X   is  concave,     y  =  x  +    I    is  tangent  at  (1,0), 
so   logx<x+  I 


A-56 


Chapter  10 

l'*6p   page  645 

a)   flex      at  (-1,2),       b)   flexes  at  (0,4),         ,   -jg-)  # 
c)   flexes  at  ( ±-i-  ,  ^)  ,       d)   flexes  at  ( ± /T  ,  ^-^K 
e)    flexes  at   (2,  i^) ,       f)   flexes  at   (±.66,  ±.22), 

g )   cot  X.  =  ^  ,       h)   no  flex 

2-  I  ,   page  655 

a)  Output 

1,  .75000,      .66667,  .04167 

2,  .70833,  .67933,  .01450 
4,  .69383,  .69122,  .00131 
EXCESSIVE   ROUNDOFF  8,      .69383,  I00I3I 

2-2.   page  655 

a)    .69314,       b)  19.625 

2-4,   page  655 

a)    .375,       b)   T  =   .38935,     E  =  -.01435 

c)   M  =   .36794,  E  =  -.00706,       d)   Aj    =   .32865,     E  =  -.00369 

e)   A2  =   .37508,  E  =  -.00008 


ERIC 


Chapter  10 


3-2j   page  663 


a)   Xq  =  2  b)   Xq  =  I 

X.   =    I  .54  X     =  .75 


X2  =    I . 522  X2  =   • 73 

|e1    <   .002  |E|    =  .005 


3->3^   page  663 


.2 


%                               n                           n    ,      c  I  /        ,     c  V 

n+ I         n             2x  n        Z        Zx  Z     n  x_ 

n                                n  n 

b)   Xq  =  3,     X,    =  ^(3  +  |)  =  2.8333,  =  i-(ig-  +  77^   "  2.  8284. 


I  E|    <^  .0003 


3->4,   page  664 

a)   Any  number  H  ^  0  can  be  written  as  c  x    10^^,  where 


<  c  < 


10.     Then   /FT  =   i^c  x  |o' 


b)  Program  and  run  for  c  =  .l(.  1)1(1)10,  counting  the 
number  of  steps  to  get  »8  place  accuracy.  One  more 
step  will   be  needed  for   15  place  accuracy. 


A-38 


Chapter  10 


ERIC 


3"5»   page  664 

c  -  l/x 


H  =  X     -  cx^  +  X     =  x^(2  -  cx^) 


I         n  ,     2  n  n         n         n  n 


5-7^  page 


664 


a)  Use  a  =  0,     b  =    I,       b)   Use  a  =  0,     b  =  I, 

c)  a  =  2.5,     b  =  3  for   large  root 

a  =  2,     b  =    1.5   for  smaller  root 

d)  Two   roots   are  2  and  4.     For  the  third   root  put  z  =  -x  >  0 

I  2 

and  write  as    log  z  =  — ^5 —  z.     Take  a  =   .5,     b  =  I. 


4-4,  page 


680 


a)   -J  ,       b)   0,       c)   0,       d)  ^  ,       e)  f)   0,       g)  0, 

I 

I oq ( I    -  X ) 


-  X 


^  log^x  ' 


I  im  (-x)  •  1  im 
x-^1-  x-^l- 


-  X 


7  log  X 
I  im  j          =  0 


4-7,   page  682 


a)   e,       b)   e^,       c)    I,       d)  « 


A-39 


Chap te  r 


I- I #  page  690 


a)  {x**  -  x3  +  |x2 


2  2 
X  +  c,       b)    /x(jx  -  2)  +  c,      c)   -|.  cos  39  +  c 


e)  —  arctan  —  +  c,       d)         e         +  c,        f)  — !—  log 
/5  /5  ^  2/5 


-  /5 


+  /5 


+  c, 


g)   4    log   |x  +   /x^  +  3|    +  c,     h)   tan   6  +  c,        J)   sec  6  +  c 


2-1,   page  696 


a  )  — r  e 


I  .-2x2 


+  c,       b)  ^  log   I  I   +  si  n  2x'  c, 


c)  -cos    log  t  +  c,       d)   /x^  +   f  +  c,       ®^  7  '°9   1^^  +   l|  +  c 


f)    log(e^+e"^)   +  c,      g)  if'og   |  x^  +    l|    +   '  ) 

^  V  x3  +    I  / 


+  c 


h)   -arctan   cos   x  +  c,        '  '   s"  ~  YU^  '^^  » 


j)  -g-  sin   4x  +         sin    lOx  +  c,       k)  — ^  cos   x  -         cos  5x  +  c, 


I)    log    I  4x2  -   4x  -  3 1   +  J  log 


2x  -  3 


2x  +  I 


+  c, 


m)    log    |l   +  tan  x|   +  c,  n) 


I  X 


+    I   +   /x2  +  2x  + 


/2 


+  c. 


A-40 


Chapte  r 


2- I ,  page  696  -  con't. 

o)  arcsln   (|  x  -   I)  +  c,       p)        1  og  x ) +  c. 


q)    x2   -   X  +  -j^  4[log    |2x2  +  x|    +    19    log    |^^^^    ,  |  ] 


+  c. 


r)  -   x2  +  3x  -  4    I og    I X  +  I 


X  +  I 


+  c, 


)   arctan   /x^  +  4x  +  3  +  c,       t)  -r  log   |2  +  3  tan  x|   +  c 


u)    /x2  +  2x  -  arctan   /x^  +  2x  +  c,       v)  j  tan^x 


L  tan^x  + 


w)   tan   X  +  J  tan^x  +  c,       x)  - 


ot    X   -    CSC   X  +  c, 


v)   -2  cot  i  -  X  +  c,       z)  —  arctan   ( tan  x)   +  c 
2  ^ 


2-2,  page 


698 


•g.  (cos   2x  -       COS  4x  -  J  cos  6  x  +  j  cos   8x)   +  c 


2-5.   page  698 

c)    /tan^x  dx  =  i  tan^x  -  j  tan^x  +  j  tan3x  -  tan   x  +  x  +  c 
/tan^x  dx  =  -g-  tan^x  -  i  tan^x  +  i  tan'^x  -  j  tan^x 


~    log! cos  X  I    +  c 
A-4  I 


It 


o8 


Chapter   I  I 


3-  I  ,  page  7  I  0 


a)  fr  log 


+  c,       b)  ^  log 


/x^  -  9  -  3 
/x2  -  9  +  3 


+  c. 


c)  ~  ^  log 


2x 


2x 


+  c,         7  sec  2x  +  c. 


e)  y  (2x  - 


)^^^(x  +   10)   +  c,       f)         cos   (ax  +  b)  +  c. 


g)  |.  (x  +  5)  />r^ 


+  c,       h  ) 


— !— .  arctan 


3/2 


^  -   I   +  c, 


)   1^  (5x2   +   3)  (  x2  - 


+  c, 


j)    X   +  c. 


k)   2( /x  -    log   (I   +   /x) )   +  c. 


I  )   |^(x  +    I  )'*^^(4x  -   3)   +  c, 


3-2,  page  7 


Easily    integrable  for  odd  integers. 


3-3,   page  712 


a)   -j^  cos52x  +  c,       b)   ~  tan^Zx  +  c, 


c)   2  sin   x-'s-  log 


I   +•  s  i  n  X 


-   s  I  n  X 


+  c. 


d)  (5   cos23x  -   7)   cos53x  +  c, 


A-42 


Chapte  r   I  I 


3-5.   page  712  -  con't. 


e )  -  s 


I 

7 


sec3x  +  c,       f)   4-  tan^x  +  c, 


g)  (a  +  b  cos   X  -  a    log   |a  +  b  cos   xj)  +  c. 


b2 


h)  =  'J  log  I 
3-5  «   page  7  I  2 


'    '  -  -   'I   -  tan'+xl   +  c 


<2  cos   X  -H  a)   .  ^ 


/'sin2x+asinx^^_ 
7  cos  2x  +  a  cos   x  J  ^  cos^x  -    I   +  a  cos  x 

3-6,   page  715 


a)  -1  (4  -  x2)^^^(x2  +  8)  +  c,       b)   -j  /4  -  x2  +2  arcsin  ^  +  c 

i 

c)    (4   +   x2)^/2[-l(4  +   ^2)    -   4]  +  c. 


d)  /x2  -   I   +   log   I  X  +   /x2  -   I  I   +  c, 

e)  (^-r^)  /4  -   (  I   +  x)2  +  5  arcsin    ^-'--^  +  c. 


f)    (X  -  2)/4/x2  -   4x  +  8  +  c,       g)    (X  -    l)/5/2x2  +  2x  -    I     +  c 


.   /2a X  -H  x2,  ^  ^ 
ax 


A-43 


Il40 


Chapte  r  I  I 


3-9,   page  715 


a)    X  -  tan  ^  +  c,       b)    log     I   +  tan  j 


+  c, 


c)  1~  log 


+  tan  J  +  /7 


+  fan  J  -  /2 


.2  X 


e )  log 


s  I  n  X 
1   +  sin  X 


+  c,       f )    /J  I og      I   +  tan 


+  c. 


g)    I  og 


A  +  B 


A  -  B 


+  c 


2  cos  X   -  2  cos^x     -     /3   ( I    +  sin  x  -  cos  x) 


B  =   /2    (  I    -  cos  X ) 


h)   a2  > 


/a2  -  I 


a  rctan 


(a  -    I  )  tan 
/a2  -  I 


+  c 


a2  < 


/I   -  a- 


og 


( I   -   a)   tan  J  +   /I   -  a2 


(I   -  a)   tan  j  -   /I   -  a2 


+  c 


|2  =   I  :   CSC  X  -  a  cot  x  +  c 


5-10,   page  715 


See  Problem  5-2,    Page  719 


A-44 


ll4l 


Chap te  r 


3-11,   page   7  I  6 


b)   a)   a^  >         +  c- 


( a  -  c )   tan  j  "  ^ 
7  arctan   g   +  ^ 


d  =   /a^   ~  b2  - 


6  ,  )   a^  <         +        ,   a  ?^  c: 


d 


( a  -  c)   tan       -  b  -  d 


(a  -  c)   tan       -  b  +  d 


+  k 


d   =   /b^  +  c^  -a' 


&y)   a  =  b   5^  0 


T-  log   I  J  to; 


a     +  k 


)   a^  =  b^  +       ,  a 


(a  -  c; )  tan 


Y^)   a   =  c ,   c  ?^  0 ,   b   =  0  :     —  tan 


4-  I  ,   page  726 


a)   -  X  cos   X  +  sin   x  +  c,       h)   -e"^(x  +    !?  c 


c )    X  a  res  in  2x  +  — /  | 


-   4x^    I-   c ,     d)    y  ran   x  -    log   [sec  x|  4 


e)  3x(tan  3x  -  3x)   -    log    Ic-cc  5x\    +  .x-^  +  c, 

z 

f)  (x  -         arcs  i  n   /x  +  Y        -         ,       g  )   e'^  ( x  ^  -  2x  +   2 )   +   c , 


h)    x[(logx)^«2  logx-i-2] 


)    4/x^  +  /:   (  ^x"*       4)   -f'  c. 


j)  y  ( x^  arctan   x  -  x  +  arctan  x) 


A-45 


114 


Chapter   I  I 


4 -  I  ^   page   726  -  con't. 


ax 


k) 


(   a  cci  bx  +  b  sin  bx)   +  c, 


I)  4-  C(x^  +    I)   sin  2x  -  X  cos  2xll  +  c. 


m)  i  /4  +  x^    (x^  -  8)   +  c, 


n)    /l   +  x^  arctaii   x  -    log   |x  +   /l   +  x^  |   +  c, 


o)   X   log   I  x^  +    l|   -  2   (x  -  arctan   x)   +  c, 


p)   2e^'"   ^  (sin  x  -    I)   +  c,       q)   2   (sin   /x  -   /x  cos   /x)   +  c, 


,1      x^  , 
r )  ^  e       (  X 


)   +  c,       s)  J-  log  X  +  J  ''^^ 


1^ 


+  c 


4-2^   page  727 


J  [sec  X  tan   x  +    log   |sec  x  +  tan   x\3  +  c 


4-3^  page 


X 

I 

7- 


®     CxCsin  X  -  cos   x)   +  cos   x]  +  c 


A-46  ^U'} 


Chapte  r 


5-  I  .   page  737 


,)    4(2x  +   3>-^   +   c,      b)    -X  +  ^[Jf   log|3x   +   2|    -   2  l°g 


2x  -    I  I ] +  c. 


)  1x2  +  2x  +  X  log   Ix  + 


1   +  |I  log   Ix  -  31    +  c. 


d) 


X  -  I 


og    |x  - 


+    I og   I  X  -  2  I    4  c, 


e )  log 


X  +  2 


+  3i3-  log 


X  -  3 


+  c, 


f)   x-6    log    |x-    l|   +    II    log    |x-2|  +c, 


g)    iC5    log    [x  -    i  I    -    log    |x  + 


X  - 


-]   +  c 


h)  1x2  -  2    log   (x2  +  A)   +  j  arctan  j  +  c, 


i )   2    I og   I  X  +  3  I   +  Y  log 


X  -  I 


+  c, 


1  (:.-  +  3)^ 
i  (X  -  4)3 


+  c. 


k)   -    log    jx   -    !  I    +   2    log    I  X  ~  2|    +  c, 


I)  75-  I    2  log 


[ 


X''    +  4 


(x  -  I 


iO—  +         arctan  fl    ^  C 
-  X       2  ^  J 


ERIC 


m) 


^    1^  lo-]   (x2   +  2)   +   7    log    |x2   +  6  I 

irctan  —  +  — ^  arctan  -^\+  c. 


2/2 


/2       2/6  •  /6' 

A- 4 7 

It 


Chapter   I  I 


ERIC 


1  ^   page  737  -  con't, 


n )    -^[3    I  og    I  X  + 


4    log    |x+2|    +    13    log  lx+3|]+c, 


o)  y   ^  "    '         +  i|og|x2   +  2x  +  2 

,.2   +  2x  +  2 


I    -       arctan   (x  +    I)   +  c. 


p)  log 


(  X  -    I  )  3  (  X  +  2  ) 


X  +  3 


+  c, 


I    -  X 


+   2    log    |x   -    l|    +  J   log    |x     +   x  +    l|  + 


/3 


.  2x+l  ^ 
a  rctan    + 

/3 


r) 


x2  + 


+   3log|x2+||+c,  s)^lo:: 


x^  +  I 


+  c, 


5-2,   page  738 


a)   X  + 


I        tan  -2 


+  c, 


c) 


2  X  ,  X 
sec^^  tan  j 

(  I   -  tan2|.)2 


-  log 


-  tan  J 


tan 


22< 


2  tan 


I   +  tan 


ton^-j  +   2  tan 


+  c, 


-  X 


+  c. 


6-  I  ,   pa  ge  744 


a) 


2/2 


(1  og    I /2   X  +   /2x2   -    I  I  - 


/2 


/2x2 


) 


+  c, 


b)  JL  (x^  -  ^Cx  cos  6x  +         sin  6x  -  -jg-  sin  6x11)   +  c 


T  A-46 


45 


Chapte  r   I  I 


6- I  >   pac^e   744  -  con^t. 


c)  I  (^ll^LJL^illH  +  2(2x  -   I)'/'  -   (2x  -  I) 


1/2^ 


+  c 


sin  4x 


d)  Iy  (sin52x  cos  2x  ^   — —  • 


.  sinSx  ,  3   ^  , 


e) 


lOx  +  2 


-  I  8  /2x^  -  X  -    I       2  /7 


+  _L.  log  /2x2  -  X  -    I   +  ^ 


4/7 


+  c, 


f  )  ^  ^iog  |2x  -   I  I 


2x  - 


2(2x  -    I ) 


+  c 


g)  (sin  3x       6   cos  3x)  sin^Sx 


on  9  i 

+  |i  ((sin  3x  -  3  cos  3x)   sin  3x  +  j)  j    +  c, 


h/ 


(  (2y 


3x 


2-1)2       2(2x2-1)  4/5" 


og 


2x  -  /5" 


2x 


—  ) 

+    /2|  / 


+  c 


i)  ~r((tan23x  +  7    I og   |  cos  3x  +    I  |  )   +         tan  3x  -  x2  +  c. 


54 


J)  ^  arctan  ^ 


2(x2  +  4) 


+  c 


6-3  ^  page  745 


+   12x2  +  23x  +  23)e"^  +  c 


A-49 


It 


Chapter   I  I 

6-4^   p>3ge  745 

 !          e^^  C(ac  +  bd;sin  bx  +   (ad  -  bc)cos  bx]  c 

+  b^ 

page  745 

,       .                        ad  -  c              -a^c  -  2ad  +  c 
p   =   (ac  +  d)      ,      r  =  ,     q  =  

e 

.  =  -a^d  4-  2ac  +  d  ^     e  =  a^  +  I 

6-  6^  page  745 

e^^LCpx^  +  ox  +   r)sin   kx  +    ! I x^  +  mx  +  n)cos  kxD     +  c 
7" I ,   page    76  1 

a)    3    log   2  -  I  -.42,       b)    I-  _  1  log   2  -  .43845, 

c)        (l2i/7  iog  2  -   8/2  +   4  )    =   .394  ,       d)    log  2   ^  .6931, 

e)   0,       f)  |j  (I  +,b/2)    ^   .  537,       g)  i  (^e"""  +  I) 

7-  3,   page  762 

4  7 

a)   Trab,       b)  -=-7Tab^ 


-  50 


Chapter   I  I 


8- I ^   page  775 

a)  3,  b)  divergent,  c)  tt  ,  d )  divergent,  e) 
f)   divergent,       g)   0,       h)  divergent 


.2  + 


8-2^   page  775 


7 


8-5 ,   page  774 
^2 


a) 


b )   dive  rgent 


8-4 ,   page  774 


8-5^   page  774 


No,     S  i  nee    I i  m  x   I og  x  =  0 


i 


X   log  X  ox 


8-6^   page  774 

a)  I    X   5280  tt/lb 

b)  800   X   5280  ft/lb 

c)  3930   X  5280   f t/ I b 

d)  4000   X   5280  ft/lb- 


9-2^   page  792 


9-5 ,   page  793 


b)   n  =  130 


,04 


A-5  I 

O 
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Chapter  12 


-  I  ,   page  820 


1-2,   page  82Q 


1-3,  page  820 


2 

r 


It 
1 


2Tr' 


1-4,   page  820 


1-5.   page  820 


1-8,   page  82  1 


2tt^  +  4tt 


a) 


240  I  TT 
80 


b) 


Sir 
TT 


a)  ^  ,     b)  4tt 


1-9.    page  822  2- I .    page  850 

a)    c   >  ^  ,     c  >  2  5)   p^g^^P'-^^    .   No,  (c)  No, 


2-2,    page  851  5-  I  ,   page   854  5-2,   page  854 

( D+L   ) ( D+L  ) 

a)   Gp2|og     p^pl^^  ^  28.080Tr   ft/lb  SOOOOtt 

5-5,   page   854  5-4,   page  334 

550000  ft/lbs  a)   i-Trr^L^p   ft/lbs,       b)  |-TTr2  ft/lbs 


5-5,    page  854 

8555555. 55525pTT  ft-lbs. 

4-2,   page  845 

a)    16.45,       b)   5.82,       c)  2T:^a, 


d)    /I   +  a2  -    log   I  I   +   /I  +  a^i    +    log   |a|   -  1.052, 

A-52 


ERIC 


Chapter  12 


4-2,  page  843  -  con't. 


)    /e^^  +   I   -   log  I  I   +   ^^'^  +   l|   +  c  -  1.032 


A-A ,   page  843 


b)    S  C  has   no  length 


A-6,   page  845 


c)    L,  ,^  =   I    +  —  log   I  I   +   /2|    =    I  .62 
1/2  ^ 


5-2,   page  853 

a)    2/n,  0,       c)    1/2,       d)   ir/4,       e)  log 


5-3,   page  854 

a)  |-a2,       b)  ^a,       c)  a 


5-4,   page  854 


a)  -a2,  b) 

IT  IT 


5-5,   page  854 

a)  J.  ,       b)  -i  ,       c)    /I  ,       d)  ^/ri^  , 

e)  -L.  (log*8  -  2    log  8  +  2)^^^  =  .57 
3/T 


A-53  -^/50 


Chapter  12 


6-  I  ,   page  866 

1^  >  3 
|2  -  I 


a)  6  ®^  ^  ^  «  4. I ,       b)  6 


S-"!,   page  866 

a)7=|,     y*"!'       b)7=0,     7=|b,         c)7  =  J,  V'^F' 

d)   ><  =  4-  ,     7  =  ®^   ^   does   not  exist,   Y   =  ^ 


6-3,   page  866  6-4,  page  867 

Area   Is    infinite.  Area   is   infinite,   therefore  centroid  not 

defined. 


6-5,  page  867  6-6 ,   page  867 

—  —      5  —       4a         —  4b 

X  =  ira,     y  =  3-a  x  =  3^  ,     y  =  ^ 


6-9,   page  867 

a)   Origin   at    lower    left  corner 

x=2.8,y     =5.1    ,  b)x=5,7^7.0 

c)   x  =  7       4.5,       d)   X   =    10,   7  4.9 

e)   Origin   at   upper    left  corner 

X     =   ,   7  =  f)    X   =   2.9,   7  -5.6 

6     -  -^-TT 

A-54 
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Chapter  12 


6^12,   page  869 


a)   P(l/2,l/2):   barycentric  coordinates  m|    =  m^,  =  2^^ 


P(l,0):   barycentric  coordinates  m|    =       ,     01^  =  0 


P(0,l):  barycentric  coordinates  m|  =  m2  =  0,  rt\^  ;!irbitrary 
P(x,y):   barycentric  coordinates  m |  =   


( 2   -   X  -  2y ) 


b)   barycentric  coordinates  xy  coordinates 


(1,1,1) 
(  I  ,2,3) 
(0,1,1) 
(1,0,0) 
(  a  ,  b  ,  c  ) 


(i  1) 


(0,  0) 


/        2b  c  \ 

I  a  +  b  +  c   '  a  +  b  +  c  / 


115:, 

A-55 

O 
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Chapter  13 


1-4^  page  882 


a)    .001,       b)    .013,       c)    4   X    10  d)    4  x    | 0  ^ 


1-6^  page  883 

n 

a)  -  I   I  ^dt,       d)   X  =       ,     n  =    13,  No. 


1-7,   page  884 


a)    I   -  2x  +  2x2  a 
'  n 


(-2) 


n  ! 


1  » 


c)         +  e^(x  -  a)  +  ^^(x  -  a)2,     a^  =  ^  , 


d)   2  +  X  -  2x2,         =  0     if     n   >  4;     4  -    I5(x  +    1)  +  28(x  +  1)2, 


ERIC 


e)  X  +  ^x3  +  |yx5 


f)  3  +  ^(x  -  9)  -  5^(x 


-  9)2, 


:-2    ,  «  ,  + 


n  ! 


I 


l/2-r 


(-  I ) 


n-  I 


g)    log  4  +  j(x  -  4)   -  ^(x  -  4)^,  ^ 

n  4 


A-56 


!  (52 


Chapter  13 


1-7,   page  884  -  con't. 

h)   2  -  ^x^  .  I)    I  +  X  +  ^xS       J)   X  +  ^x3  +  1^x5 

page  886 

a)    .947,   n  =  5,       b)    . 17,   n  =  6 
l"IOf  page  886 

e)  The  Maclaurin  series  is  0  +  Ox  +  Ox^  +  Ox^  +  ...  .  It 
converges  for  all  x,  its  sum  is  0  and  thus  converges  to 
f ( x)   on  I y  for  x  =  0 . 

I-  I  I ^  page  887 

Hint:     Let  u=t-x     and  x=l. 


2-3,  page 


900 


a)    ||m|lli  =  0,       b)  None,       c)   None,       d)  TTTT  diverges 


2-4.   page  901 

a)  n  =  200001,   if  there   is  no  roundoff,       b)  9,       c)   7,  13, 


d)  4 


lis. 

A-57 


Chapter  13 


2-8^   page  902 


a)    .90,       b)  .176 


2-9,   page  904 

d)   Hint:  Use  n  =  9,   recursive  formula  a       -a  x   (n  -l)/(n  +  4) 


3-3 ,   page  9  16 


a)   conv.   absolutely,       b)   div.,       c)   conv.,       d)  div., 


e)   conv.,       f)   conv.   absolutely,       g)   conv.  absolutely. 


h)   conv.   absolutely,       i)   conv.   absolutely,       j)  conv.. 


k)   conv .  ,        I )    di  V  . 


4-3 ,   page  926 


a)   conv.,       b)   conv.,       c)    div.,       d)   div.,       e)  conv., 
f)   conv.,       g)   conv.,       h)   div.,       i)   conv.,       j)  conv., 
k)  div. 


4-6,  page  927 


)   div.,       b)   conv.,       c)   conv.,       d)   conv.,       e)  conv.,    f)  div 


A-58 


Chapter  13 


4-7y  page  928 

a)  .conv.,  b)  conv.,  c)  conv.,  d)  div.,  e)  div., 
f)   div.,       g)  conv.,       h)   div.,       i)  conv.  absolutely. 

4-8.   page  929 

e)    r(.5)   =    1.77246,   r(6.5)   =  387.92 
4-9.   page  950 

b)  3.87   in.,  it   is  unlimited 


5-  I  .   page  949 

a)  I  ,       b)    I,       c)  «,       d)  i  ,  e)   4,       f)  our  present 
methods  do  not  suffice  to  determine  the   radius  of  convergence 

of  this  series,       g)    I  ,       h)    I  ,  i  )  I 

5-3.   page  950 

a)   X  +  x2  +          +            +   ...    ,  b)   X  +  ^x3  +  i^-xS  +  ^x7  + 

2          «♦          6                          "  x^" 

9  x2"+l 

%  X   D     =:  00 


x3  X^  V  X  

->  •        /  •  ^  n  =  0 

1 1  S(j 


A-59 


Chapter  |3 


ERIC 


5-3^   page  950  -  con^t. 


f)     I     +    X    +    X2    +  > 


2  ^> 

n  =  3 


5-4,   page  951 

^  „  2n+| 

b)    .946,       c)    1.54993,       d)   flow  c^^^"^ »  se©  next  page. 


5-6,   page  953 

a)   -2,       b)    I ,       c)   -  I ,       d)  i  ,  T  »       f ) 


g)  5"  ,       h)  0 


A- 60 


Chapter  14 

4-7,  page  990 

a)  y(x)  =  -I  +  X  -  .j-x^  +  -  yijx'*  +  -  2*\*6^^  ^ 

b)  yd)   =  -.236,       c)    I  e|  .05 

4-8 ,  page  99  I 

a)  Simpson's   rule,   or  even  the  trapezoidal    rule,   is  better. 


5-5,  page  1008 
cV 


V  M„ 
e  0 


b)  V  =  -V^   log  (I 

6 


c)  S  =  (  r  -   log  r  -   I  )  -  jgt' 


5-10,   page  1015 

a)  94.8  mi  n. ,       b)   48.7  mi  n. 

5-15.   page  1014 

c)  p  =   I4e^''**'^  if  X  is  measured  in  miles. 


ll 


^8 


A-6  I 


ERIC 


Chapter  14 


6-4.   page  1030 


a) 


dS 


rS  .  rS. 


dS- 
dT 


rS  .  rS 


b)    .36  I  ,    . I  78,       c)   about  28  mi  n . 


6-6,   page  1052 


Flow  Chart,   see  next  page 


7-2,  page  1048 

a)  y  =  arctan  sin  h  sin  x  +  2tt, 

b)  y  =  Y~  »   '^o'"  Y  V  becomes  infinite, 


7-3,   page  1049 


a)  y  =   (-x'"'"  +  c) 


-m 


0,       b)  y  =   (-xi/2  +  2)2, 


c)  y  = 


(4  -   xl/2)2     j  f     0   <  X  <  4 


,       Doma  i  n  0   <_  X  < 


0 


if     X  >  4 


d)  There   is  an   infinite  number  of  solutions  of  the  form 
(2-xi/3)3     jf  0<x<8 


y  = 


f     8  <  X  <  b 


( b        -  x'/^ ) 3     if     X  >  I . 


A-62 


Chapter  14 


ERIC 


7-4.  page  1049 

a)   The  solutions  are  y  =    I,  Y 


b)  P, (x,y)  =  (1,1) 


P2(x,y)  =  (-1,-1) 

All  the  curves  y  =  i^^."^^^  go  through  (1,1)  and  (-1,-1), 
but  they  have  all   different  slopes  at  these  points. 


8-4,   page  1070 

3 


8-5,  page 


1070 


d)  y  =  ce^  +  4xe^  -  2x  -  5  +  ^  (sin   x  +   I  I   cos  x)  , 

e )  y  =  sin  x 


8-5,   page  1070 

2  3 

a)c  =  4-.       b)c  =  |-,       c)c-3,       d)c  =  -2- 


8-8y   page  1072 

b)    (I)   =  '   ,       (ii)   y  =   (ce''/^  -  X  -  2)^, 

ce"    +  X  -  I 


A-63 


Chapter  I 
8-9,  page   1072  -  con^t. 
( I  M  )  y      / ce^^      x2  -  X  -  ^ 

8-9,   page  1072 

a)  y  =  e  ^       J Q  ^ 

8-12,   page  1075 

Flow  Charts  see  next  page. 
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I NDEX  VOLUMES    I    -  M 


Absolute  convergence, 157,91  I 
Abso I ute  va I ue , I  7 , 33 
Acceleration, 419, 594 
A  I  gor I thm,65 

for  area, 219   f f . 

for  Fibonacci  sequence, 
108, I 

n  ume  r I ca  i  , 73 

for  partial    f ract i on s , 800 , 
80  I 

Alte  mating  series,895 
A'^ti-derivatives,  562  ff. 
Ap |;  rox  i  ma t  i  on 

ot   extrema,455  ff. 

of   function  value, 470   f f . 

of    I nteg  ra\^ ,2\  \    f f • , 
645   ff.,776  ff- 

of    limit  of   sequence, 125  ff. 

of   root  of  equat i on , I  36, 
656  ff. 

of   solution  of  differential 
equation, 958, 975  ff. 
Area, 207, 325  ff. 
Ar  i  thmet  i  c  un  i  ts , I  03 
Assignment  box, 79 
Assignment  statement, 79 
Ax  i  om ( s ) 

Arch  i  medean  ,  7 

comp  I  e-*  enes  s  ,  202 

of   rea I    n  umbers , 6 


Barycentric  coord  i  nates  ,  86  f) 
Bounded  function,670,9l9 
Bounded  sequence,  I  73,905 


Catenary ,1053 
Center  of  area, 861 
Center  of  gravity, 856 
Center  of  mass, 856 
Centre  i  d ,856 
Chain    rule, 499 
C  i  rc I e  ,    un  i  t , 50 

area, I  25,21  I ,  347,  703 


Coef  f  i  c I ent 

damping, I  064 

of  po I y nom  i  a  I  ,45 
Comparison  tes t , 90 7 , 909 , 
9  10 

Completeness  axlom,202 
Co. n position   theorem, 399 
Comp  uter , 65 

concepts , 65 

language  of, 105  ff. 

memory   of, 77, 94  ff. 

mode  I    of , 76  f f . 

wo  r d , 9  5 
Comp  i  I  i  ng  ,  I  05 
Contro I    un  i  t ,  I  03 
Convergence 

of    improper  integrals, 
766 

rate  of, 661 

of   series, 889 

of   sequences, 132, I  49, 

I  53,  I  54 
Continuity, 386, 387 
Continuous   fu net  ions, 

386  ff.,968 
Coord  i  nate ( s ) , 37 

b  a  ry ce  r>t  r  i  c ,  868 

sy  s tem , 36 
Cores , 95 
Cu  rve 

length  of, 837 

p I  a  ne  ,  835 

slope  of , 4  I  0 
Cyc 1 o  i  d , 549 

Cy I  i  ndr i  ca I    she  I  I s , 8  I  2  f f . 


Deci  s  ion   box, 68 
Definite  integrals,582,746 
Derivative(s),408  ff. 
cha  in   rule  for ,499 
of  composite  functions, 

495  ff. 
formulas, 418, 426, 428, 429, 

427,598,599,603 
of    implicit  functions, 50 9 
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Differential (s),54l    ff . 
Differential  equations, 
62  I  ,957   f f . 

first  order  systems, 1020 

h  Igher  order, 1023 

I  Inear, 1054   f f . 
Differentiation, 407   f f . 

expl icit,509 

i  mp I  i  ci t  ,509 

I oga  r  i  thm  i  c, 605 
Duhamel 's  theorem, 828 


Error, 47  I 

i  n   app  rox  i  ma t  i  on , 2  I  9 
bound,  473, 6 49, 66  I, 778,  782 
roundoff, I  18,438,979 
t runcat  i  on , 978 

Euler's  constant, 925 

Fxponential    function, 597  ff. 

Extended  mee.n  value  theorem, 
464 


Floating  point, 116 
F I ow  chart  ,67   f  f . 

for   integrals  of  convex 

functions, 651 
for  max  i  ma , 458 
for  Newton's  method, 662 
for   root  of   an  equation, 
I  40 

for  Simpson's   rule, 784 

for  trapezoidal  rule, 226 
Formulas   for  volumes  and 

a  reas ,449 
Fract  i  on , 3 
Funct  ion ( s ) , 3 !    f  f . 

c  i  rcu I  a  r , 49 

compos  1 1  i  on  of , 57 

concave , 634 

constant , 38, 542 
'   convex, 633 

continuous, 386, 968 

dec  reas  i  ng , 53 


der  i  ved ,416 

doma  in  of , 33 

e I emen ta  ry , 686 

exponent  i  a  I ,  597   f  f . 

gar?ma  ,  769   f  f  . 

gonerat 1 ng , 954 

graph  of , 37 

greatest  integer,47 

i  dent  i  ty , 39 

i  nc  reas  i  ng , 53 

inverse  trigonometric, 

525  ff. 
1  i  nea  r , 46 
logarithm, 593  ff. 
monotone, 53, 479  ff. 
nu I  I  ,  I  06  I 

piecewise  monotone, 229 
po I y nom  i  a  I  ,44 
range  of , 34 
ra t  i  on  a  I , 46 
roots  of, 46 

strictly  decreasing,53 
strictly    increasing, 53 
un  i  con ,254 
weight, 850 
Fundamental   existence  and 

uniqueness   theorem, 969 
Fundamental    theorem  of 
ca I cu I  us ,  575  ,  579 


Gamma  function, 769  ff. 
Generalized  mean  value 

theorem, 673 
Greatest    integer  function, 
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I  dentities. , trigonometric, 

275,695 
Inequalities, 12, 13 

triangle  inequality,20 
I  nput ,89 
I  nput  box, 90 
I  n tege r , I  3 


1/6 


I nteg  ra I 

approximation  of>22l  ff., 
645   f f  .  ,776   f f  , 

clef  Inl  t  Ion  of  .  235,  317 

def lnlte,582,746 

e  I  I  I  pt  I  c,£'34 

exponent  I  a  I ,785 

generalization  of, 823  ff. 

1 mp  roper , 764 

I  ndef I n I te,582 

tables, 740 
I ntegrat I on,234  ff. 

by  partial  fractlons,729 

by  parts, 717 

by   substitution, 566, 699  ff. 
Intermediate  value  theorem, 
403 

I nterval ,25   f f . 


Maclaurln  expanslon,873 

se  r I es , 879 
Mass   rat  I o,  I  003 
Maximum  theorem,44l 
Mean 

a  r  i  thmet  i  c , 28 

geomet  r  i  c , 28 

value,  846  ,  8^18 
Mean  value  theorem, 462 

app I  i  cat i  ons ,470 

for   i  nteg  ra I s , 85  I 
Modulus,   unicon,290  ff. 


Newton's  method, 656  ff 
Nu  I  I    f unct  ion,  106  1 
Numbers ,3  f f . 


Law 


of  the  Mean,   see  Mean 
Va  I  ue  Theorem 
Length  of   a  curve, 837 
L 'Hosp  i  ta I  ' s  Ru I e  ,666 
Li..iit(s) 

^waluation  of, 666  ff. 
Infinite, 670 
left-hand, 668 
of  a   function, 374  ff. 
of  a  seq  ue  nee , I  56 
Line  el  eme  n t , 962 
Linear  differential  equation, 

1054  ff 
LipschitzC  ian) 
coef  f  i  c  i  ent, 293 
cond  i  t  i  on , 29  3 
function, 293, 431  ,969 
Local   maximum  t es t s , 466 , 4 85 , 
486 

Local   maximum  point, 443 

approximation  of, 455 
Logar i thm,593  ff. 


Machine   Language, 105 


Open  reg  i  on , 968 
Ord  i  nates , 36 


Pappus   theorem, 864 
Para me trie  equations, 548 
Partial    f rac t i ons , 729  ff. 
Part  1  a  I    sum, 888 
Piecewise  monotone 

functions, 229 
Po I y  nom  i  a  I  ,44 
Powe r  series, 932 
Principle  of  superposition, 

I  062 

Pythagorean  theorem, 4 


Radius  of  convergence  ,93") 

Rate  of  change, 533 

Rat  1 o  tests ,912 

Rat  i  ona I    numbers , 3 

Real    n  umbe  rs , 5 

Re  I  ated   rates , 533 

Rema 1 n  de  r 

in  Taylor  expans 1  on , 873 

in  series, 89 3 
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of  ,  I  32, I  53, 


Ro I le's  theorem, 463 
Round-off  error, I  18,438,979 


Samos ,94, 103  f f • 
Separation  of  variables 
1035 

Seq  uen ce , I  2  5  f  f 
bounded, 173 
con  ve  rg  en  ce 

I  54,  I  56 
F  i  bon  acc  i  ,  I  58 
I  imit  of  ,  I  56 
Series, 879, 888  ff. 

absolute  convergence, 9  I 
a  I ter nat  i  ng , 895 
convergence,889 
divergence, 889 
expansion  of  functions, 

879  ff. 
geomet  r  i  c  ,  908 
ha  rmon  i  c , 890 
Mac  I auri  n ,879 
p-se  r  i  es , 908 
powe  r , 932 
Tay I  or ' s , 879 
Set, 631 

con  cave ,631 
con  vex  ,  63  I 


S  i  mpson ' s   rule ,784  f f  - 
S I  ope  of  a   curve, 4  I  0 
Solids  of   revo 1 ut i on , 340 

809  ff. 
Speed  ,367 

Squeeze  theorem, 189, 394 
Step   f unct  i  on ,48 
Support  ,633 

Systems  of  differential 
eq  uat  ions,  I  020 


Tay  I  or ' s  series, 879 

theorem, 465 
Trapezoidal    rule, 266, 778 
Trigonometric  functions, 
5  1    f  f  . 

Trigonometric  identities, 

275,695 
Truncation  error, 978 


Var  i  ab I e, 36, 76 
Velocity, 368 
Vo I ume , 337 

formulas  for, 449 

of  solid  of  revolution 
340,809 


Weight  functions,850 
Weigh ted  average, I  87 
Work, 360, 832 


Tangent   I  i  ne,  ^07 
equation  of, 410 
s I  ope  of , 4  I  0 


iliJr 


a   .  ,       a     +  a  a  , 

r     =     ^   ^  =     n         n-i    ^    |  ^  n-1 
n         a  a  a^ 

n  n  n 


a  r 
n  n- 1 


a 

n-  1 


Now   if    lim         =   L       0,    we  have 


''mr     =    lim(l+  )   =    |   +    |   =    |   +   1  


or 


^  L 


(Do  you  see  why    lim   r^^_^  must  also  equal    L?)     This  equation 


n-)-oo 


L  -    I   +       can   be   rewritten    in  the   form         -   l  -    I    =  0. 

cr- 

Solving   this  quadratic  equation,   we  have 

,    ^    I   ±  /5 
2 

Since  the    limit  must  obviously   be  positive,   we  can  throw 
away   the   negative  solution,   so  that  the  only   possible  value 
for   I  im   r     is    '    t,  . 
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Examp I e  >  Suppose  is  the  sequence  defined  by  a^  =  3,  and 
a^,   =  a       -2forn>.  I.      If    lima     =  A,  then 


I  im  a  _^     =    I  im   (  (a  2)   =  -2, 


Solving  the  equation  A  =  A^  -  2 ,   we  obtain  A  =  2  or  A  =  -I, 

The  first  few  terms  of  the  sequence  a^  are  3,    7,   47,  2207; 

the  sequence  does   not  seem  to  be  converging  to  2  or  -  I •  In 

fact,   all   the  terms  are  >  3,   because  a     =3,   and    if   a     >  3, 

—  1         '  n  — 

then  Qp^^   =   ^^n^^  -  2^3^-'2  =   7>3.     Therefore,   the  sequence 
a^   does   not  converge  to  2  or  -i,    and  hence  does   not  converge 
at  a  II  • 
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PROBLEMS 


Find  the  limit,  if  it  exists,  of  each  of  the  following 
sequences. 

(a)      a     =  2  +  - 
n  n 


(b)  b 


n  =     1   _  Z 

8 


<c)     c     =(4--)  2   -  3(4--!-) 


n  n 


( d)     d     =  n2  -  ( n2  -   1 ) 

n 


(e)  e 


(f )  f 


2"-^  -  1 
2" 

3  - 

^   ni 

n  "  4  +  3 
n 


(g)         g        =     (^1)"  + 

(  h )      h     =   (1    -  -2_  +  -L)  3 

"  +   1  nl  2" 

2.       Exhibit  two  n on  convergent  sequences  whose  product 
converges . 


3.  Prove  that-  if    Mm  x     >   a  >  0  and    Mm  y     >   b  >   0,  then 

n  —      —  '  n  —  — 

n->oo  n-^oo 

M  m  X  y     >   ab  . 
n  '  n  — 

4.  Prove  that   if   0   <    Mm  x     <  a  and    Mm  y     >   b   >  0.  then 

^,n  —  'n  — 

n-^oo  n->" 

x 

1  i  m  —  ±  -r  ,   providing  y     is   never  0. 
n->'Oo  ^ 


Prove  that   i  f   I  1  m  x     =0  and   if    |y    I    <  a  and   |z   I   >  b  > 

n__  ''n'—  'n'— 


n->.oo         X  y 

for  all    n,   then    Mm    =  0. 

n->-oo  n 


Find  sequences  x^  and  z     such  that   lim  x     =0  and  z     >  0 

X 

foralln,   andlim^=l.      ( Com pa  re  P rob  I  em  4 . ) 
n-voo  n 


Suppose  that  x^   is  a   sequence  of   nonzero  numbers  such 

that  for  every   number  K  there    is   an    integer  N   such  that 

|x^|    >Kforall    n>N.     Prove  that    Mm  —  =0. 

n->-"  ^n 


Modify   the  flow  chart  for  the  Fibonacci    sequence  in 
Section   4  to  provide   for  the  output  of  the  value  of  r 

n 

Output  box  should  have  the  form  shown  at  the  right. 
Write  the  program  and  run  it. 


See  whether  the  terms   r  actually 

n  ' 

seem  to  be  converging  to 


N,    ASUBN,  RSUBN. 


I   +  /5 

— 2          •      ^oince    in  any  earlier  program  you  computed 

/5  to  .a    large   number  of   decimal    places,    it  will    be  an 

I   +  /5" 

easy  hand  calculation  to  compute   ^          to  compare 

with  your  computer  out put   in  this  problem.) 


Suppose  K   is  a   number  and  a^   is  a  sequence  defined  by 
a^   =  K,   and  a^_^^  =    (a^)^  -  2   for  n  >_  1  .      For  each   of  the 
following  values  of   K,   evaluate  the  first  five  terms 


of   the  sequence  a   .      In  each  case,    determine  whether 

n 

the  sequence  converges,  and    if    it  does,    find    its  limit. 

(a)  K  =  2  (d)         K  =  0 

(b)  K  =  -I  (e)         K  =         ^  . 

(c)  K  =  -3 

Prove  that  the  sequence  sin  n  does  not  converge.  Hint: 

Assume  that    Mm  sin   n   =  L.     Use  the  identity 

sin    (n  +    I)   =  sin   n  cos    I   +  cos   n   sin  I 

to  show  that  lim  cos  n  exists  and  that,  if  M  =  lim  cos  ri 
then   L  =   L  cos    I   +  M  sin    1.     Use  the  identities 

sin  2n   =  2  sin   n  cos  n 

and  sin^   n  +  cos^   n   =    I   to  obtain  other  equations  relati 
L  and  M.     Finally,    show  that  the  three  equations  are 
cont rad  i  ctory . 


Id7 


I 

»    •  •  ■ 
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7. 


The  Sq  ueeze  Theorem 


Before  going   on  with  our    limit  theorems,    we  will  discuss 
a  theorem   that     has   nothing   to  do  with    limits   but  which  is 
needed   in  the  proof   of  the  corollaries   to  the  "squeeze" 
theorem,   which   does    involve  limits. 

The  Weighted  Average  Theorem.      If    r,    s   >   0  with   r  +   s   =  1, 
then   ra  +  sb    lies   between  a  and   b.      (Here  we   use  the  word 
'between'    to   include   a  and   b  themselves.) 

When   r  and   s   satisfy   these  conditionsthe  expression, 
ra  +  sb    is   ca I  led  a  convex  comb  i  nat  i  on  or  weighted  average 
of   a  and   b.     For  the  common   special    case  where   r  =  s   =  ^, 
we  have   ra  +  sb  =  ^a  +  lb  =  ^  ^  ^   ,    the  ordinary   average  or 
arithmetic  mean  of   a  and  b,   which   of   course    lies  between 
a  and  b.     The  theorem   in  the  general    case,    for  all  its 
simplicity,    is   frequently  useful. 

Proof :      If   a   <   b,  then 


a  =   ra  +  sa  <   ra  +  sb  <   rb  +   sb  =  b. 


I  f   a       b,  ■ 

a  =   ra  +  sa   >.  ra  +  sb   >.  rb  +  sb  =  b, 
and  the  proof    Is  complete. 


Actually,   we  can   say  quite  a   bit  more  about   ra  +  sb 
than    is  actually  contained   in  the  theorem.     Assume  a  £b. 
The   fact   is  that  the  point   ra  +  sb   divides  the  segment  Ca,bl] 
In  the   ratio  of   s  to   r.     That   is,    if   d^     and   d^     are  the 
distances    illustrated  below 


 1  \  \  

a  ra  +  sb  b 

then,    using   the   relation   r  +  s  -  I  in  the  forms  s  =    I    -  r 

and   r  =    I    -  s,   we  have 

d^  =    (ra+sb)   -  a   =   sb  -   (l-r)a  =  sb  -  sa  =  s(b-a) 

d^=   b  -   (ra+sb)   =   (l-s)b  -   ra  =  rb  -   ra  =  r(b-a) 

so  that 

^  ^  s(b  -  a)  ^  s_ 
d  2      r  ( b  -  a )  r 

It   is   further  true  that  every   number  x   between  a  and 
b   can  be  expressed  as   a  convex  combination  of   a   and  b. 


We    leave   It  to  you  to  check  that  choosing 


b  -  X  ^       X  -  a 

r  =    s  = 


b  -  a  b   -  a 


yields   r  >   0 ,    s  >   0 ,    r  +  s  =    I  ,  and 


_L     u       b-x  ,x-a. 

ra  +  sb  =  -r   a  +  r  b  =  x 

b  -  a  b   -  a 


Theorem    10.      (Squeeze  Theorem)     Suppose  that    lim  a^  =   L  =  lim 

Further  suppose  that  c     lies   between  a     and   b     for  n  =    I  ,   2,  . 

n  n  n  '  ' 

Then  the  sequence       ,    c^,    c^,    ...    converges   and    lim   c^  =  L. 

Proof:      Let  e   >0.     We   know  that  we   can  find  N     so  that  for 
  1 

n  >       ,   a^  will    lie  within  a   distance  e  of   L.      Similarly,  we 

can   find  N       so  that  for  n  >  N   ,    b     will    lie  within  a  distance 
2  a  n 

G     of   L.      Letting   N   be  the    larger  of  N     and  N   ,   we   can  see 

a  12 

that  for  n  >  N,    both   a     and   b      lie  within  a   distance   e  of  L, 

n  n 

whence  c      lying   between  a     and   b     will   also    lie  within  a 
n     '  n  n 

d  i  stance  e   of   L  . 


/  ^  ,  ^ 


H  1  !  \  1  1  

a  Lc  bL+e 

n  n  n 


Example.  Consider  the  sequence  c  defined  by  c  =  2*^ 
  n  n 

By  the  binomial  formula. 
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(l+i)"  =    ,   ^  n(l)"-l(i)     +   ...  2. 

th  I  -  - 

Taking  the  n       root,   we  obtain   (1+^)    ^2  Also  2"    >_  I 

Since    I  i  nr.   (  j   +  1)   =    |   and    Ifm    |    =    |,    it  follows   by  the 
Squeeze  Theorem  that         Mm  2*^  =  1. 


Coro  1  i  dry    I  ,      If    r      ^0  and   s    1   0  and   r     +  s     =    I  holds 
  ri  n  n  n 

for  all    integers   n  and    lim  a     =   L  =    Mm   b   .  then 


Mm(ra  +  sb)  =  L 
n-^oo        n  n         n  n 


[It  should  be  noted  that  we  do  not  assume  that  the  sequences 
r^  ,    r^  ,  and  s^  ,        ,    ...  converge.] 


Proof :  Letting 


c     =ra'   +  sb 
n         n  n         n  n 


we  see   by  the  conditions  on   r     and  s     that  c     is   a  convex 

n  n  n 

combination  of   a     and   b     and   hence  c     lies   between  a  and 

n  n  n 

b^.     Since  a^  and   b^  converge  to  the  same  value   L,   then  by 

the  Squeeze  Theorem,   so  also  does   c   .     That  is. 

n  ' 


''^c=lim(ra  +sb)=L, 
n-vco     n  n   n         n  n 
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Corollary  2.  If  Mm  a  =  L  =  Mm  b  and  p  >  0,  q  >  0 
 '   n  n  n  —        ^  n  — 

and   for  no  value  of   n  are  p     and  q     both   zero,  then 

^  n  ^  n  ' 

pa     +  q  b 
f  t  m     n   n       ^n   n   _  , 

I  I  m   —   =   L  . 

P  +0 

p  q 

Proof:      Let  r     =   ?   and  s     =   5  so  that 

  np+q  np+q- 

^n       ^n  ^n  ^n 

r     >  0,    s     >   0,   and   r     +  s     =    I   whence  the  conclusion 
n  —  n  —     '  n  n 

follows   from  the  theorem. 
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PROBLEMS 


I.       Prove  that   Mm  nr"^  =  0   if   |  r|   <    K     Hint:      I  f   r  ?^  0, 


we  have,   setting  e  =  — ! —  -  I, 


0  <    Inr^l  = 


for  a  I  I   n  >  2 


(  \  A.  ^  \  ^  I  _L  I  n  ( n-  I  )  2 
M   +  e ;  I   +  ne  +  — ^          e  ^ 


2.       Prove  that    Mm  n'^r'^  =0     if    |r|  <l   and  k   is  a  positive 
i  n tege r . 


3.        Let   r  be  a  number  and    let  d^  be  the  sequence   defined  by 


d     =  I 
1 

d     =    I   +  2r 
2 

d     =    I   +  2r  +  3r2 

3 


d^  =    I   +  2r  +  3r2  +   . . .   +  nr"'^  . 

( a )  Ca I cu  I  ate   rd     -  d  . 

k  ^ 

(b )  Ca I cu I  ate   rd     -  d  . 

n  n 

(c)  Obtain  a   new  expression   for  d^  by   dividing  the 
result  of   part^(b)   by  r- I  ,   assuming   r       I  . 

(d)  Prove  that    Mm  d     exists   if    |r|   <  I. 

n   '  '  ' 


(e)     If   |r|   <   I,  what   Is  the  value  of   Mm  d^? 


Let  r  be  a  number  and   let  d^  be  the  sequence 


d     =  a 
1  1 


d     =  a     +  a  r 
2         1  2 

d     =  a     +  ar  +  ar^ 


d     =   a     +  ar+ar^  +  .,.+ar'^^ 
n         1         2  3  n 

where  a  ,   a  ,   a  ,  is  the  Fibonacci  sequence, 

12       3  ^ 

( a )     Ca I cu  I  a te  rd  -  d  . 

n  n 


(b)     Prove  that   Mm  a   r*^  =  0   i  f    Irl    <  ^  ,  where 
'n  +  1 


a 

L  =    I  im 


a 


(c)  Calculate  the    limit  of  the   result  of  part  (a) 
assumino  that   Mm  d     exists  and  that   Irl   <  4- 

(d)  Calculate   Mm  d^  assuming  that    Mm  d^  exists 
that    I r I    <  i  , 


Use  the  Squeeze  Theorem  to  show  that  Mm 

n->- 
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8  .     A_  Geomet  r  i  c  L  F  m  i  t 

Right  now,   we  are  ma  inly    interested    in   the    limit  to 
be  developed    in  this   section   as   an  example  of  the   use  of 
the  Squeeze  Theorem.      Later  on,   we  shall    see  that  this 
limit   is  of  very   basic  importance. 


Suppose  that  ai,   a2,   23,    ...    is   a  sequence  of  pos  i  t  i  ve 
numbers     converging  to  zero.  Let 

sin  a 


,     n   =   1,   2,  3, 


What  can  we  say  about  the  sequence  b^,  b2,  bg,  ...  ?  Does 
it  converge?      If  so,    to  what  value?     The  Quotient  Theorem 


cannot  be  applied   since    lim  a     =  0. 

^  n 


This  puzzler  becomes   accessible  to  us  by  the  applica- 
tion  of   the  Squeeze  Theorem  to  a   pair  of    inequalities  which 
we  will    derive   from  geometric  considerations.      In  this 

S  >f  s  JS 


(a) 


o  R  P 

Cbl 

FIGURE  8-1 


(C) 


1S4 
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derivation,   we  need   a     <         but  since  the  a         converge  to 

n       2  n  ^ 

zero,  this  will  be  true  if  we  restrict  ourselves  to  suffi- 
ciently   large  values  of  n. 

From  the   inclusion    relations   (see   Figure  8-1) 

AOPQ  C  sector  OPQCaOPS, 

we  cone ! u de  th a t 

area  AOPQ  <_  area  sector  OPQ  _<  area  AOPS  • 

By   simple  trigonometric  considerations,   each   of  these 
areas    is  expressible   in   terms  of  x,    the   radian   measure  of 
angle  POQ,   where  0   <  x   <  j: 

area  AOPQ  =  ^ ' 2  ^ ;    area   sector  OPQ  =  |;    area  AOPS  =  ^ , 

Therefore,    the    last    inequality   can   be   reexpressed  as 

sin   X         X       tan  x 
2         -  2  -  2 

Now  the   geometry   has   done   its   duty   and  we   resort  to  simple 
algebraic  manipulation   to  bring  this    inequality    into  a  more 
usable  form, 

n 

Multiply!    1  by   the   positive  number  ~r=   gives 

s  I  n  X  ^ 


1  <         <  1 


—  s I n   X     —  cos  X 

and   taking  reciprocals, 

1    ^   sin   X  ^ 

I    >_  —         >^  cos  X. 

Thus,   when  n    is    large  enough  that  a     <         we  have 

n  z 

sin  a 
1    >   >   cos  a 
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Since  cos         =    length   of  OR^   evidently    Mm  cos   a     =  1. 

n  '      ^  n 

Also    Mm  1   =   1.     Therefore  by   the  Squeeze  Theorem, 

sin  a 

I  I  m    =    1  . 

a 

n  n 

This   "proof"   rests   on  certain    facts   concerning  circles, 
areas,    and   arc   lengths  which  you    learned    in   your  high  school 
trigonometry  course.      In   high   school,    these   facts  were 
supported   by  heuristic   reasoning  and  appeal    to  intuition. 
Con  sec,  uen  t  I  y ,   we  cannot   regard  the  proof   given   here  as  being 
entirely   rigorous.     Nevertheless,   we  will    accept  the  results 
derived   here   until   we  are   in   a  position   to  establish  them 
f  i  r  m  i  y  . 
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PROBLEMS 


I.     Suppose  that         is  a  sequence  of   nonzero  numbers  such 

that   Mm  a     =0.     Evaluate  each  of   the  f  o  I  I  ow  i  n  g   I  i  m  i  ts , 
n 

and   justify  your  answers, 

(a)  Mm  11— (Hint.   What   is  \i  x  ^  0?) 

a  ~  ^ 

1    -  cos  a 

(b)  Mm   2  ^     (Hint,   Use  the   formula   1    -  cos  2x  = 

2  s  i  n^  x) 

1    -  cos  a 


(c )  Mm 


a 

(  d  )      Mm  sin  a 

n 

( e )  li  m  ta  n  a 

n 

n-^°° 

s  i  n  ka 

(f)  lim  where   k   is   any   constant.      (Hint     For  k  f  0, 

n-*-oo  n 

consider  the  sequence         =  '^^n*^ 
tana     -  s  i  n  a 

(g)  Mm  3   •      (Hint     Write   in  terms   of   sin  a^ 

n  n 

and   cos   a     and  express    in  terms  of   p re v i ous I y -dete rm i ne d 
n 

I  i  m  i  ts . ) 
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9 .       Comp I eteness 


Recall    from  Chapter  0  that  a   function   f    is  said  to  be 

increasing    if   f(a)    ■<  f  ( b )   whenever  a<b.      In   particular,  a 

sequence   c^    is    i  ncreas  i  ng    if   c.    <_  c^   whenever    i  <  j  .     On  the 

other   hand,    the   sequence   c     is   decreasing    if   c.    >  c  when- 

n   ,    _  j 

ever    i  <  j . 

In  examples    in  earlier  sections,    we   considered  the 
Fibonacci  sequence 

'>    2,    3,    5,    8,    13,    21,    34,    55,    89,  ... 

and  a  certain   sequence  of  ratios 

r   ,    r   ,    r   ,    r   ,    .  .  . 

1        2        3  i+ 

derived   from  the   Fibonacci    sequence   by   the  rule, 

^    =   ^—  n   =    I,    2,    3,  ... 

n 

We  had   shown  that  _i_f_  the  sequence   r   ,    r   ,    r   ,    ...  converges 

I    +   /5"  12  3 

then    it  converges   to  — ^        .     Our  computer  output  gave 
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a  strong    indication   that  this   sequence  does   converge  to 
this   value,   but  we  have   not  yet  been  able  to  prove   it.  We 
wi  I  1    take   up   that  question  now. 


In  order  to  determine  whether  the   sequence   r  ,    r   ,  r 

1       2  3 

actually   converges,    let   us   consider  the   differences  d^ 


de  f  i  ned  by 


d     =   r  ^     -  r 
n  n+ 1  n 


By   the   definition  of    r^,    we  have 


^     _      n+2  n+1    _      n+2      n  n+1  n+1 


n  n+1  na.,  a  ^.i^^ 

n+1  n  n+ 1  n 


Calling  the  numerator  of  this  fraction  p^  and  using  the  re 
currence  relation  for  the  terms  of  the  Fibonacci  sequence, 
we  have 


D     =  a         a     -  a  a 

n+2      n  n+l  n+1 


(a.      +a)a     -a,      (a     +a  ,) 
n+1  n        n  n+i        n  Ti-l 


a      ,a     +  aa     -  a.      a     -  a,  a 
n+1     n  n   n  n+l      n  n+  i      n  -l 


a  a     -  a    ,  ,  a 
n   n  n+1      n  - 1 


-  ( a    .  ,    a     ,    -  a   a  ) 
n  f  1      n  -  1  n  n 


-  Pn-l 


mo 


Using  this  relation  repeatedly,  we  see  that 


Pn  =  "Pn-l  =  Pn-2  =  "Pn-S  =   •••   =  t 


9 


SO  that  a!l  p^'s  alternate  in  sign  and  their  absolute  values 
are  all   equal   to  that  of  p^,   which   is  easily  computed  to  be 


^1     "  ^3^1   "  ^'2^2"   ^2)(l)   -   (|)(|)   =  2-1    =  1. 

Thus,  the„.p^'s  alternately  take  on  the  values  +1  and  -I.  And 
now  we  have 

d     =   r  ^     -   r     =  -5— U  

n         n+  1         n       a  a 

n   n+  1 

Consequently,   the  differences  d^  alternate   in   sign  and 

decrease   in  magnitude.      (The  denominators  a  a  obviouslv 

n   n+  1  ' 

increase       as  n   increases.)     This  means  that  the  values  of 
r^  alternately  oscillate  to  the   right  and    left  with  ever 
decreasing  oscillations   (see  Figure  9-1). 


1  i     *  ^  ^  I  z 

H  A  ^— I— ^  \  1  \- 

FIGURE  9-1 

(Another  way  of  saying  this   is  that  each   r^    lies  between  its 
two   immediate  predecessors.)  Furthermore 


•  ft 
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2/? 


which  obviously  approaches  the    limit  0.     We  can  see  that  the 
r^'s  with  odd  subscripts  form  an   Increasing  sequence  and  the 
r^ ' s  with  even   subscripts  form  a   decreasing   sequence,  and 
the   i  nte  rva I s 


^8^ 

are  nested  one  within  the  other  and   shrink  down  to  a  point. 
Clearly,   the  sequence   r^,    r2,    r^,  converges. 

Clear  as  the  convergence  of   this   sequence    Is,    It  cannot 
be  proved.     When  these   Intervals   shrink  down  to  a  point, 
there   Is   nothing   to  guarantee  us  that  there   Is  a  number 
associated  with   that  point.     This   situation  must  be  remedied 
by  adopting  some  completeness  axiom.      (An  axiom   Is  a.state- 
ment  adopted  without  proof.)     There  are  many   statements  which 
could   be  taken  as   completeness  axioms  w?th  equivalent  effect. 
The  one  most  convenient  for  our  purposes    Is  the  following: 

o 
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Completeness  Axiom.    I  f   L   ,    L   ,    L   ,    .  .  .    i  s  a  n  increasing 

  12        3  '  ^ 

sequence  and  R^,  R^,  R^,  ...  a  decreasing  sequence  with 
Mm   (R     -  L   )   =  0,    then  the  two  sequences  both  converge 

to  the  same  number. 

This  axiom  assures   us   that  the  sequence   r   ,    r   ,    r   ,  ... 

12  3 

discussed  above  converges.      It  furthermore  guarantees  that 
the  bisection  process  used   in  finding   roots  w  i  M   a  I  ways 
converge,   even  without  the  assumption  that  the  function  f 
has  a   root  on  any    interval   Cc,dl|  for  which  f(c)   and  f(d) 
have  opposite  signs. 


When  this  completeness  axiom   is  adjoined  to  the  Field, 
Order,    ^nd  Archimedean  axioms  of  Chapter  0,    the  development 
of  our  axiom   system   for  the   real    numbers   is   finished.  From 
these  axioms,   we  can  derive  all   the  properties  of  the  real 
number  system.     The  completeness  axiom  constitutes  the 
fundamental    distinction  between  Algebra   and  Calculus.  We 
will    find  that  this  axiom  will   be   invoked  over  and  over 
throughout  the  course  to  guarantee  the  existence  of  the  basic 
concepts  of  calculus. 
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PROBLEMS 


+  5 

Let  a  sequence  c     be  defined  by         =    I   and  c         =   ; — 

n  '      U  n+l  +  2 

n 

(a)  If         converges  to  a  number  L,   what   is  L? 

(b)  Calculate  c^,  C3,    c^^  as   fractions  and  as  decimal 
approximations  to  the  nearest  ten  thousandth.  Does 
this  sequence  seem  to  be  converging   to  the  value 

L  calculated   in   part  (a)? 

(c)  Calculate  c     ^    in  terms  of   c     and  simplify. 

n+2  n       .  r  r 

+ 

(d)  Let  d     =  c         -  c   .     Calculate  — ^ — L  in  terms  of 

n         n+i     ,    n  d 

n 

2c     +  5 

c     and  simplify.      (Use  the   formula  c   .      =   rn 

n  r       7  n+ 1  c  +2 

n 

and    (c).)     Show  that  the  values  of   d     alternate  in 

n 

sign  and  that    Mm   d     =  0. 

n 

n->-oo 

(e)  Explain   how  we  can   see  that  the  sequence  c^  does 
i  ndeed  converge • 

_  Q 

(f)  How    large  must  N   be   in  order  that   |c^-L|    <  10 
for  all  n>N? 


2.        (a)     Prove  that  4xy       (x+y)2   .      (Hint:      (x-y)2  >_  0 .  ) 

(b)  In   the   arithmetic-geometric  algorithm  of  Problem 

7,    Section   4,   prove  that    if   a^  _<  b^,   then  a^^ilb^_^^. 

(c)  Prove  that   if   a^   <_  b^,   then   a^_^^   >_  a^   and   b^_^^   <_  b^. 

(d)  Prove  that   i  f   a^  £  b^,   then   b^^^   -  a^^,  £  ^  (b^  -  a^) 
(Hint:     Draw  a  p  i  ct u  re . ) 
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(e)     Prove  that   Mm  a     and   Mm  b     exist  and  are  equal. 

This  proves  the  existence  of  the  a r i thmet i c-geomet r 
mean  M . 


Suppose  a   sequence  c^   is   defined  as  foMows 


C2  = 


=  n   =    '    -^^i-l  ^-'^"^^^ 


We  can   form  a   new  sequence         by   choosing  only  the  odd 


terms  of   the  sequence  c^^.  Thus, 


R  =  I 

2  2  3 

R  =    ,    -  1  +  1  -  1  4-  1 

3  2        3        4  5 


n        ■       2       3       4  ^  3  ^   •  •  •  ^ 


Similarly,   we  can   form  a   new   sequence         choosing  only 

the  even  terms  of   the  sequence  c  . 

^  n 


(a)  Using  the  Completeness  Axiom,   prove  that  the 
sequences  R     and  L     converge  and  that   Mm         =   Mm  L^, 

(b)  Prove  that  the  sequence  c^  converges  and  that 

Mmc     =MmR  =MmL^, 

n  n  n 

n-^oo  n-^^ 

(c)  Obtain  a   simple  expression   for  R^  -  L^. 

(d)  What   is  the  smallest  value  of   n  such  that 

^n       1000  • 

Mm  c     with  an  e  rror 
n 


(e)      Use  the  computer  to  approximate 
of    less  than    . qIq  - 


Chapter  3 
AREA  AND  INTEGRAL 


.  I  .  Area 


There  are  five  fundamental    properties,   all    very  natural, 
which   form  the  basis   for  our  development  of   the  subject  of 
a  rea .     These  are : 


I,       Any   bounded   region    in  the  plane  has  area,   which  is 
a   nonnegative  real  number. 


II.       Congruent   regions   have  the  same  area. 


III.  If   the   regions   R     and  R 

are   such  that  R  CL  R 

2  1 

then  Area  of   R     <  Area 
2 

of   R  . 
1 

IV.  If   a   region  R   is  decomposed    into  a   number  of  non- 
overlapping   parts,    say  R   ,    R  ,   R   ,  then 

12  3 

Area  of   R  =  Area  of   R     +  Area  of   R     +  Area  of   R  . 

1  2  3 
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V,       The  area  of   a   rectangular   region    fs  the    length  t 
the  w  i  cit h  . 


I  me  s 


We  will    not  worry  about   units.     We  will    always  be  working 
in  the  coordinate  olane  and   will    be  using  as  our  unit  of 
length  the  unit  used    in  constructing  the  coordinate  system. 


Knowing  the  area  of   a   rectangle,   we  can    immediately  find 
the  area  of   a   right  triangle.      (See  Figure   l-l.)      In  the 
rectangular   region  R,   we  see  that  a   diagonal    divides  the 
rectangle    into  two  right  tr,iangles  which  are  congruent  and 
therefore  have  equal  areast 


Thus 


FIGURE 


so  that 


Area  of  R  =  2(area  of   R  ) 

1 


Area  of   R     =  ^""^^  °^  ^ 
1  2 


L  X  W 


This  is  the  familiar  fact  that  the  area  of  a  right  triangle 
is   half   the  product  of   the   lengths  of   the  legs. 
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We  can   further  find  the 
method.      (See  Figure  1-2.) 


area  of  any 
We  see  that 


triangle  by  a  similar 
drawi  ng  an  alt  i tude 


FIGURE  1-2 

divides  the  triangle    into  two   right  triangles   50  that 


Area  of   R  =  Area  of         +  Area  of  R^ 


b 1 h       boh       b. h  +  b^h 


^   b,)h  ^ 
2  2 


Thus  the  area  of  any  triangle  is  half  the  base  times  the 
altitude.     All    this   is  of  course  very  well    known  to  you. 


We  can  continue   in  this  way  to  find  the  areas  of  polygonal 
regions,    that    Is  to  say,    regions  whose  boundaries  are  made 
up  of    line   segments    like  the  one  shown    in  Figure    1-3.  By 
drawing   diagonals,   such  a   region  can   always   be  decomposed 
into  triangular   regions  whose    area  can   be  computed   from  the 


FIGURE  f-3 
269 
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usual    formula.     And  then  the  area  of   R    is  just  the  sum  of 
the  areas  of  the  triangular  regions. 

The  problem  of   computing  the  areas  of   regions  whose 
boundaries  are  made   up  of    line   segmenis    is   now  disposed  of. 
We  are   ready  to  tackle  one  of   the  major  problems  of  calculus-- 
the  problem  of   finding  the  areas  of   regions  with  curved  boundaries. 

In  calculus   we  usually  work  with  the  areas  of  regions 
having   the  configuration   shown    in   Figure    1-4.     That    is  to  say, 
the   regions  are  bounded  on  the 
bott  om  by  the  X  —  axis,   on  the 
sides  by  vertical    lines,  and 
on  top   by  the  graph  of  some 
function. 

FIGURE  1-4 

Thus,    to  find  the  area  of   a   region   shaped    like  this 


then  this  one: 


and  then  take  the  difference. 


0 

Although  we  are   not    in   a   position  to   find  "^^  area 
of   any   region  with   curved   boundaries,    still         ^  t^^oximate 


such  areas  to  any   desired  degree  of  accuracy 


Let • s  see  how  this 

works  out  with   a  particular 

example.      Let's  compute 

the  area  of   the  quarter 

of  the  circle         +  y^  =  4 

depicted    in   Figure  1-5. 

You   were  taught    in  high 

school    that  the  area  of 

a  circle  with   radius   r  is 
2 


7Tr 


^5 

FIGURE     '^ea  ^ 
Since   the   radius  of   the  circle    is   2,   th^  ^  ^ 


quarter  circle   is  j  -2^  =   ir.     As  a   check  we  w' 


I  1 


\^o^  closely 


our  computed  area  agrees  with  the  wel l-known  sPP 
va  I  ues  of     tt  . 


We  see  that  the   region    is  of   the  special    con  ^fion 


described  above.      it   is  bounded  by  the  X-axig, 


i  ca 
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lines   X  =  0,    x  =2,    and'  the  graph   of   a   certain   function.  We 
find  a   formula   for  this   function   by   solving   the  equation 

y  =  ±   /4  - 

So  the   function   under  consideration    is   given  by 

f(x)   =   /4  -  x^    ,   0  1.  ^  1  2. 

Although   we   cannot  calculate   the   area  exactly,   we  can 
approximate   it  by   "rectangular  configurations,"   a  term  we 
shall    use  to   indicate   regions   composed  of   adjacent  rectangles. 
In   Figure    1-6,   we  have   a   region   composed  of   three  adjacent 


2.  O  Z 

FIGURE    1-6  FIGURE  1-7 


rectangles  contained   in   the  quarter  circle.     The   area  of  the 
shaded  part   is  the  amount  by  which   the   area  of  the  quarter 
circle  exceeds   that  of   the   rectangular  configuration. 

In   Figure    1-7,   we   see  that  the  quarter  circle   is  contained 
in   a   rectangular  configuration   composed  of   four  rectangles. 


The  shaded  area   Is  the  amount  by  which   the  total   area  of 
the   rectangles  exceeds   that  of  the  quarter  circle. 

Figure    1-8  shows   Figures  1-6 
and    1-7  superimposed.     The  shaded 
area   represents  the  difference 
between   the   areas  of   the  rectangular 
configuration    in   Figure    1-7  and 
that   in    Fi  gure    I -6 . 

By   repeating  this  process  with   a    large   number  of 
rectangles,    the   shaded  area  can   be  made  quite   small.  See 
F  i  g  u  re    I  -9 . 

it    looks   as  though    ,    by  using 
thinner  and  thinner   rectangles,  we 
can   get  closer  and  closer 
approximations  to  the   area  of 
the  quarter  circle.      Let's  now 
actual ly  compute  some  of  these 
rectangular  configuration   areas  for 
our  quarter  circle. 
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In   Figures    l-IO,    l-ll,    and    1-12,   we  have  plotted 
points   x^,    x^,    x^,    x^,   between  0  and  2,   and  we   have,  sketched 
the  corresponding   inscribed   and  circumscribed  rectangular 
configurations  along  with  the  superimposed  rectangles, 
showing  the  difference  of  the  areas. 


The   values  of  x   ,    x  ,   x   ,   x  ,    in   the  picture  were 

12         3  1+ 

chosen  as. 


X,    =    .56       X     =    1.2       X     =    1.6       X     =  1.92 
12  3  1+ 


The   areas  of  the   four   rectangles    in   Figi.;re    l-IO  are 


(x     -  0)f(x   ),    (x     -  X   )f(x  ),    (x     -   X   )f(x  ), 
1  1  2  1  2  3  2  3 


(x      -   X    ) f (x  ) 
3  <♦ 


where 


f  (  x) 


=  /4 
214 


22  i 


Substituting   in   the  values  we  obtain   for  the   four  areas 


Rect- 

angle 

W  i  dth 

Hei  ght 

Area 

1 

.56   -   0  =  .56 

■/4  -   (  .56f    =  1.92 

( .  56  ) (  1  .92)    =    1  .  0752 

2 

1.2  -    .56=  .64 

V4  -   (1.2)^    =  1.6 

(  .64) (  1  .6)    =      1  .024 

3 

1.6-    1.2=  .4 

■/4  -   (1.6)'-    =  1.2 

( . 4) ( 1 .2)      =  .48 

4 

1.92-    1.6=  .32 

V4   -    (  1  .92)*  =  .56 

( .56) ( .32)    =        . 1 792 

Total  2.7584 

Similar  computations  yield  for  the  sum  of  the  areas  of 
the   five   rectangles    in   Figure  l-ll, 


(x  -O)f(O)   +   (x  -X   )f(x   )   +   (x  -X   )f(x  )   +   (x  -X   )f(x  ) 
1  2       1  1  3      2  2  k      3  3 


+   (2-x   ) f ( X  ) 


or 


.56(2)   +   .64(1.92)   +    .4(1.6)   +   .32(1.2)   +    .08(.32)   =  3.3984 

The  true   area,   it,    of   the  quarter  circle    lies  between 
these   two  estimates.     That   is,   tt    lies  somewhere   in  the 
interval    [2.7584,  3.3984] 
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;.  22:: 


2.7584 


3.3984 


and  hence  the  distance  between  tt  and  the  midpoint  of  the 
Interval    cannot  exceed   half   the    length  of   the  interval. 


2. 7584  3.0784  3. 3984 

That   fact  may   be  expressed    in   the  form 

|7T  -  3.0784|   £  .32 

Actually,  our  es  t  i  mate ,  3.  0  784,  differs,  from  tt  by  less  than 
.064  . 

This   average  of  our  upper  and    lower  estimates  can  be 
seen  to  be  the  sum  of  the   areas  of   the   four  trapezoids  and 
one   triangle  shown   in   Figure  1-13. 

The    area     is   again   shaded  and 
seen   to  be  much    less   than  half 
the  shaded  area   in   Figure  1-12. 

FIGURE  M3 
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In  this  section,   we  have  seen  how  our  general  principles 
regarding  area  have  enabled   us  to  find  approximations  of 
the  areas  of   regions  with  curved  boundaries.      In  the  next 
section,   we  will    imp  rove  our  method  so  as  to  find  sequences 
of  approximations  which   converge  to  the  actual  area. 


PROBLEMS 


(a)  Draw  a  graph  of  the  function  y  =        +  5. 

(b)  Choose   four  points  Xj,   x^ ,   x^,   and  x^  between  0 
and  3.      Draw  the   five   rectangles   under  the  curve 
y  =  x2  +  5  with  bases  [:o,x,3,   Cxj.x^n,  \:x^,x^3, 
Cx^, x^n,   and  Cx^,  3  3. 

(c)  Compute  the  sum  of  the   areas   of   the   five  rectangles 
drawn    in   ( b  )  . 

(d)  Repeat  parts    (b)   and   (c),    this  time  with  rectangles 
above  the  curve  y   =  x^   +  5 . 

(e)  Estimate  the   area  of  the   region    in  the  first 
quadrant   under  the  curve  y   =   x^  +  5  by  averaging 
your  results   from  parts   (c)    and  (d). 

(f)  Calculate  the   difference  between  your  estimate 
made   in    (c)   and  the   true   value,   which    is  24. 

Draw   a   flow  chart  for  a  program  to  do  the  computations 

like   those   in  Problem   I    parts    (c),    (d),   and   (e)    for  a 

function   f   on   an    interval   CA.BD.     The  program  should 

read   numbers   Xj,   x^ ,  wh  i  ch  "pa  rt  i  t  i  on  the  interval 

[:a,B3   into  N  +    I    parts   [:a,x,3,    Cxj.x^n,  Cx^.B]. 

Assume  that  the   function   f    is   nonnegative  and  monotone 
on  the    interval  CA,B3. 
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2  .     An_  A  I  gor  1  thm  for  Area 


In  order  to  devise  an  algorithm  for  calculating   areas  to 
any  desired  degree  of  accuracy,   we  need  only  make  finer  and 
finer  subdivisions  of   our   intervals.     This    leads  to  longer 
and  more  tedious   calculations  so  that  we  would   naturally  prefer 
to  have  these  calculations   done  by   a  computer. 

The  first  step    in   developing  our  algorithm    is  to  analyze 

the  error.     Suppose  that  f    is   a  monotone  function  over  un 

interval   Ca,bD.      Let  us   subdivide  the   interval    by  means  of 

points  X   ,  X   ,   X   ,  X     and  construct  the   upper  and  lower 

12         3  7 

sums   according   to  the  method   in  the  preceding   section.  In 
Figure  2-1,   the  total   area  of   the  shaded   rectangles  represents 
the  difference  between  the  upper  and    lower  sums. 


d    X»         Xj        X4    Xs  X^  Xt     b  a     X.     Xi  Xj        x+     x,  b 

FIGURE   Z-l  FIGURE  2-2 
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In  Figure  2-2.   all   these  shaded  rectangles  have  been  slid 
horizontally   so  as  to  fit,   without  overlapping,    into  a  rectang 
situated  above  the  widest  of  our  sub i nterva I s .     The  area  of 
this  rectangle   is    |f(b)   -  f(a)|-(x     -  x   )   and  thus  our  upper 


•t  3 

sum  U_  and  our   lower  sum   L  satisfy 


U  -   L   <.  If  (b)   -  f  (a)  I  -(x     -  X  ) 

h  3 


In  general,  this  can  always  be  done  provided  that  the  function 
f    is  monotone,   and  we  will    always  have 

U  -   L  <.  I  f  (b)   -  f  (a)  I  .6 

where   6    is  the  width  of  the  widest  subinterval    in  our  par- 
titioning  of  the   interval  Ca,bD. 

Using   the  average  of   the   upper  and    lower  sums 


T  =   U  +  L 


as  an   approximation  of  our  area,   we  have 


T  -  Area]    <_  ^  ~   ^  <i  |f(b)   -  f(a)|.6 


Thus,   the  number  i|f(b)   -  f(a)|.6      is  a   bound   for  our 
error.     This   bound  can  be  made  as  small   as  we    like  by  choosing 


our  partition  so  as  to  make   5  sufficiently  small. 


If  we  take  a  sequence  of    partitions  of  the  interval 

Ca,b!]  where   6   ,    s   ,    6   ,    ...   converges  to  zero,  then 
1         2  3 


T     -  Area  I  <  llf  (b)   -  f (a)  I -6 
n  '  —  2  '  '  n 


so  that  T  ,   T  ,   T  ,    ...   wMl    converge  to  the  Area  as  a  limit, 
1         2  3 


One  simple  way  of   constructing   this   sequence  of  parfitions 
is  by  successively  halving   the   intervals  of  the  preceding 
partition,   as    in   Figure   2-3.      In  this  way,   all    the  intervals 


th 


n 


in  the  n  partitioning  )  — +- 
of  Ca,b!]  have  the  same 


length,    namely  - — —  ,  so 
2" 

that 


-I  '  »  '  «  '  »  '  h 


£       =  A  I    '  I— I— I  I  I  I    I    1  I — I— I— I — I — I— I— 

^n         ^n  7  ^  b 

'  FIGURE  2-3 

We  can   see  that   in   successive  comp  utations  of   the  lower 
sums,   each    rectangle   is   replaced  by   two   rectangles  with  a 
greater  combined  area. 
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n  partition 


(  a  } 


b  a 

FIGURE  Z-4 

While   in  S'jccessive  computations  of   the   upper  sums,  each 
rectangle   is   replaced  by  two  rectangles  with  a  smaller 
comb  i  ned  a  rea . 


— ~—  _Q_*lt!_partition 


(  a  } 


FIGURE  2-5 


(  b  ) 


Now    the  sequence   L  ,    L   ,    L     ...    is  an  increasing 

12  3 

sequence  while  U   ,   U   ,   U   ,    ...    is  a   decreasing  sequence. 

12  3 

Moreover,         £        for  n  =    I,   2,  and         -         converges  to 

ze ro  since 
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Therefore,   by  our  completeness  axiom,    lim         =   lim  L^. 

We  have  ob-:alned  this  conclusion  without  using  the  assumption 
that  the   area  of   the   region  exists. 


The  area  of  the  trapezoidal 
approximation  to  the  area  is 

n  partition 

U     +  L 
^  n  n 


Since 


L    1  T    1  U  , 
n         n  n^ 


FIGURE  2-6 


the  squeeze  theorem  assures  us  that  the  sequence  T^ ,  T^ ,  T^ , 
converges  to  the  common  value  of    lim         and    lim  U  . 


In  computing   L     and  U   ,   we  will    let  h   represent  the  width 
n  n 

of   the  s ub i nte rva I s .      (They  all    have  the   same  width,  namely. 

The  values  of   L     and         are  then  given  by 

n  n 


L     =  f  (a)h  +      51   f  (a  +  kh)h 
n 

k=  I 


2^-1 


U     =  f  (a  +  kh)h       +   f  (b)h 

k=  I 
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and  we  can  make  use  of  the  distributive    law  to  write   L  a 

n 

U     i  n   the  form 
n 

2"-l 


=  h[f(a)    +  f(a  +  l<h)3 

k=  I 


2"-l 


=  h[f(b)   +  f(a  +  kh)] 

k=  I 


Introducing  a  variable  SUM  to  stand  for 

2"-l 

SUM  =  ]^  f (a  +  kh) 

k=  I 

we  have  the  formulas. 


=  h(f(a)   +  SUM),   U^  =  h(f(b)   +  SUM). 


The  computation  of  L 

n 

and   U     wi  I  I    thus  be 
n 

accomp I i  shed  by  the 
process   shown    in  Figure 
2-7.     The   flow  chart 
for  the  entire  process 
of  generating   a  sequence 
of   upper  and    lower  sums 
and  trapezoidal   sums  is 
seen   in   F  i  gu  re  2-8 . 


X  ^  a 

SUM  0 


t  4- 


T 


X  4-  x-f-h 
SUM  <-  5UM4-f(X) 


LN  <-  hX  (SUM+-P(a)) 
UN  <-  h  X  (SUM  +-f  (b)) 


Figure  2-7 
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Variables  NUM   (=2")  and 
FA    (=f (a) )    and  FB   (=f (b) ) 
have  been    introduced  to  reduce 
repeated  computation.  You 
should  especially  note   how  h 
gets   its  successive  values 
by   being   repeatedly  halved. 
The   final   output  value  of  TN 
Is  guaranteed  to  differ  from 
the  true  area  by    less  than  the 
Input  value  of   e . 

The  program  works   for  de- 
creasing  functions  as  well  as 
increasing   functions,  except 
that   in   this  case  the  upper 
sums  will    appear  as   the  LN 
outputs  and  the    lower  sums  as 
the  UN  outputs.     You  should 
see  why  this    is  the  case. 

In   Figure  2-9,   we  see  a 
variant  of   Figure  '2-8  which 
will    reduce   the  computing 
time   by   half.     The  basis 


FA  f  (a) 
NUM<- 


SUM^  0  ii 


23  J 

225 


for  this   improvement   is  as 
follows.     In  executing  the 
loops  of   boxes  5  and  6  of 
Figure  2-8,   the  value  of  f(x) 
is   computed  for  2^  -  I 
different  values  of  x.  However, 
2"   ^  -    I   of   these  values  have 
already   been   computed  and  summed 
in   the  previous   pass  through 
the    loop.     The  variables  TOT 
and   d(=  2  x  h)   are  introduced 
to  eliminate  this  source  of 
inefficiency.     How  the  re- 
vised flow  chart  works    is  left 
for  you   to  discover  for  your- 
self. 


FA  <-  f  (a) 

FB4-  f(b) 

err*-h.|FB-FAl/2 

NUM  <r-  \ 
TOT  0 


T 


err<  z»  e 


d<-  d/2 

Xf-a-h 
SUM  f-  0 
err<-err/z 


5 

L  >  NUM 

T 

Ff 


X  <-  d  +  X 
SUM  ^5UM+f(X) 


£ 


TOT<-TOT/2  +  3UM  xh 
LN  <^TOT+H»FA 
UN  <-TOT  +  h«FB 
TN  <-(LN+UN)/£ 
NUM  f- NUM  X  2 


T 


6 


F  i  g  u  re  2-9 
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PROBLEMS 


Write  a  program  for  the   flow  chart  of   Figure  2-8  or 
Figure  2-9.     Run   this   program  with   the   function    in  the 
previous  section. 

f(x)   =   /4  -  x^,       a  =  0,   b  =  2 

Remember  that  the  true   value  of  the  area    is  ir.  Compare 
your  final    value  of  TN  with  tabulated  values  of   ir . 

Write  a  flow  chart   for  computing  a  trapezoidal  approxima 
tion  T  to  the  area   under  the  curve  y  =   F(x)   on  the 
Interval    [A,Bll,   where   F   is  a  monotone   function   which  is 
nonnegative  on   [A,B3.      First  have  the  program  calculate 
how  small   the  subintervals  must  be   in  order  to  guarantee 
that  T  wi  I  I    differ  from  the  true  area  by   no  more  than 
e.     Then   calculate  T   using  equal    subintervals  of 
appropriate  width. 

Write  the   program  flow  charted   in  Problem  2   and   use  it 
to  approximate  the   area   under  each   of  the  following 
cu  rves .      Use  e  =  .001. 

(a)  f ( x)    =   /x     on   [0,  I  2 

(b)  f  (x)    =   /x     on   [I  ,211 

(c)  f(x)    =   /x  +    I     on  [0,111 
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(d)  f(x) 

(e)  f(x) 

(f)  >(x) 

(g)  f(x) 

(h)  f(x) 
( i  )  f  (  X) 
(j)  f(x) 


=  s  i  n  X 

=  s  i  n  -J 

=   x^  on 
I 

x2  +  I 
=   cos  X 
=   cos  X 
=   x^  on 


on  CO,jD 
on  C0,7r] 

CO,  i: 

on   Co, □ 

on  Co,  I  3 
on  CO,jD 

CO,  i: 
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Non- Monotone   Fun ct  Ions 


The  process  we  have  developed  suffices  to  compute  the 
area  under  the   graph   of   any  monotone   function.      In   a  certain 
sense,   this  will   suffice   for  our  needs,   because    in  undei — 
graduate  mathematics   virtually   all   the   functions  we  encounter 
are  either  monotone  or  "piecewlse  monotone".     By  "piecewise 
monotone"  we   mean   that   the   domain   can   be  divided   up    into  a 
number  of    intervals   of  mono- 
tonicity   as   depicted  in 
Figure   3-1.     Now   the  area  under 
the  curve  can   be  obtained  by 

computing  separately  -the   areas  Figure  3-1 

under  the  monotone  pieces  and 
adding   as    indicated   in   Figure  3-2. 

In   another  sense,  however, 
the  situation    is   not  quite 

Figure  3-2 

satisfactory.     There  are  two 
reasons    for  this.      First,  sums 
and  products   of  piecewise 
monotone   functions   are  not 
necessarily   piecewise  monotone 

Figure  3-3 
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(though  we  will   not  give   an  example  of  such   a  situation 
here).     This  would   lead  to  the  necessity  of  qualifying  some 
of   the  theorems  we  wish   to  prove    later  on.     Secondly,  even 
though   a   function   may   be  piecewise  monotone,    it   can  have  a 
great  many  maxima   and  minima   (as    in   Figure  3-3),    and  the 
problem  of  actually    locating  these  points  may  be  a  practical 
i  mposs  i  b  i  I i  ty . 

The  re   is,    how ever,    another  means  of   controlling  error  in 
estimating  areas  which   does   not   require   the  ability  to  locate 
the  maxima  and  minima.      For  this   purpose,   we  will    relax  our 
definitions  of   upper  and    lower  sums   (i.e.,   make   them  more 
general). 

Looking  at   Figure  3-4(a),   we  see  the  graph   of  a  function 
f  with   the  area   under  the   graph   shaded.      In   Figure  3-4(b),  we 
see   a   rectangular  configuration    including  the  a  re a   under  the 
graph.     We  will    call   the  area  of   such   a   region   an   upper  sum. 
In   Figure  3-4(c),"we   see  a   rectangular  configuration  entirely 
contained   in  the   region    i  I  lustra ted    in   Figure  3-4(a).  We 
will    call    the   a  re a  of   such   a   region   a    I  owe  r  s  um . 

If  we   denote   the  heights  of   the   rectangles   in  Figure 

3-4(b)    as  M  ,   M  ,  M     and  the   heights  of  those   in  Figure 

12  7  ^  ^ 

3-4(c)   as  m   ,   m  ,  m   ,   then  we  see   that  the   upper  sum 
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F  i  gu  re  3-4 

U  and   the    lower  sum  L  are  given  by  the  formulas 
7  7 

k=I  k=l 

In   Figure   3-4(d),    the   rectangles  in   Figures   3-4(b)  and 

3~4(c)    have  been  superimposed   and  the  shaded  area  represents 

the   difference  U  -   L  .    The   heights   of  the  shaded  rectangles 
i  n  the   f  i  gu  re   a  re 

M     -m,M     ~m,...,M  ~m 

1  1         2  2  7  7 
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If,   as    in   Ffgure   S-ACd),   each   of  these   heights    is  £  2e,  then 
we  could  as    in   Figure  3-5(a)   "drop  each  of   the  shaded 
rectangles   down   to  the   bottom  of   the  elevator  shaft",  and 
then  we  see    in   Figure  3--5(b)    that  the  whole  configuration 
fits    inside   a  rectangle 


Figure  3-5 

of  area  2e(b  -  a).  That  is,  U  -  L  £  2e(b  -  a).  And  now, 
since  the  area   under  the   curve.   A,    lies  between   L  and  U, 


A 


u 


2. 
 ^ 


L  u 

2. 

 A._ 


U 


we  observe  that  A  lies  within  a  distance  (U  -  L)/2  of  the 
average   (L  +  U)/2  of   L  and  U.     That  is. 


A  - 


L  +  U 


U  -  L 


e(b  a) 


In  this  way,   we  can  make  the  error   fn  estimating  the 

area  as  small   as  we    like  provided  that  our  function  has  the 

property  that  for  every  e  >  0  we  can   find  a  partition 

X  ,    X  ,    X  ,  and   upper  and    lower  bounds,   M,    and  m,  , 

012  ri  '^'^  'k  k 

on  each   of  the  subintervals  so  that  for  each  subinterval 
we  have 


But  what   functions   have  this   property?     How  a  re  we  to 
find  such  partitions   and  such   numbers         and  m^^?     We  address 
ourselves  to  these  questions   a    little    later  on..  What  we  need 
for  now   are  the  generalized  concepts  of    lower  and  upper  sums. 


m 


k  - 


<  2e. 
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4 .  Integrals 


The  process  we  have  developed   for  computing  areas  has 
many   applications.     The  mathematical    name   for  the    limit  found 
by   this  process    is   "the    integral    from  a  to  b   of   f",  written 


f (X) dx 


(The  reason  for  the  "dx"  will  appear  later.  At  present  consid- 
er   it  merely  as   part  of   the  symbol    indicating  integration.) 

We  no   longer  require  that  the   function   f   be  positive  over  the 
interval   [a,b].     We  will  be 
able  to  find   integrals  of 
functions   such   as   that  in 
F  i  gu  re   4-  I  . 


The  area  interpretation 
of  such   an  integral    would  be 
the  shaded   area  above  the 
X-axis   minus   the  shaded  area 
below   the  X-axis,   as  shown 
in   F  i  gure  4-2. 

Howe ve  r ,    it   is  not 
always   profitable  to  think 
of  these   integrals    In  terms 


FIGURE  4-1 


a 

b  K 

FIGURE  .  4-Z 


of  area. 


Below  we  give   a   formal    definition  of   the   integral.  You 
will   see   that  this   definition  coincides  with  what  we  have 
been  doing   in   finding  areas. 

De  f  i  n  i  t  i  on :      Let  f  be   a  function   defined  on  an  interval 

Ca,b3.     Suppose  there    is   a  sequence   L^,   n  =    I,  2, 

of    lower  sums   over  this   interval    and   a  sequence  U  . 

n 

n  =    I,   2,   3,  of   upper  sums  with    lim  (U         L   )   =  0 . 

«^         n  n 

Then  the   common    limit,    L,   of  these   two  sequences  is 
denoted  as 

I  f(x)dx 
a 

Up   until    now  we  have   been   using  the   assumption  made  in 

the   first  section  of   this  Chapter  that  the   regions  under 

consideration  have   areas.     On  the   basis  of  this  assumption. 

It   is  easy   to  see   that   if   there  exist     sequences  satisfying 

the  conditions    in   this   definition,    then  they   must  converge 

to  the   area.   A,    under  the   curve.      For  then  we  have 

^r.   "for  all    integers   n,   and  since    lim   (U     -   L   )   =  0. 
—    n  n         n  ' 

we  have  also   Mm   (U     -  A)    =  0  and    lim  (A  -   L   )   =  0. 

n  n 

In  order  to  make  our  development  rigorous,    it   is  neces- 
sary  to  free  ourselves   from  the   assumption  that  regions  under 
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the  graphs  of   functions  have  areas.     However,   once  this 
assumption   is   dropped,   our  definition  of  the   integral    is  open 
to  serious  objections.     First,    it   is  not  clear  that  sequences 
satisfying  the   conditions   in  the   definition   necessarily  con- 
verge.    Second,    it   is   not  clear  that  another  pair  of  se- 
quences   L^^    and  U^'   satisfying  the  several    conditionsV  but 
based  on   different  partitioning  of  the   interval   Ca,b],  will 
necessarily   converge  to  the  same    limit.     These  objections 
are   disposed  of    in   Appendix  B  to  this   chapter.     The  discus- 
sion given  there   is  easy-going   and   informal    but  somewhat 
lengthy.     We  hope  that  the  student  will    read  this  discussion 
now  or  at    least  before    leaving  this   chapter   in  order  to 
appreciate   the   simple  steps   necessary  to  validate  the  above 
definition;    it  makes   our  theory  of    integration  dependent 
on  I y  on   the   field,   orde  r,   A  rch  i  me  dean ,   and   comp I eteness 
axioms   for  the   real    number  system. 

Although  we   now  allow  the  possibility  that   f  may  assume 
negative  as  well    as  positive  values,   we  will    show  that  we 
may   nevertheless   confine  our  discussion  to  positive  functions. 
To  see  that  this    is  so,   suppose   that  f  assumes   both  positive 
and  negative   values    in  the    interval   Ca,bl].      Let  -K  be  a  lower 
bound   for  f    in   the   interval   Ca,bl]  so  that 

g(x)   =   f{x)   +  K  >_  0   for  X  in  Ca,b]. 


2H  '^^^ 


Let 


L  = 


i  =1 


m  .  ( X  , 
I 


I 


-  X 


I  -1 


be  a    lower  sum,    for  f    in   Ca,bl|.      (Here   some  or  all   of  the  m. 

may  be  negative,   but    let  them  al  I   be  taken   >_  -K.)  Taking 

m.'   =  m.   +  K,   we  see  that 

n 

=5Ini!  (X.   -  X.  ) 
♦-^    I      I  1-1 

i  =  I 

is   a    lower  sum  for  g  on   Ca,b!].     Next  we  calculate 
n  n 

L'    =    y*ml(x     -  X       )    =    S"(m.    +  K)(x.    -  x.  ) 

I      I  1-1  I  I  1-1 

i=l  1=1 

n  n 

i=l  i=l 


1^ 


=   L  +  K(b   -  a) 

llCot)  ve  rse  I  y ,    if  we  had  started  with   L'   being  given,  then 
taking  m.    =  m.'   -  K,   we   could  have   computed   the    lower  sum 
L  so  that   L  =   L'    -   K(b-a).I|     Similar   results   for  upper  sums 
are  obtained   by   replacing  the  m.    and  m.'   by   M.    and  IM .  '  .  Here 
we   obtai  n   U'    =  U  +   K(b-a) . 


*  Now    if  we  have   sequences   L     and  U     for  f,   then  the 

n  n 

sequences   L   '    and  U   '    constructed   according  to  the  above  rule 
n  n  ^ 


sat! s  fy 


-  L^'   =  [U^  +   K(b   -   a)]  -   [L^  +   K(b  -  a)] 


=  U     -  L 

n    .  ;v-n 
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Consequently,    if  either  of  the  sequences   U     -   L     or  U   '   -  L 

n         n  n  n 

converges  to  zero,   then  both   do  since  they  are  the  same. 
Moreove  r , 


f(x)dx  =    lim  L     =    Mm  [L   '   -  K(b  -  a)1 
„         n  n 
n  -♦•oo  n  -♦•oo 


=   lim   L^'   -  K(b  -  a)     =    J  g(x)dx  -  K(b  -  a). 


»b 

n->-»  "a 


Accordingly,   we  have  the  following  recipe   for  finding  the 
integral   of   a   function   f  which   assumes   negative  values: 

(1)  Find  K  so  that   f(x)   +  K   i  s    >^  0  throughout  Ca,bll; 

(2)  Construct  g  by  g(x)   =   f(x)   +  K; 

-,b 

(3)  Calculate  the    integral     I  g(x)dx. 

^a 

/b 
f (x)dx. 

This    is   something  we   never  need  to  do   in    practice;  it 
is    introduced  solely   for  the   purpose  of  justifying  the  use 
of  methods  which   apply  only  to  positive   functions    in  proving 
facts   about   integrals.     We  give  one  example  of   finding  such 
a  number  K  merely  to  guarantee  that  our  meaning  will   be  clear 

Examp le.      Let   f(x)   =  3x  +  5  sin   x.      Find  a  number  K  so  that 
g(x)   =   f(x)   +  K   is   >_0     throughout  the    interval  [-4,6l|. 


Solution;   Throughout  the    interval   [-4,611,   the  inequalities 
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x>_-4     and  sinx>^-l 

hold  so  that 

3x>^-l2     and  5  sin  x>_-5 

when  ce 

3x+5sinx>_-l7, 

Therefore , 

g(x)   =   f(x)   +    17  =   3x  +  5  sin   x  +    I  7  >^  0 
th  roughout  C-4,63. 

Before  going  on  we  pause   to  briefly   consider  the  question 

What  functions   have   integrals?     That   is,    for  what  functions 

do  there  exist  sequences  of    lower  and   upper  sums   L     and  U 

n  n 

with    Mm  (U     -   L   )   =  0?     We  have   already  seen  that  such 
sequences   can  be   found  when   f    is   monotone.     There    is  no  need 
in   this   course   for  knowing  the  most  general   class  of  functions 
for  which    integrals  exist,   but  we  will    return   to  this  question 
later   in  this  chapter. 


m 


PROBLEMS 


Repeat  Problem   I   of  Section  3-1   with  the  function 

3 


y  =  -  5.  For  part  (f),  evaluate  f  (x^  -  5)dx 
assuming  that   |     (x^  +  5)clx  =  24. 


2,       Suppose  that  K   is   a  number  and  that   f   is   defined  on  an 

B 

f(x)dx   =  K(B   -  A) 

A 

Interpret  this   re suit  geometrically   in  the  case  K  >  0, 
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5 .       Theory   of   I nteg  rat  i  on 


We  next  present  several  important  theorems  concerning 
integrals.  In  order  to  streamline  the  statements  of  these 
theorems  we  adopt  the  convention  that  the  integrals  on  the 
right  side  of  the  equal  sign  are  given  to  exist.  The  theorem 
then  assures  us  of  the  existence  of  the  integral  on  the  left 
as  well  as  the  stated  equality.  We  also  assume  that  a,  b, 
and  c  belong  to  an    interval    in  the   domain  of  f. 

Theorem    I .      ! f  a  <  b   <   c  then 

f  f(x)dx  =     f  ^f(x)dx  +  /^f(x)dx 
a  ''b 

P  roof :     Since       f  f(x)dx  and       f  f(x)dx  are  given   to  exist 

a  '  b 

there   are   sequences   L   '    and  U   '   of    lower  and   upper  sums  over 

n  n  ^  ^ 

[Ia,b3  and  sequences  i-^''  and  U^''  of  lower  and  upper  sums  over 
Cb , c3  with 


lim   (U   '    -   L   ')    =  0  and  lim   (U   ^'    -   L  =  0 

n  n  n  n 


We   define    lower  and   upper  sums         and         for  f  over   lla,cll  by 

L     =L'+L''  and         U  =U'+U'^ 

n         n  n  n         n  n 
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as   illustrated   in  Figure  5-1   where  L     and  U     are  resnectivelv 

n  n  r  7 

represented  by  the  entire  shaded  areas   in  Figures  5-l(a)   and  5-l(b) 


EKLC 


Cb) 


Figure  5-1 


Now  we  see  that 


=   (U  »   ^'  U  ")   -   (L  '   +   L  ") 
n         n  n  n  n  n 


=   (i'   '    -   L   M   +   (U  "   -   L  ") 
n  n  n  n 


whence  by  the  theorem  on  the    li.T?it  of  the  sum. 


I  i  m  (  U     -  L  ) 


Mm  (U  ' 


L^')   +    ljm(U"-L")=0+0  =  0 


This   shows   th^^^n  that   a  sequence  of  the   desired   form  exists 
so  that      ^f(x)dx  exists.      As   for  the  value  of  this  integral 
(working  with   upper  sums,    althouc^h    lower  sums  would  do  as  well) 
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U2 


f(x)dx=limU  =lim(U*+u") 


a  n-^co     n  n  n 


=limU'+limU" 


Def  i  n  i  t i  on    \  .    J    f(x)dx  =  0 


b  -c 

f(x)dx  +   /  f(x)dx, 

a 

a 


f (x)dx   =  -   J    f (x)dx, 


Def  i  n  i  ti  on  2.      If   a   >   b,   we  define 

Theorem  2.      If   C   is   a  constant  then 

*b 

I    C-f (x)dx  =  C-  /    f (x)dx 


Proo^:      Consider   t-he   case   that  C  >  0.      Let   l     and   U     be  lower 

n  n 


and   upper  sums   for  f   on   [a,b]  with    lim  (U     -   L   )   =  0.    For  each 

n->-oo       "  1^ 

value  of  n,         and         are  expressible   in  the  form 


n  n 

k=  1 

Now  we  have 


mj^  _<   f  ( x)    <^  M,.   f  o 


2o  7 
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when  ce 


Cth.    £  Cf(x)   <   C'M.    for  X   in   [x,      ,  x, 
^  "~        K  k- 1 '  k 


(For  negative  C  these    inequalities   are   reversed,)     Hence  Cm. 

k 

and  CM     are    lower  and   upper  bounds   for  f  on   [x,      ,   x.  1,  and 
^  k- 1  k 

the  re  f  ore 

"  n 
k=l  k=l 

are    lower  and  upper  sums   for  Cf  on   Ca,bD.  Now 


lim  (CU^  -  CL^)  =  C  Mm  (U  -  L  )  =  (C)(0)  =  0 
n-x"         n  n  p-^oo       "  ^ 


assures   us  of   the  existence  of    I      Cf(x)dx,  Finally, 

'a 

/b  b 
Cf(x)dx  =   lim  CU     =  C   lim  U     =  C   /  f(x)dx, 

Lemma .  If  L'  and  U'  are  lower  and  upper  sums  for  f  over  Ca,bl| 
and   L"   and  U"   are    lower  and   upper  sums   for  g  over  Ca,bl|,  then 

L  =   L'   +   L"  and  U   =   U'    +  U" 

are    lower  and   upper  sums   for  f  +  g  over  Ca,bl|, 
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Proof :     We  will    show  this  only 
for   lower  sums.      In   Figure  5-2(a) 
and   5-2(b)  we   illustrate  lower 
sums   for  f   and  g  over  Ca,bl|. 
Figures    5-2(c)  and   5-2(d)  are  the 
same  except  that  vertical  lines 
have  been  drawn  at  all  partition 
points  of  both   partitions.  This 
shows   that   L'    and   L"   may   be  re- 
garded as    lower  sums  with  respect 
to  the  same  partition.      Let  us 
denote   this   partition  consisting 
of   all    the  partition  points  by 


X        k        X        ■        X        a         ■    ■    .    a  X 

0       1       2  n- 


and  we    let  the  heights   of  the 
rectangles  over  the  subintervals 
in   Figure  5-2(c)    be  Identified 


as  m 


m 


m   '    and  those  in 
n 


Figure  5-2 


Figure   5-2(d)    as   m  m     ,  ...  m^". 

^                  .            1  2  n 

Now  we  see  that  m^^'  <_  f(x)  and  m^^**  _<  g(x)  for  x  in  [x^^^^,  x^^H, 
Add  i  ng ,   we  get 


m, 


+  m 


£  f(x)   +   g(x)    for  X   in  [x^_^,  ^k"'' 
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Hence         =  m^'   +  m^"   is  a    lower  bound  for  f  +  g  on  Cx^_,,x^:  and 


the  sum 


n 

L  = 


21    \(Xk   -  ^-1^ 


k=  I 


k=  I 


=   L'    +  L" 


The   result  for  upper  sums    is   proved   in   the  s 


a  me  way 


Theorem  5.      (Integral    of   the  sum) 

[f(x)    +  g(x)]dx   =    f      f(x)dx  +    /  g(x)dx. 
d  •'a  Ja 

Proo^:      Let       '    and       '    be   sequences   of    lower  and  upper  sums 
for  f   over  [a^b],    and    let   L^"   and   U^"   be   sequences   of  lower 
and   upper  sums   for  g  over  [a,b]  with 

I im  (U   '   -   L    • )   =  0  and  I im   (U  "  -   L  ")    =  0 
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Now  the  preceding  lemma  allows  us  to  define  a  sequence  of 
upper  and    lower  sums   for  f  +  g  over  lla,bll  by 


L     =   L   '   +   L  "   and  U     =   U   '   +  U  "   for  n   =    I,   2,  3, 
n         n  n  n         n  n 


b  I  nee 


U     -   L     =   (U'   +   U")-(L'   +  L") 
n         n  n  n  n  n 


=   (U'-L')   +  (U'»-L") 
n  n  n  n 


we   can  see  that 


lim(U     -   L)    =    lim(U'-L')+lim(U"-L")    =  0  +   0  =  0 
n         n  n  n  n  n 

pj -voo  p  ->0O  |-J  ->-00 


[f(x)   +  g(x)]dx  exists. 


Conseq  uent 1 y , 

b 

I 

'a  n-*-" 


/b 
[f (x)    +  g(x)]dx   =    I  im 


I  im  (U    '   +  U^") 
n  n 


=limU'+limU" 
n  n 


-b 

=    I.      f  (  X  )  dx  +    I    g(  x)  dx 


o 
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It  might  be  thought  that  Theorems  2  and  3  would  be  of 
little  practical   value  from  the  computational   point  of  view 
as   they   say  nothing  about  bounds  on  the  error. 

However,    if  we   assume  we  have  shown  that  I     =  /^f(x)dx  ^  2.377 
with   error  £  .002   and  that         =  /Qg(x)dx  =    1.162  with  error 
<.     .005,  then 

2.377  -    .002  <  I     <  2. 377  +  .002 
"     1  *^ 

I  .  162  -    .005   <  I     <    I  .  162  +  .005 

3.539   -   .007  <  I     +  I     <   3.'^'^  +  .007 
"1  2 

Then,   f^ifix)   +  g(x))dx  -   3.  539  with  error  <_  .007.     Thus,  in 
general   when   approximating  the    integral   of   the  sum  of  two 
functions,  we  can   add  the   approximations   found   for  the  functions 
separately   and  add  the  error  bounds. 

Similarly,   with   the   conditions   as   above  I     =  /^4f(x)dx  =41 

3         0  1 

satisfies         4(2.377  -   .002)   <   41     <   4(2.377  +  .002) 

1  ~ 

or  9.508  -   .008  <   4l     <  9.508  +  .008. 

•~       1  " 

Again  we  see   that   in   approximating  the    integral   of  a  constant 
multiple   of   a  function,  we  multiply  the   approximation  of  the 
original    function  by  the  constant  and  multiply   the  error  bound 
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for  the  integral  of  the  original  function  by  the  absolute 
value  of  the  constant. 


The   remaining  theorems  of  this  section   find  several 


applications   in    Section  9  of   this  chapter. 


Theorem  4. 


I  f   a       b   and  f(x)   >   0   for  all    x   in   Ca,bl|,   and  if 


the    indicated    integral    exists,  then 


f ( X ) dx  >   0 . 


P  roof  :  Clearly  each  of  the  upper  sums  in  the  definition 
of   the   integral    is   greater  than  or  equal   to  zero  and  hence 


If   the    inequality   f(x)    >^  0   i  n   Theorem  4  were  strengthened 
to  f(x)   >   0,   then  we   could  also  replace   the   inequality  in 
the   conclusion   by   a  strict   inequality.     This    is   difficult  to 
prove   in    full    generality   and  the  proof  will   be  omitted  he  re. 

Theorem  5.  If  a  <  b  and  f(x)  g(x)  for  all  x  in  Ca,b!],  and  if 
the    indicated    integrals  exist,  then 


P  roof :      Using  the  theorem  on   the    integral   of   the  sum,   we  have 


I  im  U 


n  — 


g ( X ) dx . 
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f  f(x)dx  =  f  g(x)dx  +  f  [f(x)  -  g(x)]dx 
•a  'a 


and  the    last   integral   on  the   right   is   >_  0  by  Theorem  4 

y,  b  +  h  - b 

f(x  -  h)dx   =    /  f(x)dx 
a  +  h  'a 


^roof_:  As  illustrated  in  Figure  5-3,  the  graph  of  f(x  -  h) 
over  the    interval    [a  +  h,   b  +   h]   is  merely   a  shift  to  the 


b  +  h 


Figure  5-3 

right  of   the  graph  of   f   over  Ca,b].      Moreover,   from  the 

congruence  of   the  shaded   regions    in  this   figure  we   see  that 

each    lower  sum  for  f(x)   over  Ca,b]   is   also  a    lower  sum  for 

f(x  -  h)   over  [a  +   h,   b  +  h].     Similarly,    for  upper  sums. 

Thus   sequences         and         of    lower  and   upper  sums   for  f(x) 

over  Ca,b]  with    lim  (U     -   L   )   =  0   are   also  sequences  of  lower 

n-+-<» 

and  upper  sums   forf(x  -  h)   over  [a  +  h,   b  +  h].  Thus, 


b  +  h 


f (X) dx   =    lim  U 

t 

n->"» 


f ( X  -   h ) dx  . 


'a  +  h 
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PROBLEMS 


Approximate  each   of   the   following   integrals   and  specify 
an  error  bound   in  each   case.      Use  the   results  of  Problem 
3  of  Chcpter  3,   Section  2. 


(a) 


( c ) 


/I  mO 

3/x  dx  (h  )      1        s  i  n    (x  +  dx 

/2  #tt/2 

/Zx   dx  ( j )     J         (sin  x   -  3cos  x)dx 


/tt/2  *tt/2 
-2   s i n  X   dx  (i)      J        (sin  X  +  cos  x)dx 

u  'o 


(d)       f  (x2  -  ✓x")dx 


(e)     J    (x3   +  — ^)  dx 
'O  X  ^  +  I 


(■fi     f    /x  dx 
*0 


(g)      J   /x   +    r  dx 


2  a  I 

251 


6. 


Un  i  con   Funct  i  ons 


For  the   class   of   monotone   functions   we   have  succeeded 
In   demonstrating  the  existence   of    integrals   and   in  approximat- 
ing  these     ntegrals   with   bounds   on   the  error.  In   

Section  3  we  generalized  the  definition  of  lower  and  upper 
sums  so  as  to  pave  the  way  for  the  consideration  of  nonmono- 
tone  functions.  We  are  ready  to  introduce  another  class  of 
functions,  the  unicon  functions,  which  we  will  show  to  have 
integrals  which  we  can  approximate  to  any  desired  degree  of 
accuracy . 

The    idea   of   a   unicon   function    is   quite   simple   to  understand 
if  we   think  of    it   in   terms   of   control    of   error.     Suppose  we 
have   a   function   f   and  we  want   to  compute   the   values   of  f(x) 
for  several    values   of   x  all    in   an    interval    [Ia,bl|.  Perhaps 
these   values   of   x  are   determined  experimentally   or  perhaps 
they   are   subject  to  computer   round  off,   but  anywr-  >^ppose 
they   are   subject  to  error.     We  would    like   to  know  that  a 
small   error   in   the   value  of   x  will    produce   a  correspondingly 
small   error   in   the  value  of  f(x). 


Putting   it  slightly   differently,   suppose  that  the  maximum 
error  we   can   permit   in  our  computed   values  of   f(x)    is  some 
positive   number     e;      is   there   some  tolerance,     6,   so  that  when 
the  error   in  the  value  of   x  does   not  exceed  6   then   the  error 
in   f(x)   will    not  exceed     e?     That    is,    can  we   find  a   number  6 
so  that 

|f(x   )   -   f(x   )|    <  e     whenever     \x     -  x   I    <   6  ? 
1  2       "  12 

This  situation    is    illustrated   in   Figure  6-1    for  a  particular 

choice  of  the   numbers   x     and  x   .      Here   the   tolerances  e  and 

1  2 

6   are   represented  by  the    lengths   of  the  'h  eav  i"  I  y   drawn  intervals. 

If   the   answer  to  this   question    is   affirmative   no  matter 
how  small   the   positive   number  e   may   be,    then  we  say   that  f 

U3 


IS  unicon  over 
definition,  we 


the  i  n te  rva  I 
ha ve  : 


Putting  this   as  a  formal 


Definition.     A  function   f    is   said  to  be   un  i  con  ovor  the 

interval    Ca,bl]  provided  that   for  every  positive  number 

e   there   can   be    found  a  positive  number  6   so  that 

|f(x  )  -  f(x  )|  <  e  whenever  x  and  x  are  in  Ca,bl]  and 
'        1  2  1  2 

I  X     -  X   I    <   6  . 
1         2  ~ 


Most   familiar  functions   are   unicon.     We  give   a  few 
examples.      In   these  examples    it  will    be   understood  that  x 
and   X     are   always  taken   to  be    in  the    interval  Ca,bl]. 

2 

Examp  I  e    I  .      f(x)    =   3x  where  Ca,bl]   is  arbitrary 

|f(x)-f(x)|    =    |3x     -3x|=3|x     -  x|, 
'l  21  2  1  2 


Thus  by   choosing  6   =   e/3,   we  see  that   if    |x^  -   x^  |    <_  6  then 


f(x   )    -   f(x   )|      =   3|x     -   X    I    <   3-6     =   3-e/3  =  e, 
1  2  1         2  ~ 


Examp  I  e  2.  f(x)  =  x^  where  Ca,bl]  is  arbitrary 
|f(x)-f(x)|    =  |x3-x3| 


(x     -   x)(x2+xx     +  x2)| 

1  2         1  12  2 

X     -  X   |-|x  2  +   xx     +  x2|<|x     -  X  |-3k2 

1  21  12'2  1  2 
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where  k  =  max  (|a|,    |b|).     Thus    letting  6  =  e/3k2,  we  see 
that   i  f   I  X     -  X   I    <   6  then 

1  2  ~ 

|f(x^)    -    f(x^)|    £   |x^    -   xj.3k2  £  6.3k2    =    (e/3k2).3k2   =  e. 

Example   5.      f(x)   =  sin  x  where  Ca,bD   is  arbitrary. 

The   result    is  obvious   from  the   following  diagrams  of   the  uni 

c i  rcl e 


Figure  6-2 


We  see   that|x^   -  xj    is  the    length   of   the   arc  PQ  which  is 
greater  than   the    length   of   the  chord  PQ  since   a    line  segment 
is   the  shortest  path   joining   its  endpoints.      Furthermore  the 
chord  PQ   is    longer  ihsr.  the  segment  QR"  since   the  hypotenuse 
of  a   right  triangle   is    longer  than  either  of    its    legs.  Thus 
we  have 

|sfn  x^   -  sin   x^  |  =    length   o  f  QR  _<    length   of  PQ 

<.  length  of  PQ  =   |  x     -  x  | 


26r; 


Thus,   taking     6  =  e  we  see  that   if    jx     ~  x   [    <^  6 

1  2 


Sin  X 


i  11   X   I    <   i  X     ~  X 
2—1  2 


6    =  £ 


The  same  method  applies  when  the   angles  are    in  different 
quadrants.     Note   that  we   are   using   radian  measure   for  angles 
as    is   always   done   in  calculus    for  very   good   reasons  which 
will   eventually   become   apparent.     The  same   argument  works 
equally  well    for  the   cosine  function. 

E  xamp  I  e   4 .      f(x)   =     J.     where  0   <   a   <  b. 


f ( X   )   -   f  (x   )  I 
1  2 


X  X 
1  2 


X  X 
1  2 


X      -  X 

1  2 


X  X 
1  2 


X       -  X 
1  2 


Thus,    taking   6  =   a^p  we   see   that   if    |x     -   x   I    <  6  then 


J  J_ 

X  X 
1  2 


X       -  X 


<   1  Z- 


6_  ^  a^ 
a^  "  a^ 


Examp  le   5 .      f(x)   =   vx       where  0_<a_<b 

(This    is   a    little   bit  tricky.      It  can  be  shown  much  more 
easily   if  a   is  given  to  be  greater  than  0.) 


25S 


Let  c  and  d   represent   numbers   greater  than  or  equal  to 
zero  and  check  the  string  of  inequalities: 


(c  -  d)2  =    |c  -  d|-|c  -  d|    <   |c  -  d|-|c  +  d|    =   |c2  -  d^ 


whence   by   taking  square  roots. 


|c  -   dl    <    v^lc^  -  d^ 


Now  we   use   this    inequality   to  verify  that 


|f(x   )    -   f(x   )|    =  -   /r'\    <  -  X 

1  2  1  2  1  2 


(We   took   c  =    /x  and 

1 


x^    ),      Hence,    taking   6  = 


that  when    |x     -   x    I    <   6  then 
1  2  - 


|f(x)-f(x)|£^ 


X     -   X   I    <   /6"  =    /z^  =   e . 
1  2  - 


Exc:mp  I  e  6  ,      As   an  example 
of   a   function   which    is  not 
unicon,    consider  the  "post- 
age  function",    P,  which 

gives   the   number  of  cents 
of   postage   as    a   function  of 
the  weight  of   the  letter 
according  to  the  formula. 


EKLC 


u 

to 


O  12- 
o 


'•IT 


1        2        3        4.  OUNCES 
POSTAGE  FUNCTION  ,  P 

Figure  6 -'3 
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"six  cents  per  ounce  or  fraction   thereof,"     This   function  Is 

graphed    In   Figure  6-3.     To  see   that  this   function    Is  not 

unlcon   on   the    Interval   C0,43,   note   that  we   may   choose  and 

X     as   close   together  as  we    like  with   x     <  2   <  x   ,      For  example, 
2  ^  12 

take   X     =   2  -  —  and   x     =   2  +  —  for  some    large    Integer   n.  Then, 
1  n  2  n  3  3  ' 

P(x)=l2  while  P(x)=18, 

1  2 

Clearly    if   now   e   <  6,   we  will    not  be   able   to  find   a  6   >   0  so 
that 


|P(x   )    -  P(x   )  I    <   G  whenever  |x     -   x   I    <  6  , 

1  2    '   -  '12'- 

It  Is  evident  that  whenever  such  "jumps"  occur  In  the  graph 
of   a   function,    the   function   cannot  be  unlcon. 
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PROBLEMS 


Gold    leaf   comes    in  square  sheets    in   various   sizes   up  to 
10"  on  an  edge.     What   is   the  maximum  tolerance  of  error 
in  measuring  the    length   of   an  edge    in  order  that  the 
error   in   the  computed   value  of  the  area   should   never  exceed 

(a)  I   square  inch? 

( b )  .1   sq  ua  re    i  nch  ? 

(c)  .01   square  inch? 


Suppose   f    is    defined  on   [0,1]  by    f(x)    =   0   or    I  accordingly 
as   X   is   rational   or   irrational,    respectively.     Prove  that 
f    is   not   unicon   on  [0,ll]. 

Suppose   c   <   d    <  0.      If   f(x)   =  1  on   [c,dD,   prove  that  f 
is    unicon   on  [c.-dH. 

Prove  that  if  f  is  unicon  on  [a,b],  and  if  g(x)  =  f(x  +  c), 
then   g    is    unicon   on   [a   -   c,   b   -  c]. 

Use  Problem  4  and  Example   3     to  show   that  the  cosine 
function    is   unicon   on   any   closed  interval. 


26*9 
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6.^     Find  an  expression   for  S   in  terms  of  e  such  that 

"  ^o^l       ^       whenever   |x     -  x   |    <  6     and  x     and  x 
12  12  12 

are   in  the   i  nte  rva I  : 

(a)  Co, 3] 

(b)  c-io,io: 

(c)  Ca,b: 


^0 


ERIC 


7 .     U  n  i  CO n  Functions  and    I  ntegra I s 


We  are   ready  to  show  that  unicon  functions  are  integrable 
and  to  approximate  their    integrals  with  guaranteed  error  bounds. 
First  we  make  the  following   simple  observation. 

Theorem   I.     Suppose   f   to  be  defined  on  Ca,b].     Suppose  that 
for  each   e   >  0  there  are    lower  and   upper  sums   L  and  U  with 

U  -  L  <  2e   (b  -  a).     Then    I    f(x)dx  exists. 

a 

Proof:      For  each   positive    integer  n  we    let         and         be  upper 

and    lower  sums   with   U     -   L     <  — ( b   -   a)    so  that    lim(U     -   L    )    =  0, 

n         n       n  „  n  n 

n->-oo 

Thus,    by  definition    f    f(x)dx  exists, 

•a 

Accordingly  we  will    now   show,  for  a   function   f  unicon 

over  Ca,bl],that  we  can   find   for  any   e  :  0    lower  and   upper  sui.-.s 
LandUwithU-L<2e  (b-a). 

Suppose  that  function  f,    i.lustrated    in   Figure  7-1, 
is  unicon   in  the    interval    lla,bl].      Suppose  that  a  particular 
value   is  chosen  for  e  and  a  value  of   6   has  been   found   so  that 
two  numbers   in  lla,bl]  which   differ  by   no  more  than  6  will  have 
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Figure  7- 


F'gure  7-2 


function.,   v.lues  which   differ         „o  th.n  ut  these 

values  of   e   and   6  be 
in   Figure  7-2. 


represented   by  the    lengths  of  the  segments 


Next  cons  I de  r  t 


wo  numbers,   c  and   d,    in  Ca,b3  with  c<   d  an, 


1^  -  d|  <  6  .  Select  a  number  5  in  the  interval  Cc,d3 
shown    in   Figure   7-3(b).  Sim 


as 


I  I  m 


s 

(a) 


(e) 


c  ^ 

<b)  Cc)  (d) 

Figure  7-3 
within  a   distance   <S  nf    r  i+   f  11 

.   or    5,  I  T   follows  that   f(x)  wi 

a   distance   e  of   f ( 5) .     That  is 


(g) 

'  '    I  I e  w ( th 1 n 


In  other  words,   the  numbers 


m  =   f  (  c) 


and 


M  =   f ( ^)  + 


2S2 


are    lower  and  upper  bounds   for  function,    f,   over  the  interval 
Cc,dll.     This    is  exemplified   in  Figure  7-3(c)   by  the  fact  that 
the  graph    lies  entirely  between  the  horizontal    lines.  Since 
f ( ^)    is  the  average  of  m  and  M 

m  +  M     ^   f (S)-e  +  f(C)+£   ,   2f ( €)    ^    .  (  .  j 
^  2  2 

it   is  clear  that  the  shaded  area   in   Figure  7-3(d)    is  the 
average  of   those   in  Figures   7-3(e)   and   7-3(f).      In  Figure 
7-3(g)    it   is   seen  that  the   rectangle   representing   the  differenc 
of   the  area    in  3(f)   and  3(e)    has   height  exactly  2g. 

With   this  preparation,   we  see  that   if   we   partition  the 
interval   Ca,bll  so  that  each   subinterval    has    length   no  greater 
than   6  then  the  above  observations   hold   in  each  of   these  sub- 
intervals.     Thus,    in  Figure   7-4(a)   we  have  partitioned  Ca,bll 
into  six   subintervals   and   chosen   in   Figure  7-4(b)  (according 
to  some   unspecified   rule)    numbers   C .    in  each  of   the  subintervals. 


f 
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In  each  subinterval  we  have  lower  and  upper  bounds 
and  M^^  given  by 


'"k  =  "f^^k^  -  =  -fu,)  + 


k  -   '^^k'   "  ^ 


k  = 


*   2,  6, 


The   lower  and  upper  sums 
6 

k=  I 


and 


k         k- 1 


k  = 


formed  by  use  of  these  bounds  are  represented  by  the  shaded 
areas   in   Figure   7-5(a)   and  7-5(b). 


Figure   7-5  ^^jj 
The  average  of   these   upper  and    lower  sums  is 


^  k  k  k-  1 
k=l 


which    is   represented  by  the  shaded  area    in   Figure  7-6(a), 
while  the  difference  of  the  upper  and    lower  sums  represented 
in  Figure   7-6(b)    is  exactly  2e(b-a). 


2fi4        2  7^ 


(b) 


(a) 

Figure  7-6 

According   to  Theorem    I    of    this   section   this   shows  that 

b 

T  =   /fCx^dx  exists.      And   furthermore,  since 
a 


S   =    (U   +   L  )/2       and   L   <_  I  £  U 

(b-a)  £        (b-a)  £ 


we  see  that  the  sum 


n 


k  =  l 

b 

approximates   the     integral     /f(x)dx   with   error  not  exceeding 

(b-a)£.      This   error  estimate    is   valid   so    long  as   the  lengths 

of   sutintervals   do  net  exceed   6   where   6    is   so  chosen  that 

f(x    )    -   f(x    )|    <    e    for   all    numhers         a  n  d,  x  ^  in   Ca,bll  with 


I X     -  X    j    <    6  . 
1  2 

This   provides'the  basis   of   a   computer  algorithm  for 
approximating    integrals.      For  this   purpose    it   will    usually  be 


265 


27:; 


convenient  to  take  all  the  '  h !  nt^--  .-a  I  s  with  the  same  length 
Among   the  common   rules   fc  choice  of   the  C.  are; 


X         +  X 

i)       the  midpoint   rule,    S     =  ^ 

k  2 


I  I 


the    left-end-point   rule,    f     =  x 

k         k- 1 


iii)       the   right-end-point   rule,   C,    =  x 

k         k ' 

Jiince  the  approximations  obtained  by  the  left. and  right- 
end-point  rules  both  differ  from  ^f(x)dx  by  less  than  (b-a)E:, 
so  also  does  their  average.  This  average  is  the  now  familiar 
"trapezoid  rule"  for  approximation  of  integrals.  In  the 
following  exercises  we  will  compare  estimates  made  by  the  two 
end-point   rules,  the  midpoint   rule  and  the  trapezoid  rule. 


27 


2S6 


PROBLEMS 


(a)  Draw  a   flow  chart   for  computing  and  printing 

/B 
F(x)dx        by  the  end-point 

rules,   the  m  i  dp  o  i  ntVu  I  e ,   and  the  trapezoidal 

rule.     Each   of  these   four  approximations    is   to  be 

computed  and  printed   for  N   =   2,   4,   8,    16,  ... 

partitions   until   ^-^<   DELTA,   where  DELTA   is  a 

positive  number  to  be  read. 

(b)  Write  the  program   flow   charted    in    (a)   and   use   it  to 


/I  4 
dx.  Use 


x2  +  I 

DELTA  =   .0001 .  0 


(c)  With   F(x)   =    ,   show  that 

x2  +  I 

|F(X|)   -  F(X2)|   £8|x,    -  X2I  whenever 

X| ,    X2   e  [0,1]. 

(d)  Show  that  each  of  the  four  approximations  obtained 
for  the  largest  value  of  N  in  part  (b)  is  in  error 
by   <_  .  0008  . 

(e)  What  was  the  smallest   value   of   N   for  which  the 
left-end-point  approximation   obtained   in   part  (b) 
was    in  error  by   <_  .001?       the  right-end-point 
approximation?     the  midpoint  approximation?  the 
trapezoidal  approximation? 
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2.       Use  the  program  written   in  problem   I   to  approximate  each 
of   the  following  integrals: 


^4 

(a)        I     (x3    -  x2   +   I )dx 
''2 

f  2   

I     /x+~T  dx 

r  2 

(d)        I     (x"*  -  2)dx 


2 

(  b) 

'  I 


3.       Judging   from  your   results    in   problem  2,   y,h  i  rh  of   the  fr,.r 

methods    is  best?     Try  to  compare  quant  i      M  ve  I  y  the  -|r,.e,.oid 
rule  and  the  midpoint   rule,    by  examining  their  ccr.ergen.e 
rates    i  n  p  rob  I  em  2 . 


3,        Formu I  as    for    I ntegra 1 s 


So   far  we   have  evaluated    integrals   only   by  computer 
metho'ds.     With    really   difficult   functions   we   shall    have  to 
rely   on   computation   and   approximo    ion   of    the    limiting  values, 
although    in   many   cases    representations    in    forms   other  than 
integrals    (e.g.,    infinite   series)    are   available  which  yield 
answers  easier  to  evaluate.     We   shall    see  some  examples  of 
this   before   too  long. 

However,    there    is   a   small    but    import'^ni    class   of  functions 
for  which   the    integrals   can   be    found  exac^    ,    without  approxi- 
mation.     This   class   of    functions    includes,    for  example,  all 

polynomials    and   the    functions   sin   x  and   cos   x  and  thqusands 

f     s  I  n   X  . 

more.     However,    for  such   a  simple  example   as     I     —   ax 

we   can   still    only   approximate   the  value. 

We  will    show   several    examples    in    increasing  order  of 

diffi    ulty.      All   examples   will    have   the   same    format.  We 

will    always    integrate    fromO   to  b.      We   will    always  compute 

the   sum  S     retained  by   dividing  the    interval    into   n  equal 
n 

parts   so   that  each   subinterval    has    length   b/n.  Moreover^ 

I  I  I  1  1  1  H  \  

0         b        2b       3b       4b      ...      tnd)b      nt  =  b 
TT       "TP  -  *  T        n  n  n 


Figure  8-1 
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the  right-hana-end  'oint  of  the  i-th  subinterval  will  always 
be   taken   as  The  sum 

n 

=  f (5 . ) (X.    -  X,  ) 

i  =  I 

therefore   reduces   to  the  form 

n 

s  =  y  f(ib)  b 

n  /        n  n 

i  =  I 

The    factor  b/n    (which   has   the  same   value   for  all    values   of  i) 
can   be    factored  out  by  means   of   t^e   distributive  property 
giving  the  even   simpler  form 

n 

n       n        ^1  .  n 

i  =  I 

For  several    different   functions         will    find   the  exact  value 
of   this   sum    i:.d   then   take   the    limit  as   n-^-  . 


Examp I e    I .      f ( x )    =  I 


n 


Here  ^      2L^  '      '^^^  "   one^:.    is   simply  n 


so  that 


S      ;         n   =  b 
n  n 
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We   now  have 


1  I  m  S 

f 


I  i  m  b  =  b 
n->oo 


Of   course  this   result    is   not  very   surprising  as    it  merely 
gives   us   b   as   the   area  of   a   rectangle  of    length  b   and  height  I 
Still,    it    is  reassjringtosee 
that  our  method  g   ves  correct 
results    in   cases  where  we 
already   know  the  answer. 


F  i  gu  re  8-2 


E xamp I e  2-      f(x)    =  x 


i  =  1 


1=^1 
n 

The   sum      ]^    i    =    1    +   2   +  3   +   4   +    .  .  .    +    (n-1)    +  n 
i  =  I 

is  frequently  met  with  in  high-school  mathematics 
most  easi  ly  evaluated   by   the  device: 


t  is 


sum  =1+  2  +  3  +  4  + 
sum  =   n   +    (  n   -    1  )    +    ( n   -   2  )    +    (  n   -   3 )  + 


+  (  n  -  1  )  +  n 
+        2  +1 


2(sum)    ^    (n   +    i)    +    (n   +    I)   +    (n   +    I)   +    (n   +    1)    +    ...    +    (n   +  I) 
+    (  n   +    1  ) 


Hence  2(sum)    =   n*(n   +    I)  whence 
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sum  = 


i  =  I 


n(n+l ) 


Now 


so  that 


2  n 


i  =  I 


X  d  X      =    !  i  rn  S 


n-co   2  n  2 


Here   again   the   result  come-:;   as   no  surprise   as    it  tells 
that   the   area   of    an    isosceles    right   triangle  with    a    lea  of 


ength    b  is 


f(X)=  X 


Now    for  our    f.'rst  non-trivial    example,    a    region  with 
a  curved  boundary. 


:  X amp  I  e   5  .      f  (  x  )    =  x 


f(X)=  X' 


2/2 


Figure  8-4 


Or, 


ERIC 


n 

i  =  1 


n 


n 

To   find  the  sum  1^   +  2^   +   3^   +    ...    +         we    resort  to 

i  =  I 

a    little  trick.     We  check  that 

Substituting    I,   2,    3,   4,    ...    n    in   this   formula  wt   find  tha"- 


Now  we   observe   that   al I    the  crossed  out  terms   appear  once 
positive   and  once   negative   and  so  cancel    out.      Adding  up 
what   is    left,   we  have 
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2  - 


1)3    -  1(1)3 


-  n 


i  =  I 


Therefore 


n 


S     =  —      /  I 
n  3 

"    1  =  1 


n 


3n 


3  2 


I  2n' 


so  that 


X  ^  dx 


I  t  m 


I  i  m   b  ^ 


2n 


2n' 


We  should   pause    in   wonder  and   3niazemen|-   at   this  point. 

For    rhe  first   time    in   our  experience   we   have   derived   an  exact 

formula  for  the  area  of  a  region  with  a  curved  boundary.  In 
a  way    it    is   a   sort   of   miracle   that  such   an    involveo  limit'ng 

process  should    finally   boil    down   to  such   a   simple  answer. 

This    is  only   a   harbinger  of   things   to  come. 

Exanjle  4.      f(x)    =  x^ 


Here      s     ^  -  (  — )3 

n        n      ^  n 
i  -  I 

Jse   the  formula 


b^  y 


n 


i  =  I 


3  - 


2?4 


and  show  as   in  Example  3  that 


n 


i«  1 


3  - 


(  n  +  ^)'* 


^        n  (  n  -  I 


so  that    Mm  S     =       b^.     The   de  tails   a  re    left  +o  exercise. 


E xamp I e   5 .      f(x)   =   cos  x 

This    is   a   really   difficult  example   and   invoices   a  consider- 
able  amount  of   trigonometry  which  we   develop   her^^      First  of 
all   we  have 


n  ^ 
i  =  1 


cos    (  ) 

n 


Now   for  the   trigonometry.      Recalling   the   famil'^r  formulas 

sin  (A+B)  =sinA  cos  B  +  sin  B  cos  A 
sin(A-B)    =   '!f.   A   cos   8   -   sin   B   cos  A 

and   subtracting  we  have 

sin    (A+B)    -sin    (A-   B)    =2sinB   cos  ^ 


Solving   for  co     f- ,   we  have 
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COS  A 


2  sin  B'  0'"         +         -  sin   (A  -  B)J 


Next,   suustituting       =  ~  and  B  = 


277  »   we  get 


cos 


Now,    subst i  futi  n 


n ,   we   ob  ta  i  n 


cos 


cos 


cos 


COS  ^  ( n-1) -^J 


cos 


2  s 


2  s  i 


-(In)' 

r  .     / 2n+ 1   b  \ 

— r-  -     s  I  n  f  — ^  )  -  sin 


Adding^using  the  usua'l    "telescoping  sum"   technique,   we  h, 


cos 


2   s  i 


S  I 


2S« 
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Therefore 

n 


S     =  i      5-  cos  (lA) 
n        n       4L_j  n 

i  =  I 


s  i  n ( b/2n  )  2n 


b/2n 


Thus 


I  m  SI 


n->*^          L  J  I  •  b 

I  1  m  S      =   I  I  m  -= — 

n  2  n 

,  .      s  i  n ( b/2n ) 
b/2n 


Each   of   the   three    limits    in   this    formula    is  easily  evaluated. 


I  i  m  ^  =  0 
2  n 


,  .      s  1  n  (  b  /2  n  ) 
b  /2  n 


Mm  s'\  n  r  f    +  b7    =    sinriinn(l    +  — )  b  1      =   s  i  n  b 


since   the   sine    function    is    unicon.  Therefore 
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cos  X   dx   =    1  i  m   S     =  -^-i-?        -0   =   sin  b 

A  ^  n  I 


E  xamp I e  6 .      f(x)    =   sin  x 

Th  ■  -   can   be   done   as    in   Example  5,   or  there    is  the  following 


a  I  te  r* 


"^.5  nee  sin   x  =   cos    (x  -  ■^),   we   see  by   use  of   Theorems  6 
anr'    ^    A  Section  5  that 


^  b 

/    sin  X   dx   =    /     cos    (x  -  -^jdx 

f. 


2 

COS   X  dx 

7T 


.       7T  7T 

^'2  el 

cos  X  dx  -    I        cos  X  dx 


s  I  n  (  b  -  )  -sin  ( ~  2" 
=  -cos   b   +  I 


Thus   we  have 


f  sin  X  dx  =  I  -  cos'b 
'0 
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The  formulas   derived   In  these  examples  show   us  that  we 
"wi  li-  not  need  to  run  to  the  computer  every  time  we  see  an 
Integral,      In   a    I  ate  r*  chapte  r  an  extremely  powerful  method 
will   be   developed  by  means  of  which   carload    lots  of  formulas 
of  this   type   can  be  obtained  with   very    little  effort. 
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PROBLEMS 


I.       Evaluate  each  of   the  following: 


(a)  dx  (e)       /   2(x  +  3)  dx 

*0  ^0 


/5  rTT/3 
2x  dx  (f)        I        cos  X  dx 

0  0 

y.5  -2tt/3 

(2x  +  3)dx  (g)        /  cos   (x  -  ^)  dx 

0  ^tt/3 


(d)        r    (2x  -  3)dx 
^0 


2.       Suppose  f    is  an  even   function   (that   is,    f(-x)    =   f(x)  for 
all   x),   and  a    is  a   positive  number. 


-0  -a 

(a)     Explain  geometrically  why     J     f(>:)<1x  =   /  f(x)dx 

''-a  ^0 


(b)     Explain    in  terms  of   upper  and    lower  sums  why 


1  f (x)dx  =  I  f (x)dx, 
-a  ^0 


(c)     Show  that  each  of   the  following  formulas  holds  for 
every  number  c   (positive,   negative,   or  zero): 


( i )        I    cos  X  dx  =  sin  c 


280 

290 


c 

(  i  i )       f     I   dx  =  c 
0 


X^dx   =  — 


Suppose  f  is  an  odd  function  (that  is,  f(-x)  =  -f(x)  fo 
all   X),   and   a    is  a  positive  number. 

(a)  Explain  geometrically  why      /    f(x)dx  =  -  J  f(x)dx 

-a  0 

(b)  Show  that  each  of  the  following   formulas   holds  for 
every   number  c   (positive,   negative,   or  zero): 


c  2 
(  i  )  f     X  dx  = 


/c  h 
x3dx  =  -j- 
0 


(iii)         f   sin  X  dx  =    \   -  cos  c 
^0 


-  b  -  0  ^  b 

Use  the  formula     J    f(x)dx  =    j     f(x)dx  +    J  f(x)dx 


a  'a  -0 

to  verify  each  of  the  following  formulas 


'  sin  X  dx  =  cos  a  -  cos  b 
a 


(b)  I    COS  X  dx  =  sin   b  -  sin  a 


a 

lb 
a 


(c)         J    !    dx  =  b  -  a 
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(d)          1  xax- 
a 

2(.b 

■a  ) 

(  e )          f    X  "^d  X 

a 

if  h3 

a  I 

(  f  )              J  ^ 

^a 

a  J 

Evaluate  each  of 

the  fol 

1  ow  i  ng  : 

r  ^ 

(a)          1     1  dx 

(f  ) 

L 

#•2 

(b)          1       X  dx 

-3 

(c)         /  x^dx 
•'-3 

(h) 

L 

(d)          1  x^dx 

(  i  ) 

(e)          /  cos 

X  dx 

sin  X  dx 


(x  +  x^)  dx 


( cos  x-2sinx+x)dx 


(x  +  3) ^dx 


6.  Give  an  example  of   functions   f  and  g  such  that 

y*'f  (x)g(x)dx  ^^^^^^j^^  g(x)dx 

7.  Work  out  the  details  of   Example  4. 
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9 .       Tab  u I  at i  ng  the  S  i  ne   and  Cos  i  ne  Funct  i  ons 


The  formulas   derived   in   the  preceding  section: 


strongly  suggest  the  general  formula, 

r     ri  .  D 

X    dx    =   —r- 

0 

for  every    integer  n   greater  than  0.     This    is  quite  correct. 
We  could  prove    it  now,   but  the  proof  would  be  very  cumbersome 
because  we  have   not  yet  developed  the  proper  techniques  for 
doing   it  efficiently.      In   this  section  we  will  temporarily 
"borrow"   this   formula  pending   its   derivation    in   a    later  chapter 

We   are  going  to  see  how  the   integration   formulas  and 
theorems  we   have   developed  so  far  enable   us  to  calculate  the 
values   of   sin   x  and   cos   x  to  any   desired   degree  of  accuracy. 
We  will   see   that   it   is   all    done  by   repeating  the  same  process 
over  and  over. 

From  the  inequality 
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COS    X   £  I 

which  holds  for  all  x  we  find  by  the  use  of  Theorem  5  of  Section 
5  that 

/  cos  X  dx  ±f'^idx 
u  ^0 

for  all   t  _^0.   Evaluating  these   integrals   by   the   formulas  in 
Section   8,   we  obtain 

sin   t  £  t . 

for  all   t  >^  0.      Again   applying  Theorem  5,   we  get 

ys  i  n   t    dt  £     f    t  dt 
0 

which   can   be  evaluated  to  give 


x2 


~  cos   X  ±  2 


This  can  be  rearranged  to  give  the  inequality  (valid  for 
X  >^  0)  , 


x2 

2—  ±  cos  X 


•2.9 
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Repeating  the  process  over  and  over  we  successively  find: 


*+  2 

f    (  I   -  £_) dx     1  /      cos  X  dx 


t3 

t  -  T5--r  <   s  i  n  t 
2*3  — 


0^  t3 

r    (t  -  ly)   dt  sin  t  dt 

Jo         ^ ■ 


x2  x'» 

iL.  _  i-^  <    I   -  cos  X 
2        4  !  — 


x2  x** 
cos   X    <_   I    -  —  + 


/+  r"*"         x2  x'» 

cos  X   dx   <y    (  I   -  |-  +  47-^ 


t3  t5 
sint^t-3j+5T 


We  see  that  we  could  continue  this  process  as   long  as  we  like 
Collecting  what  we  have    learned  so  far>   we  see  that 


x3 

X  -  3t1^'"  x£x 
x2 

1    -  2T  -  ^  -  ' 


x3 

3! 

5! 

x2 

2! 

4! 

2IS 

:29:; 
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Let  us   focus  our  attention   on   the  sine  function   now.  By 
continuing  the  process  we  would  obtain   a  sequence  s^,  s^. 


s   ,    ...  where 
3 


^n        Z-  (2k  -    I )  ! 

k=  I 


And  sin  x  lies  between  each  pair  of  consecutive  terms  of 
this   sequence   as    illustrated    in   Figure  9-1. 

Sin  X  .  .         Sin  X 


(a)    n   is  odd  (b)    n   is  even 

F  i  g  u  re  9-1 

We  can   see  then  that 


sin   X  -  sj    <   |s^^^  - 


Now  s         differs   from  s     only    in   the  adjunction   of  one  term, 
n  + 1  n 

name  I y 

2n  +  l 

(-1)" 


( 2n+ I  )  ! 


so  that 


2n+l 

Is'"       -  ^n'  -  TITTTTTT 


216  29s 


If  X  Is  not  too   large,   say    i  f   0  <_  x  <_  I  ,   we  see  that 


s  I  n   X   -   s      <      f  ^   _L  I  ^  * 
n  —     ( 2n+  I  ) 


which  is  very  small  even  for  relatively  small  values  of  n 
For  example,    if   n   =  5  then 


I 


(2n+  I  ) !        II!       39,9 16,800 

As  you  well    know,    it  will   only   be  necessary  to  tabulate  values 
of  sin  X  and  cos   x  for  x  between  0  and  7r/2.      In   fact   it  is 
only  necessary   to  compute  the  values  of   sin  x  and  cos  x  for 
values  of   x  between  0  and  j  ,   owing  to  the  relations 


sin  X  =  cos   (7t/2  -   x)  anJ  cos  x  =  sin    (7r/2  -  x) 

Clf  X  >  7t/4  then  7t/2  -  x  <  7t/4.]  Therefore,  7r/4  is  the  largest 
value  of  X  needed  for  making  complete  tables.  Since  7t/4  ^  .78, 
we  see. that  errors  will   quickly  get  very   small  indeed. 

We  give   in   Figure  9-2  a  very  efficient  flow   chart  for 
realizing  the  above  process   as   a  computer  algorithm.  You 
should  check   it   carefully   to  see   that   the   successive  values 
of  SUM  are  the  terms  of  the  sequence  s   ,   s   ,   s   ,    ...  described 

12  3 

above . 
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In  the  exercises  which 
fol low  you  will   be  asked  to 
modify  this  flow  chart  so 
as  to  also  output  approxima- 
tions for  COP   X  and  to 
further  modify   it  so  as  to 
make  a  table  of  x,   sin  x, 
and  cos   x  for  a  set  of 
equally  spaced  values  of 

X. 


xsa  -^x* 

SUM4-0 
TERM  <--X 


CI 


(TERMl<e)l[  SUM>(^ 


SUM  <-  SUM  4-  TERM 


Figure  9-2 


238 
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PROBLEMS 


Modify  the   flow  chart   In   Figure  9-2  so  that  approximations 
a  re  obtained   for  both   sin  x  and  cos  x  at  the  same  time. 
Try  to  make  the   flow  chart  as  efficient  as  possible. 

Write  a  program  to  prepare  a  table  of  sin  x  and  cos  x 
with   X   In   degrees   from  0°  to  45°.     Label   the  table  along 
the   right  side   from  90°  to  45°,   so  that   it  will   be  easy 
to   locate  the  sine  o:*  cosine  of^any  angle  between  45°  and 
90°   by   using  the   identities   sin   x  =   cos   (90*^   -  x)  and 
cos   X  =   sin   (90°    -  X)  . 


21)9 
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1 0 .     The  Un  i  con  Mod  u I  us 

We  have  seen   in  connection  with   controlling  the  errors  In 
the  approximations   of   integrals  that  we  must  be  able,   given  a 
number  e>0,   to  find  a  number*  6>0  so  that 

|f(x   )   -   f(:<   )|    <  e  whenever  |x     -  x    |    <  6. 

'2  1    '   -  '21'- 

The   calculations   'jf  these  values  of   6  were  sometimes  rather 
di  f f  i  cu  1 1. 

If  the  tolerance  of  error   in  estimating  an   area  were  to 
be   reduced,   then   the  value  of   e  would  also  be   reduced,   and  it 
would   be  necessury  to  recalculate  an   appropriate  value  of  6. 
It  would  be  a  shame  to  have  to  repeat  these  arduous  calculations. 
Clearly,    it  would  be  much   better  to  have  a  formula  expressing 
the  value  of  6    in  torms  of   e.     Fortunately,    in   the  worked  out 
examples   of  Section  6  such    formulas  were   derived.      In  Figure 
lO-l   we  see   for  some  of   these  examples  the   relations  between 
6    and  e   given  by  means  of   formulas   and  also  graphically. 


We  can  see    in  these   figures  that  the  value  of   e  deter- 
mines the  value  of   6  so  that  these  graphs  are  graphs  of 
functions.     At  the   risk  of  a  slight  confusion  we  will  use 
the    letter  "6"   to  designate  these   fun ct ions.     Thus  we  have: 

in   Fi  gure    I  0-  I  ( a^  ,  6(e)   =  y  ; 

in   Figure    lO-l(b),  6(e)    =   e  ; 
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in   Figure    lO-l (c) ,  6(e)    =  4e; 

I n   FI gure    10- I ( d) ,  6( e)    =  . 

This  slight  change  in  our  attitude  will  bring  a  corres- 
pondingly slight  change  in  our  formulation  of  the  definition 
of   unicon  functions. 

Definition   (Alternative):     We  say  that  f    is   unicon  on 

an    interval    Ca,bll  provided   that  the  re  exists   a  function 

6   on   the  positive  numbers  to  the   positive   numbers  so  that 

if         ,    x^  are    in   [a,b]  and    |x^   -   x^  |    <_  6(e)  then 

I  f  (x   )    -   f  (  X   )  I   £  e. 
1  2 

This    is  entirely  equivalent  to  the  previous   definition.  Any 

such   function,    6,    is   called   a   un  i  con   modu I  us   for  f  over  the 

interval    [a,b].      Remember  that  6(e)   tells   us  how  close" 

toaether  to  take   x     and   x     in  order  to  guarantee   that  their 
^  12 

functional   values   f(x   )    and   f(x   )    differ  by  no  more   than  e. 

1  2 

This   function    is   not   uniquely   determined.     The  "best"  6(e) 
would  be  the    largest  one  as  this  would   allow   us  the  most 
leeway    in  the   difference   between   x^   and  x^ .      In  general 
finding  the  best  possible  6    is   very   difficult   and  of  very 
little  practical    value.      [It  so  happens  that   in  the  four 
examples   in   Figure    lO-l   the  6's   are  best  possible,   but  that 
is  only  because  the   functions   f  are   so  simple.] 
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Lipschitzian   Funct  i  ons 


We  observe  that   in  three  cases  out  of  four  in  Figure  lO-l, 
the  graph  of   the   function  6    is   a  straight   line  through  the 
origin.     That   is,    in  each   of   these  cases 


6(e)   =  ^ 


In  such   cases   the  modulus    is   generally   relatively  easy  to 
find  and  to  work  with.      A  function   f   having  a  modulus   of  this 
form  over  an   interval   Ca,b:   is   said  to  be  "Lipschitzian"  or 
to  "satisfy   a   Lipschitz  condition"   over  the   interval.  An 
alternative   and  more   convenient  definition  of   Lipschitzian  is 
g  i  ven   be  I ow . 

Definition:     A  function   f    is   Lipschitzian  over  the 
interval    Ca,b:  provided  that  there    is   a  number  K  such  that 


I  f  (X  )   -   f  (X   )  I   1  K| 


-  X 


for  all    X  ,   X     in  Ca,b:.     The  number  K   is   called  the 
1  2 

Lipschitz  coefficient. 


We  have  seen  above  that  the  sine  function  is  Lipschitzian  over 
the  whole    line  with   Lipschitz  coefficient,    I,  i.e., 

Isin  X     -  sin  X   I    <   I    •    |x     -  X   I    for  al I   X  ,   X  . 

'  o  1  Z  i  It. 
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This   Is   also  true   for  the  absolute  value   function,  i,e., 

||x|-|x||<l*|x  -xlforallx.x, 
2  1—  2         1  12 

which   statement   is  essentially  equivalent  to  the  triangle 
Inequality   for  the  absolute   value  function. 

It  will   turn  out  that  most   functions  we   consider  are 

Lipschitzian  over  finite    intervals.     The   geometrical  meaning 

of   a   function.,    f,  being   Lipschitzian    is  that  there    is   an  upper 

bound,    K,    for  the  slopes   of   all    chords   drawn  on  the   graph  of 
f  .     Th  at   i  s  , 


f(x  )  -  f(x  ) 
 2  L 


X       -  X 
2  1 


<  K 


which    is   clearly  equivalent  to 


f  (x   )   -   f  (x   )      <  K  X     -  X 
2  1-21 


figure  10-2 


Figure  10-3 


The   reason  that  the  square   root   function,   f(x)   =  /x, 
0       X  ^  I    is   not  Lipschitzian   is  that  chords   drawn  with  one 
end-point  at  0  can  have  arbitrarily    large  slopes.     Over  an 
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Interval   such  as  [^,2]  the  square   root  function    is  Lipschitzi 

We  have  tabulated  below  the  unicon  moduli  for  several 
functions,  some  obtained  from  examples  in  the  text,  others 
obtained   from  the   following  problem  set. 


Unicon  Moduli    for  Various  Functions 

over  an    interval    Ca,bD.  Where 
applicable,K  denotes  max  Cla|,  Ibp. 


Fu  n  ct  i  on 

Con  d  i  t  i  ons  on  1 

1 nte  rva  1 

Modu 1  us 

f  (x) 

=  sin 

X 

none 

6(e)   =  £ 

f  (x) 

X 

0   <  a  < 

b 

6(e)    =  a^e 

f  (  x) 

= 

0  _<  a  _< 

b 

6(e)    =  e^ 

f  (x) 

= 

0   <  a  < 

b 

6(e)   =  2/a  e 

f  (  x) 

=  |x| 

none 

6(e)    =  e 

f  (  x) 

=  X 

none 

6(e)    =  e 

f  (x) 

=  x2 

none 

6(e)  = 

f  (  x) 

=  x3 

none 

6(e)  = 

f  (x) 

n 

=  X 

none 

6(e)    =   ^ 

We  are  n ow    in  a 

pos 

i  t  i  on  to 

show  that  sums 

,   d  i  f f e  rences , 

p  rod  u  ct s , 

q  uot  i  ents , 

an  d 

comp  OS  i 

tions   of  unicon 

functions   a  re 

aga  i 

n   un  i  con .     S  i  n  ce 

the 

p  roofs 

of  these  facts 

are  rather 

difficult  they   have  been   relegated  to  Appendix  A  at  the  end  of 
this  chapter.     Every  student  should   read  this  material  although 
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complete  mastery  of   the  techniques   is  not  required. 

The  fact  that  sums,   differences,   products,   q uot i ents ,  and 
compositions   of   unicon   functions   are  again   unicon    is  one  reason 
that  unicon   functions  are   important.     Recall   our  earlier  remark 
that  piecewise  monotone   functions  are  not  so  well  behaved. 
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PROBLEMS 


Verify  the  entries  in  the  Unicon  Moduli  Table  that  were 
not  established   in  Section  3-6. 

In  each   of  the   following  examples   use  the  Unicon  Moduli 
Table  to  find  a  6  small   enough  to  guarantee  that  an  end- 
point  approximation  will   yield  an  error  no   larger  than 
specified. 


7T/2 

(a) 


/7T/2 
sin   X  dx,  error  <_  .00  \ 
u 

(b)  sin   X  dx,   error  <_  .00! 
o 

(c)  f ^  dx,  error  <_  .000  ! 

2 

(d)  f  /x  dx,   error  <_  .00! 
2 

(e>    f    /x  dx,   error  <.  .  00  I 


2 
2 

3 

O 

2 
-2 
2 

'-2 


/2 
|x|    dx,   error  £  .0000! 

m  2 

(g)    J    5|xl    dx,   error  £  ,00005 
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APPENDIX  A 


Modu I  i   for  Comb  i  nat  ions  of   Un  i  con   Funct  ions 

It  was  announced    in  Section    10  that   sums,  products, 
quotients  and  compositions  of  unicon   functions  are  also 
unicon.     We  will    establish  these   facts    in  this  Section. 
This  will    be  done   by  constructing  moduli   for  these  various 
combinations  out  of  the  moduli   of  the  componr2nt  parts.  These 
constructions    involve  some  techniques  unfamiliar  to  you. 
Consequently  many   students  find  these  methods   rather  discour- 
aging.    Take   heart    in  the  fact  you   can  get  a  good  working 
knowledge  of  calculus  without  entirely  mastering  these  deri- 
vations;  millions  of   istudents   have  done   ]t.     On  the  other 
hand,   the  techniques    introduced   here  form  the  basis  of  advanced 
work   in  mathematical   analysis  so  that  there   Is  a  handsome 
pay-off   for    learning  them  as  well    as  you   can.      In  any  event 
you   should   have  no  qualms  about  using  the   resultr  derived 
here  regardless  of  whether  you   have  mastered  the  techniques. 

We  will    suppose  throughout  this  Section  that  f   and  g 
are  unicon    in  an    interval   Ca,bl]  with  moduli    ((>  and  y  respectively. 
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nihls  supposition  will   be  somewhat  modified  when  we  come  to 
the   last  (and  easiest)   derivation  on  composition.] 

Modu 1  us  of  the  Sum 

Let  s  =  f  +  g,  that   is,   s(x)   =  f(x)   +  g(x)   for  x  in 

Ca,bD.     We  must  find  a  function,   5*   so  that  for  x^    and  x^  in 

Ca,b:  with   |x     -  X   I  £  6(e).    we  have|s(x   )   -  s(x   )|<_  e. 

'12  ^  ^ 

Accordingly  we  express  s(x^)   -  s(x^)    in  terms  of  f  and  g 

and  rearrange  some  terms 

s(x   )   -  s(x   )   =  f(x   )   +  g(x   )   -  f(x   )   -  g(x  ) 
1  2  1  1  2  2 

=  [f (X  )  -  f (X  )]  +  Cg(x  )  -  g(x  )]. 
12  12 

Hence,    by  the  triangle  inequality 

(1)    ls(x  )  -  s(x  )|      |f(x  :  -  f(x  )|  +  |g(x  )  -  g^x^H 

1^2  1  2  1  ^ 

Thus,    in  order  to  have   |s(x   )   -  s(x   )|   <^  e      it  will  suffice 
'  12 

to  force  each   of  the  quantities 

If (X   )   -  f (x   )|  and  |g(x   )   -  g(x  ^1 

'12  12 

to  be    less  than  or  equal    to  ^  • 


Now    look  at  the  graphs  of   the  moduli    *   and  y  of  f 
and  g  . 


Graph  of  ^, 

the  modu I  us  of  f 


e/2 


Ifx     andx     are  chosen 
1  2 

so  that   I X     -  X    I   _<  (1)  (|-)  , 

12  ^ 

then    |f  (x^)   -  f  (x^)  |  £  | 


■Sraph  of  Y, 

the  mod  u  I  us  of  g 


e/2 


I  f  X     and  X     are  chosen 
1  2 

so  that    |x     -  X    I    <    Y  * 
'    1         2  ^ 

then    |g  (X   )   -  g  (X   )  I   <_  |- 


F I g  u  re  A- 1 

From  this   figure  and  the  accompanying   remarks  we  can 

e  . 

see  that    if  x       and  x  are  chosen  to  be    less  than   both   ^ i^) 
1  2 

and    yij),    then  both  the  consequences 

|f(x   )   -  f(x   )|    <  -I  and  lg(x   )   -  g(x   )|  £  J 

'  1  2  1  ^ 

Will  hold  true  which  will  in  turn,  as  seen  in  Formula  (I), 
yield 


s(x    )    -   s(x    )      <  £. 

1  2 
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Therefore  we  choose  our  modulus  for  s  by 

6(e)   =  minimum  of  <|)(|-)   and  y  i^)  =  min  C<|>(|-),   Y  3 

Going  over  this  once  more;   with  6(e)   so  chosen,   then  we 
see  that 


If  |x 

1 

6(e) 

/ 

then 

\ 

|x      -   X    1    <  (|)(f) 
'     1            2  ^ 

1           2  2 

SO  that 

and 

SO  that 

|f(x   )   -  f(x  ) 

'         1  2 

1    i  2 

|g(x 

)  -  g(x  ) 1  <  T 
1         y     2    '   -  2 

whence 


s(x  ) 

1 


-s(x   )|   <|f(x   )  -f(x  )|   +   Ig(x^)   -g(x^)|  sf+ 


In  the  particular  case   illustrated,    it   is  obvious  from 
the  graph  that  (J>(|-)   <  yij)   so  that   in  this  case  min  C<|>(j),  y( 
Is  <1>(-|),   but   in  general   either  one  could   be  the  minimum. 


301  311 


Example  I:  Let  f(x)  =  x^,  g(x)  =  sin 
Moduli  for  these  functions  are  ^ie)  = 
Figures    1(e)   and    1(b)   of   Section  10. 


X,   Ca, bH  = 

Thus 


c-i,  i:- 


e  as   seen   i  n 


<J)(f)   =  J-  and  yij)   =  f 

so  that  a  modulus  for  (f  +  g)(x)  =  x^  +  sin  x  over  the  interval 
C-  I  ,  I  H   is  given  by 

^(1)   =  min  C(()(|),   yij)l  =  m  i  n   (|-  ,  |)   =  J  • 

Modu  I  us  of  Constant  Multiple  of  _a  Functi  on . 

Let  m  =  c*f,   that   is,   m(x)   =  c*f(x)   for  x   in  Ca,bl|, 
where  c   is  a   non-zero  constant.     We  wish  to  make 

|m(x   )   -  m(x   )|    <  e.     The  calculations   are  very  simple. 
'        1  2 

m(x   )   -  m(x   )  =  cf(x   )   -  cf(x   )   =  cLf )   -  f(x  )3 
12  12  12 

SO  that 

|m (X   )  -  m(x   ) I   =    I c| • 1^ (X   >   -  f (x   )  |  . 
'        1  2  '    '    '        1  2 

Therefore   it  will   suffice  to  make   |f(x^)   -  "f^x^)[    less  than 
or  equal  to  ^/|c|.     Accordingly  we  choose  6(e)   =  (J>(^/|c|) 
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so  that   if    |x_^   -  x^l   <     6(e)      [which    means  -  <  ii^/\c\)l, 

we  have    |f(x   )   -  f(x   )|    <  ^/|c|    so  that 
12  — 

|m(x   )   -  m(x   )|   =   |c|-|^(x   ^   '  -f^^jl  1  '  ^ ' '         "  ^ 

1  2  1  <-  I  C  I 

Bounds   for  Unicon   Funct  ions. 


We  will   show  here  that  a   function  f   which    is  unicon  on 
an   interval   Ca,bll   is   bounded.     That    is  to  say,    there   is  a 
number  F   so  that    |f(x)|   j<F   for  all   x   in  Ca.bj.     We  will  show 
how  to  find   such   a   number.      In   doing   this  we  use  only  one 
value  of   e,    namely   e  =  I. 

Consider  a   partition  of 
the    interval   Ca,bII  with  each 
of   the  subintervals  having 
length   (J)  (  I  )   except  for  the 
last  one  which    is   taken  to  / 
have  whatever   length    is  left 
over.      In  the  illustration 

Figure  A-2 

in   Figure  2  there  are  six 

subintervals,   but   in  general   the  number  of   subintervals  N 

b-a 

will    be  the   smallest   integer  greater  than  or  equal   to     ^  (  j  )  • 

Now  consider  a  number  x   in  Ca,bll  as   illustrated  in 
Figure  A-2.     Adding  and   subtracting  some  terms,   we  obtain 
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f  (x)'-f  (a)=f  (x)-f  (X3)+f  (x3)-f  (X2)+f  (x2)-f  (Xi  )+f  (Xi)-f  (a) 
Now  using  the  triangle   inequality,   we  get 

|f  (x)-f  (a)  |<|f  (x)-f  (X3)  |  +  |f  (X3)-f  (x^)  |+|f  (X2)-f  (x^)  |  +  |f  (Xj)-f  (a)  |. 

According  to  the  way  the   partition  was   chosen,   each   of  the 
terms  on  the   right   is    less  than  or  equal   to  one  so  that 

|f (X)    -  f (a) I   £  I   +    I   +    i   +    I    =  4 

In  general   the  absolute  difference    |f(x)    -  f(a)|   cannot  ex- 
ceed the   number  of   subintervals   passed  through    in  travelling 
from  a  to  x.     Thus,   for  any   choice  of  x   in  Ca,bl]  we  have 

|f  (X)    -  f (a)  I   £  N 

so  that 

|f(x)|  £  |f(a)i   +  N  for  all   x   in  Ca,bl], 

which  gives   the   required  bound. 

Obtaining   a  modulus   for  the   product  of  two  functions 
is  the  hardest  of  our  derivations.     There   is  a   "trick"  used 
in  this  process  which   is  so  frequently   used   in  connect  ion 
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wfth  "differences  of  products"  that  it  is  worth  a  little 
special  attention. 


Consider  one   rectangle  with   dimensions   L  and  W  and  a 
second   rectangle  with   slightly  smaller  dimensions   L'   and  W. 
In  Figure  A-3  we  see  these  rectangles  drawn  separately  and  then 
superimposed  with  the   differences  of  their  areas  shaded. 


W 


l(w-w') 


W  (l-l') 


w 


L  f 

Figure  A-3 

The   difference  of   these  areas   can  of   course   be  repre- 
sented as   LW  -   L'W',but  we  also  see  that  this   difference  is 
represented   by  the  two  shaded   rectangles  with   areas   L(W  -  W) 
and  W'(L  -   L')   and  so  we  have 

LW-L'W'=L(W-W')+W'(L-L'). 


The  expression  on  the  right  has   the  advantage  of  indicating 
how  the  difference   In  the  areas   depends  on  the  difference  in 
the   dimensions,    L  -   L'    and  W  -  W.      in  applications  we  will 
not  refer  to  areas  but  will   obtain  this  result  by  the  follow- 
ing  "addi ng-and-subtract i ng  trick." 
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LW  -   L'W    =   LW  -  LW   +   LW   -  L»W» 

=   L(W  -W»)  +W»(L-L'). 


Done   in  this  way   it  makes   no  difference  whether   L  -  L'  and 
W  -  W    are  positive  or  negative.     The   difference   in  the  products 
LW  and   L'W    has   been  expressed   in  terms  of  the  differences 
L  -  L»    and  W  -  W».     You  will    see  this  trick  used    in  the  follow- 
ing derivation. 

Modu  I  us  of  the  Product . 

Let  F  and  G   represent  bounds  for  f  and  g  on  Ca,bl],  that 

is,    |f(x)|   £F  and   |g(x)|    <_  G  for  x   in  [a,b].     Also  let 

p  =  f'g,   that    is   p(x)   =   f(x)-g(x)   for  x   in  [a,bl].     Our  objective 

is  to  make   |p(x   )   -  p(x   )|    <   e   .     Accordingly  we  express  the 
^     1  2  ~ 

difference  d(x    )   -  p(x   )    in  terms  of   f   and  g   and  use  our 
1  2 

"add i ng-and-subtract i ng  trick"  to  obtain 

d(x   )   -  p(x   )   =   f(x   )g(x   )   -  f(x    )g(x  ) 
^1^2  11  22 

=   f(x    )g(x   )   -   f(x    )g(x   )   +   f(x    )g(x    )   -   f  (x    )g(x  ) 
1^1  12  12  2  2 

=     f(x   )[g(x   )   -  g(x   )]  +  g(x   )[f(x   )   -  f(x 
1^12  2  1  2 

Now  using  the  triangle    inequality  and  the  bounds  on   f  and  g. 


3ie 

m 


|p(x   )   -  p(x  )|   <   |f(x  )Cg(x   )   -  g(x  )]|   +   |g(x   )Cf(x   )   -  f (x  )3\ 

"^121  1  2  2  1  2 

=   I  f  (x^ )  I  •  |g (x^ )  -  g(x^)|  +  |g(x J !  •  |f (x^)  -  f(x^) 

<   F-  |g  (X   )   -  g  (X   )  I   +  G-  I  f  (X   )   -  f  (X   )  I  . 
-  1  2  1  2  ' 

•      '  r  '  '  .  ' 

to  be  made  <   e/2         to  be  made  <  e/2 


Here  we  see  that  we  will    have    |p(x   )   -  p(x   )|    <   e  as  desired 

1  2  "~ 

if   each  of   the  two  terms    in  this    last  expression   is  £  e/2. 


This    in  turn  will    hold  true  if 


Ig(x^)    -  g(x^)|    <   2^  and  |f(x^)    -  f(x^)|    <  ^ 

The  first  of   these    inequalities   will    hold    if    |x^   -  x^|  Y 
and  the  second  will    hold   true   if    |x^   -  x^  |   ±  <t>  (jq^    where  y, 
you  will    recall,    denotes  the  unicon  modulus  of  g   and  <()  that 
of   f .     Accordingly  we  choose 


6(e)   =  mi  n  ,   Y  (2F^^ 


With   6(e)    so  chosen  we  see  that  if 


X 


-  X    I    <  6(e),  then  |f(x   )    -  f  (x   )|    <_  ^ 

12  12 
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and 


g(x^)   -  g(x^)  I    <  ^ 


so  that 


(X   )   -  p(x   )|    <  F-|g(x   )   -  g(x   )|   +  G-|f(x   )   -  f(x  )| 
12  1  2  1  2 


-  ^    2F       ^     2G       2  2 


Example  2,     We  saw   in  Figures    1(d)   and    1(b)   of   Section   10  that 
the  functions   f(x)   =   /x"    and  g(x)   =  sin  x  have  modu  I  i^  respec- 
tively^ *(e)   =   e^and  y(e)   =  e  over  [0,4].     Bounds   for  these 
functions  on  this    interval    are   F  =   2,  G  =    \.     Thus,    a  modulus 
for  the  product 


(f  •  g)  (X  )   =   \^  sin) 


is  given  by 


so  that 


6(e)  =' 


for  e  <_ 


V4     for  e  >  I 


=  min  , 


4 
0 


Modu I  us  of  /x  s  i  n  x 
over  Co, 43 


F  i  gu  re  A-4 


This  function   is  graphed   in  Figure  A-4. 

Modulus  of  the  Reci  proca I   of  £  Funct  ion. 

Here  we  assume  that  g(x)    is   positive  for  x   in  Ca,b]  and 
that  there   is  a   strictly   positive  number  r   so  that 

g(x)   >  r  for  all    x    in  Ca,bll. 


Now  we    let  r(x)   =  gTxT  calculate: 


r(x    )   -   r(x    )  = 

1  2 


I  I  .  ^ 

g  (x   )       g  (x   )         g  (x   )   g  (X  ) 


Taking   absolute  values  and   noting  that  l/|g(x^)|    <_  l/r 
and    l/|g(x   )|    <    l/r,   we  see  that 

|g  (x   )   -  g  (X   )  I  I  g  (X   )   -  g  (X  ) 

|r(x    )   -   r(x    )|    =   2  ^  <   2  L_ 


|g(x^)|-|g(x^)|  r 


The  last  expression  is  made  less  than  or  equal  to  e  by  making 
|g(x    )    -  g(x   )|    <   r^e     »   which    Is  accomplished   by  taking 


2  1  '   —  ' 


Accordingly  we  choose 


id 
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6(e)   =  yCr^e)  . 


(This  derivation  also  works  when  g(x)  is  negative  through- 
out [a,bl]  with   r   >  0  such   that   |g(x)|    >_  r   for  x   in  [a,bl].) 

Modu I  us  of   the  Quoti  ent. 

This   formula   is   derived  by   using   the  product  and  reciprocal 

formulas.     As    in   the  derivation  of   the  product  formula,  let 

F  be  a   bound  for  f   on   [a,bl]  so  that    |f(x)|    <_  F  for  x   in  [a,b3. 

Moreover,    if   0  <  r   <    |g(x)|    for  every  x   in  Ca,bl],  then 

I      '.I    <  i  so  that  G  =  Jr  is   a  bound   for  ^  L  i    in  [a,bl].  Now 
' g (x  )  '        r  r  9 IX  ; 

let 


q  (X)  = 


f  (X  ) 


=    f  (X) 


gU7 


Denoting   by  p ( e )   the  modulus  for 


g(x) 


derived  above,  we  see 


that 


p ( e  )    =  Y ( r^e  ) 


The  modu I  us  of   f (x ) 


i s,  by  the  modulus  of   the  product, 


6(e)   =  min  [<))(^),   P  ^"^^  ^ 
=  min  L<i>  (^)  ,   Y  ^Yf^^ 
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Example  5:     Modulus  of   q(x)   =  over  an   interval  [a,b] 

with  0  <  a  <  I.  Here  f(x)  =  sin  x  and  g(x)  =  x  so  that  we 
may  take  *  ( e )   =  e,yU)   =  e,   F  =   I,  r=  a.  Therefore 


2  ^ 

6(e)   =  min  [ct)(|^),  'i'-Jf—^^ 


rae     a ^  e-i 
m  I  n  L— 2 »  ~2 — 


a^  e 


Modu I  us  of  the  Compos  i  t  i  on . 

This    is   the  easiest  to  derive  of  our  modulus  formulas, 
but  our  assumptions  are  slightly   changed.     Here  we  assume 
that  g   is   unicon  with  modulus  y  on  the   interval   [a.b]  which 
is  mapped  by  g    into  the    interval   [A.B]  on  which   f    is  unicon 
wi  th  modu  I  us   (j) . 

We    let  c(x)   =   f  (g  (X)  )  .      And  now 

|c(x   )  -  c(x   )|   =   |f(g(x   ))   -  f(g(x  ))| 

'  1  2  1  ^ 

which  will   be  <.  e  provided  that 


|g(x  )  -  g(x  )  I  1  <f)(e) 

'         1  2 


3"  « 

S21 


which  will    In  turn   hold  true  provi  ded  that 


X     -  X    1  <7((})(e)) 
1  2 


Thus  we  choose 


6(e)    =  ^  • 


Hence   for  x     and  x     in  Ca,bl] 
1  2 

with 


X     -  X    I    <   6(e)    =  / 


Graph  of  <i>  ,  the 
modulus  of   f   over  CA,B;] 


*(e) 


Graph  of  Y ,  the 
modulus  of   g  over  Ca,bl] 


1  2 


1 


we  have  g(x^)  and  g(x^)  in  \y{^ie)) 
CA,BI]  wl  th 


(()(e) 


I  g  (X  ^)    -  g  (x^  )  I    £  (()  (e  ) 


so  that 


Modulus  of  composition 
of   f   and  g . 

F  i  g  u  re  A-5 


|f(g(x  ))  -  f(g(x  ))|  <  e 
'     ^     1  2 


Hence  we  see  that  the  modulus  of  the  composition  of 
two   functions   is  the  composition  of  their  moduli    in  the 
opposite  order.     This    is   i  Must  rated   in  Figure  A-5. 
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Modu I  us  of  Funct  ion  P I  us  Constant . 

It   Is    left  to  the   reader  to  establish   that   f(x)   +  k 
has  the  same  modulus  over  Ca,bl]  as  does  f(x). 

Examp  I  e :     Modulus  of    ( /x  +    1)^  over  [0,4l]. 

Letting   f(y)   =         and  g(x)   =   /x  +   I   we  see  that 

f(g(x))    =   (/x+  1)3 

The  modulus  of  g(x)    is  the  same  as  that  of   v^x  which  has 
been   seen  to  be  yle)   =  e^-    The   interval   [0,4]   is  mapped  by 
g    into  the   interval   [1,3]  on  which   f   has  the  modulus 

=  ^  ,      Thus  the  modulus   6  of   f(g(x))    is  given  by 

6(e)    =  Y(4>(e))    =    (jT^      =  7^9 

It  should  be  mentioned  that  this    is  an  extremely   bad  result 

as   far  as   actual    computing   is  concerned.      If  we  wished  to 

know  the  area   under  the  curve  y   =   (         +    1)^   between  x  =  0 

and  X  =  4  with   error  ^  10       then  we  would  have  to  choose  e 

I O""^ 

so  that   (b  -   a)-e    <^\0     or  e    whence   6(e),    the  spacing 

of   our  subintervals, would  have  to  be     <_  (10     /4)  /729 
- 1  3 

^   8.6*10       .     The   number  of   calculations  of   the  functional 

1  2 

values   required   for  this   problem  would   be   about   2. 3*10 
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Even  with  the  high  speed  of   computers  such  a   number  of 
calculations   is  far  beyond  our  scope.     Before    long  we  shall 
develop  methods  for  avoiding   such  difficulties. 


In  the  table   below  we  have   collected  the   results  of 
this  sect  i  on . 

TABLE  I 


LEGEND 

Cf>        1  S 

a  modulus  of  f 

on  da  >  b  D . 

Y      i  s 

a  modu  1  us  of  g 

on  da*  bD. 

6      i  s 

a  modulus  of    indicated  combinations 

on   [ a  ,  b] 

Whe  re 

applicable: 

F     i  s 

an   upper  bound 

for  f   on  Ca*  bD. 

G     i  s 

an   upper  bound 

for  g  on  Ca^bD. 

r     i  s 

a  positive    lower  bound  for     g(x)     on  [Ia*bl|. 

Name 

Comb  i 

nation 

Modulus  of  Combination 

S  um 

s(x) 

=  f (X)   +  g (x) 

5(e)   =  min  Y 

Cons ta  nt 
Multiple 

m  (X  ) 

=  K  f(x) 

6(e)   =  (f^C-^) 
|K| 

Prod  uct 

p(x) 

=  f  (x)   g (x) 

6(e)   =  min  C  4>  ('2g"^  ' 

Rec  i  p  roca 1 

r(x) 

1 

g(x) 

6(e)    =  yiV^e) 

Quot  i  ent 

q(x) 

=  f  (x)/g (X) 

6(e)   =  min  [Ic}>  C-^)  , 

Ad  d  i  t  i  ve 
Constant 

k(x) 

=  f  (X)   +  K 

6(e)   =   4>  (  e  ) 

Compos  i  t  i  on 

c(x) 

=  f  (g  (X)  ) 

6(e)    =  yi(i^ie)) 

(Here  g  maps  [Ia,bD  into 
[A,BD  on  which    interval  f 
has  modu  1  us   (}> .  ) 
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Examp  I  e ;     To  compute  a  modulus  for 


+  X  + 
(x2  +  2) 


ove  r 


0  ±  ^  ± 


Here  moduli   of  x,  x^  and  x^  over  [0,1]  are  e,  J,  respectively 
The  function  g(x)   =  x^  +  2  maps  [0,1]    into  [2,3]  over  which 
Interval   f(y)   =         has  modulus         .     Now   from  our  table: 


modu I  us  of  (x3  +  X ) 

modu  I  us  of  (x^  +  X  +   I ) 

mod u  I  us  of  x^  +  2 

modu I  us  of  (x2  +  2) 3 


i  s  mi  n    (e/8,    e/2)   =  e/8 
i  s  e/8 
is  e/2 

is    (e/27)/2  =  e/54 


Now  the  maximum  of  x^  +  x  +  I  on  [0,1]  is  3  while  minimum  of 
(x2  +  2)3   on   [0, I]   is   8  so  that 


6(e)   =  modulus  of 


x^  +  X  +  I 
(x2    +  2)3 


IS  min  [|^/3,   iiff  /54] 


=  m  I  n  L-jE  >  8T^ 


I  6 


-e  . 
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PROBLEMS 


Prove  that   if   c   is   any   constant,    then   the   unicon  modulu 
of    f(x)   +  c  on   an    interval   CA,Bl]   is  the  same  as  the 
unicon   modulus  of   f(x)   on  CA,Bl]. 

Cite  previous   problems   and   re  suits   (but  do  not  use 

epsi  Ions   and   deltas)   to  prove  that  each  of  the   fol I ow i n 

functions    is   unicon   on   the   interval  specified. 

(a)  f(x)    =   X  +  4  on  [3,8] 

(b)  f (x)    =   2x  -  3  on   [-1 , n 

(c)  f(x)    =  x^  on  [-5,2] 

(d)  f  (x)    =       +  sin  X  on  [2,4l] 

(e)  f(x)    =  —  +   2  +  4x2  on  [1,2] 

x3 

(  f )      f  (  x)   =   x/s  i  n   X  on   [j,  tt] 

(  g )      f  (  X  )   =   /s  i  n  (  x^  )  on  [-^,^11 


Prove  by    induction  that   any   polynomial  function 
f(x)    =  aQ  +  a^x 
i  nterva I    [c, d]. 


f(x)    =  an  +  +    ...   +  a  x"^    is   unicon   on   any  closed 

0         1  n 
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APPENDIX  B 
Dispensing  w  i  tli  Area 


The   purpose  of   this   section    is  to  free  our  definition 

of   the    integral    from  any   preliminary   assumption   that  regions 

under  curves   have  areas.      In   fact,   we  will    take   a  reverse 

rb 

point  of   view.     When   f    is   positive  over  [a,b]  and        /  f(x)dx 

a 

exists^  we  then  def  i  ne  the  area  under  the  graph  of  f  from  a  to 
b  to  be  equal    to  this  integral. 


a-x.0 


In   spite   of   our   claim  to  be  making  our  development  in- 
dependent of   existence  of  areas^ 
you  wi  I  I    see  many   references  in 
this   section   to  areas   of  regions 
built  up  of    rectangles   such  as 
seen    in   Figure    I,      Such  areas 
enj^y   a  different  status  than 
areas   of    regions  with  curved 
boundaries.      For  example,   the   shaded   region    in   Figure  B-l  can 
be   regarded  as  merely  a   geometrical   method  of  representing 
the  sum 

4 

Z ^k^^k  ^  ^k--i^ 

k=  I 


Figure  B-l 
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We   assume   throughout  this  section  that  all    lower  and 

upper  sums   are   for  the  same   function   f  over  the  same  interval 

Ca,b3.     There   are   three  things   to  be  established: 

(j)     every    lower  sum   is    less  than  every   upper  sum; 

(li)      if    L     and  U   ,   n   =    I,   2,    3,    • •  • , a  re  sequences  of 
n  n 

lower  and   upper  sums  with    Mm   (U^  -       )    =  0,  then 

these  two  sequences   conve  rge  to  the  same    limit,  I; 
(iii)      the  value  of   this    limit  I  is    independent  of  the 
choice  of  the  sequences         and         enjoying  the 

property    lim   (U^  -   L^)    =  0, 

n->-oo 

We   consider  first  the  question:     Can  we  see  that  every 
lower  sum   is    less   than  every   upper  sum  without  making  appeal 
to  the   area   under  the  curve   and  reasoning 

L  <_  A     and     A  <_  U     so  that     L  £  U  ? 

The   answer   is   certainly  yes    in  the   case   that  the   upper  and 
lower  sums   are  based  on   the  same   partition.      For  then  we  see 
that 

1  '^k         k  =    I  ,   2,   3,    •  .  .  ,  n 

and  since  the   differences   x^^  -   x^_^   are  positive, 

^k^Xk  -  1  -   ^k-l^        k  =    I,   2,   3  n 


and  hence 

n 


k=l  318  k=i328 


Ca) 


To  see  that  the   relation     L  £  U     holds  true  even  when 
based   on   different  partitions  we  consider  Figure  B-2. 


In   Figure  B-2(a)   and  B-2.b)  we 
see  shaded  areas   representing  lower 
and   upper  sums   for  a  function   f  over 
an    interval    Ca,b]   but  based  on  diff- 
ent  partitions.    In   Figure  B-2(c)  the 
two  Figures  B-2(a)   and  B-2(b)  have 
been   superimposed  thereby  creating  a 
new  partition  consisting  of  all  the 
partition   points  of   both  earlier 
figures.     The   areas   L  and  U  are 
unchanged  and  we  see  that  they  can 
be  considered  as    lower  and  upper 
sums  based  on  the  new  partition. 
Since  we  have   already   seen  that  when 
based  on   the  same  partition,  lower 
sums   are    less  than  or  equal   to  upper 
sums  we   now   find  that   L  <  U. 


Cb) 


Next  we  will    show,   given  two 
lower  sums,    how  to  obtain  . a  third  one  greater  than   or  equal 
to  each   of  the  two  given  ones.     At  the   risk  of   a    little  con- 
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fusion  we  will    use  the    letters  U  and 
L  to  denote  both   the  rectangular 
regions   and  their  areas,    letting  the 
context  carry   the    information   as  to 
w.hether   regions   or  areas   are  being 
cons  i  de  re  d . 

In   Figures   B-3(a)   and  B-3(b)  we 
see  two   lower  sums         and   L2   for  f 
over  the    interval    Ca,b].    In  Figure 
B-3(c)    the  entire  shaded  area   L  which 
is  the   union  of   L     and         (L^   U  L^). 
Clearly  since   L  ^  C       and        C  L  we 
have   for  the   areas,    I- ^  £  I-  ^^d 

L.      Figure  B-3(d)    is   a   repeat  of 
Figure  B-3(c)   with   some  of   the  un- 
necessary   lines  omitted. 

In   Figure  B-4  we  do  a  similar 
thing  for  upper  sums.     Here,  given 
two  upper  sums         and       ,   we  show 
how  to  obtain   a  third  one    less  than 
or  equal   to  the  two  given  ones. 

In   Figure  B-4  we  see   Figures  B-4(a 
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and  B-4(b)    superimposed  and  observe 
that  U,   the    intersection  of  and 

(U^  n   U^),    the   doubly  cross- 
hatched   region    in   F i g u re  B-4 ( a ) ,  again 
represents   an   upper  sum.     This  inter- 
section,   U  =   U^n  is   shown  again 
in   Figure  B-4Cd)   with  extraneous 
detail    omitted.      Since  U  C  and 
U  C        we   see   that   for  the   areas  we 
have   U  <_         and   U  <_  . 

Now  we   are    in   a  position  to 

dispose   of   the   first  objection  to 

our  definition   of   the    Integral.  We 

will    show  that  sequences  , 

n  =    1,2,    ...    and   U^,    n  =    I ,    2,  ... 

of    lower  and   upper  sums  satisfying 

Mm   (U     -   L  )   =  0  must  converge   to  a 

'  n  n 

n^oo 

common    I  i  m  i  t . 

Considering  that  we   are  given 
sequences         and  with 

lim  (U     -   L   )   =  0  we   construct  new 
'  n  n 

sequences   of    lower  and   upper  sums 

and         according  to  the  following 
n  n 


Figure  B-4 
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rule: 


L|   =   L,,andforn>l  L'^^L  UL'  : 

^          ^  n  n         n-  I  ' 

U'   =  U, ,   and   for  n   >    I  U'   =  U  n  U' 

^          ^  n  n  * '    n-  1 

Study   this   rule  of   formation   carefully  to  see  exactly  what  it 

says,   particularly  noting  where  primes  do  and  do  not  occur 

and  the   use  of   intersection   and  union. 


Previous   observations   now  guarantee  that: 

(i)  and         are    lower  and   upper  sums   for  n  =    I,   2,  ... 

(  '  '  )  ^  L» ^1    so  that   the  sequence   l\ ,    l[,    L3,    .  . .  is 

i  nc  re  as  i  n  g ; 

(iii)  £  U^^i   so  that  the  sequences   u[,    uj.,    U3,    ...  is 

dec  re  as  i  n  g ; 

(iv)  <   L'    and   U'    <   U     for  n   =    I,  2, 

n  —     n  n  ~-     n  »      »      -  f 

(v)  <_  since   any    lower  sum   is    less  than   any  upper 

sum. 

The    last   two  remarks   show   that   for  each   value  of  n  we 

have   the   ordering  indicated    in    Figure  6-5. 

— •  i  H7  1  

F  i  g  u  re  B-5 

Therefore  0   <_  U '    -  L  •   £  U     -  L     and  since    Mm   (U     -  L   )   =  0 

n         n         n         n  n  n 
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the  squeeze  theorem  shows  that    Mm  ( -   LM   -  0  also. 


Therefore,   by   remarks    (ii)    and   (lii)    above  we   see  that  and 
are   respectively    increasing  and  decreasing  sequence,  whose 

n 

differences   tend  to  zero  so  that  these  sequences    "onverge  to 
the  same    limit  by  the  completeness  axiom. 

Again   using  the  squeeze  with   Figure  B-5  we  see  that 

0   <         -   L     <   U     -   L         and       0   <         -   U»    <_  U     -  L 
^  —    p         n—     n         n  —     n         n—     n  n 


whence 


I  im   (L'    -   L  )    =   0       and    I  im   (U„   -   UM   =  0 

n         n  n  n 

n->oo       "  n-><» 


which   assures   us   that  the  limits 


I  i  m   L         and    I  i  m 

n  n 
n  -><»  n 

actually  exist   (because    lim         and    Mm  U'  do) 

and 

I  im  L     =    I  im  L'   =    I  im  U'    =    I im  U  . 

n  n  n  n 

P_>oo  n->°°  n-><»  n-><» 

The  second  objection  to  the  definition  of  the  integral  is  next 
disposed  of   by   similar  methods. 

Suppose  that   L     and         are   sequences  of    lower  sums  and 
^  ^  n  n 

that  U     and         are  sequences  of   upper  sums.     And  further 
n  n 
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suppose  that 

Mm  (U     -   L   )    =  0       and        Mm   ( -   L^)   =  0. 

As  already   seen,    L     and  U     wiM    converge  to  a  common  Mmlt, 

n  n 

I,    and         and         will    converge   to  a   common    Mmltl^.     We  wish 
-        n  n 

s 

to  show   that         =  I. 


Since  every    lower  sum   is    less  than  every   upper  sum,  we 
see   that   for  each    integer  n  each   of   the    lower  sums  and 
is    less  than  each   of   the   upper  sums         and   U*.     Thus   if  we 
select         halfway   between   the    larger    lower  sum  and   the  smalle 
upper  sum, 

Mn 


T  1  '  r 


we  have   both   the  inequalities 


L     <   M     <   U         and  <   M     <  U^. 

n—     n—     n  n—     n—  n 


S  i  n  ce 


MmL     =I=limU  andMmL*=I^=limU 


the  squeeze   theorem  guarantees  that 


I  i  m  M     =1       and        I  i  m 

n  n 
n  -yoo  n 


T.he  uniqueness  of  the  limit  of  a  sequence  therefore  assures 
us  that  I*  =  1. 
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CHAPTER  4 
APPLICATIONS  OF  INTEGRALS 


I  .     Calculating  Areas 

We  have  seen  that  an  area 
like  that  of  the   total  cross- 
hatched  region    in   Figure  |-l 
is  exp  ress  i  b I e  as 


J  f(x)dx. 


Similarly   the   area  of  the 
doubly   cross-hatched   region  is 


J      q ( x) dx , 


It  follows   that  the  area  of  the 
singly  cross-hatched   region  ly- 
ing between   the  two  curves  is 
the  difference  of  these  two  in- 
tegrals,   and  by  a   property  of 
integrals   (Corollary    I    of  Section 
3-5)   this  is 


/     [f (x)-g(x)]dx. 


Figure   f -  I 


F  i  g  ure  1-2 


325 

ERIC 


As  noted  on  page  210  many   areas   can  be  found    in  this  way 


Examp I e    I .      Find  the  area  of  the   region  bounded  by   the  curve 


y   =  4  -  X 


—   V  ^ 


and  the    lines  y   =   4  -  x  and  x  =  2.      In  a 


problem    like  this    it   is    important  to  draw  a  careful  figure 

and   see  just  what  the   region    looks    like.  Here  we  obtain 

Figure  1-2.  The  horizontal  limits  of  the  region  are  0  and 
7. ,   and  so  the   area  is 


[(4-x)   -   (4   -  X  - 

-  1x2) ]dx 

1^2dx  =  1  .  1  8  = 
^0     2                2  3 

4 

"   3  ' 

(-1,-1))^ 

using  the   result  of  Section   3-8,   Example  3. 

Figure  1-^3 

Example  2.  Find  the  area  of  the  region  bounded  by  the  curve 
y  =  x^  -  2  and  the  line  y  =  x.  By  solving  the  two  equations 
simultaneously  we     find  that  the  curve 


and  the    line   intersect  at   (-1^  -1) 

1 

and   {2,2),   giving   Figure   1^3.  Here 

the   problem   is  more  complicated 

since   part  of  the   region    lies  below 

the  X-axis   and  we  have  seen  in 

 X 

Section   3-4  that  this   gives   a  nega- 

Figure   1  - ^ 

five  contribution  to  the   integral.     However,   we   can  get  back 


326 


3se 


to  the  case  of'^ExampTe   I    by   using  the  trick   introduced  at  the 
end  of  Section  5.     That   is,  we  consider  the  curves 
y  =         -  2  +  k  and  y  =  x  +  k,   where  k   is   chosen  so  that  the 
region  bounded  by  the  two  curves 
lies  entirely  above  the  x-axis,  as 
in   Figure   1-4,    in  which   k  =  3.  This 
amounts  to   lifting  the   region   by  an 
amount     k     without  changing  its 
shape  or  size.     Hence  the  area  is, 
as  before. 


/|    [(X  +  k)   -   (x^  "  2  +  k)]dx 


Ti    [x  -   (x^  -  2)]dx 


r2 

J  ,    X  dx  - 


x^dx  +      /,   2  dx 


Figure  1-5 


^=  1[22    -    (-1)2]   -  1[23   -    (-1)3]   +   2[2   -    (-1)]   =   4j  , 


using  the   result  of  Problem  4,   Section  3-8. 


Example  2   shows  that  the   general  expression 

( I )     A  =     J      [f (X)   -  g(x) ]dx 
a 

gives  the  area  bounded  on  top   by  y  =  f(x),   on  the  bottom  by 


y  =  g(x),   on   the    left  by   x  =   a  and  on  the   right  by  x  =  b, 
regardless  of   how  this   region    is    located  with   respect  to  the 
coordinate  axes.     One  way   of    looking  at  this    is  to  think  of 
this   region  as   cut   into  many  vertical    strips,   one  of  which  is 
shown   cross-hatched   in   Figure    1-5,     The  height  of   such  a 
strip,   at  position  is   approximately   fC?.)   -  gC?.),  and 

the  sum  of   the  areas  of   all    the  strips   is   similar  to  the  sum 
(I)   on  page  265.      In   fact,   the  whole  theory  of  Section  3-7 
can  easily  be  ex1" ended   so  as  to  give  a  proof   of   formula  (I) 
above.     We  shall    not  do  this,    however,    since   in  Chapter   12  we 
shall    present  an   approach   to  the    integral    that  covers   not  only 
this   case  but  others  much   mere  complicated.      For  the  present 
we  can   accept  the  evidence  of   Example  2,   which   can  obviously 
be  made  completely   general,   that  formula   (I)    is  correct. 

Like  so  many  textbook  problems  Examples  I  and  2  were  made 
numerically  easy  to  facilitate  concentration  on  the  principles 
involved,     A  more   realistic  example    is  the  following. 


Y 


common   to  the  el  I  ipse 


and  the  circle 


Examp I e  5 . 


(x-2)2+(y-  1)^=4, 


Find  the  a  rea 


(l.fSS,  -615) 


(  F  i  g  u  re   I -6 ) 


Figure  1-6 
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It   is  evident   from  the   figure  that  one  point  of  intersection 
of  the  two  curves    is   (0,1).     The  other  point   is  much  more 
difficult  to  determine  and    is    left  as   a   problem   (Problem  I). 
To  three  decimal    places   it   is   (1.159,  -0.815). 

The  desired   area    is,   as  before, 
(2)  A  =  Cf(x)   -  g(x)]dx, 

where  y  =  f(x)  is  the  equation  of  the  curve  at  the  top  of  a 
vertical  strip  and  y  =  g(x)  is  the  equation  of  the  curve  at 
the  bottom.  Evidently 


since  the  top  of  the  strip    lies  on  the  ellipse.     But  the 
bottom  of  the  strip    is   sometimes  on  the  ellipse  and  sometimes 
on  the  circle.  Precisely: 


f  (x) 


g(x)  = 


I    -   A  -  (x-2)^ 


if  0  <  X  £  I . 159, 


i  f  0   <    I  .  I  59   <  2  . 


Thus 


h(x)dx,  where 
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17^  -,  .  A  - 


(x-2)2        If  0  1  X  <.  I  .  I  59, 


(3)  h^x)  = 

:  y  I  -  !  1   u  1 1:  9  'I  X  <_  2 


This  integral  can  be  evaluated  by  one  of  the  programs  of  Section 
3-2,   to  give  A  =  2.403  to  three  decimal  places. 

Another  way  of  expressing  this    integral,   avoiding  the 
2-part  expression   for  g(x),    is  to  use  Theorem   I   of  Section  5 
to  get 


/1. 159    I     ;t        j  : 

J  (/|_.^  ,   +   /4  +  (x-2)2)dx 

0  /  4 


dx 

I  .  I  59  ^ 

There   is  no  advantage    in  this    if  machine  computation    is  to  be 
used  but    later  methods  will    enable   us  to  evaluate  this  without 
the   use  of  a  machine. 

Many  area  problems   are  given  to  us   not   in  terms  of  functions 
but   in  terms  of  equations  of   curves.      Indeed,    Example  3   is  of 
this   type.      In  treating   it  we   could  equally  well    regard  each 
curve  as   defining  x  as   a   function  of  y.     Then  we  take  horizontal 
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strips,   as   In   Figure   1-7,   and  the    length  of  such   a  strip  is 
GCdj)   -  H(t1j),  ^ 

wh  e  re 


G(y)   =  2/1    -  , 


H(y)   =  2-/4-(y-|) 


The  area   is  therefore 


(4) 


f  -2  +   /4   -  (y-l)^)dy. 


F i  gu re  1-7 


-.815 


This  of  course  must  also  evaluate  to  2.403.  Evidently  this  is 
a  somewhat  nearer  way  to  do  the  problem. 

Here    is   an  example  that  emphasizes  the   differences    in  the 
two  methods . 

Example  4>     Find  the  area 
of  the   region  bounded  by 
the  parabola  y^  =  4x  and 
the  Iine2x-y=4. 
( Fi  gure   1-8)     So  I  v  i  ng  the 
second  equation   for  x 
and  substituting   in  the 
f  i  rst  g  i  ves  y^  +  2y-8  =  0, 

Figure  1-8 
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which   has   roots     y  =  4     and     y  =  -2.     The  points  of  intersection 
are  thus   (4,4)   and   (1,-2).     The   use  of   vertical    strips    is  awk- 
ward, giving 

J      A/^  dx  +       I      C2v/><  -   (2x  -  4)]dx. 

With   horizontal   strips  we  get  the  much   nicer  form 

Cj(4  +  y)  -  I  y^]dy 

which   by  the  methods  of  Section   3-8  evaluates  to  31/3. 

Whether,    in   a  given   problem,   horizontal   strips   are  better 
than   vertical    strips   is   something  that  can  only   be    learned  by 
experience.      In  most  cases    it   isn't  of  great   importance  since, 
fundamentally,    all    problems   can   be   done  either  way. 
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PROBLEMS 

i;     T3  find  the  points  of    intersection  of  +  4y^  -4=0 

and     x^  +         -  4x  -  2y  +    I    =  0: 

(a)  Solve  one  equation   for     y^     and   substitute   in  the 
othe  r; 

(b)  Solve  the   resulting  equation   for     y      in  terms  of  x 
and  x2 ; 

(c)  Substitute   in  the   first  equation  to  get  an  equation 
in     X  only; 

[Ans.     9x'*   -  96x3  +  320x2   _   256x  =  0.] 

(d)  This  equation   must  have  one   root     x  =  0.  From 
Figure    1-6  there  must  be  another   root  between  0 

and   2.     Use  your  program  from  Section   2-2  to  compute 
it  to  at    least   5   decimal    places;      [Ans.  1.15947275] 

(e)  Use  the   result  of    (b)   to  get  the  corresponding  value 
of  y  .      [Ans.  -.814804107] 

2.     Find  the   areas  of  these   regions.     The   integrals,    if  properly 

set   up,   can  all    be  evaluated  by  the  formulas  of  Section  8. 

(a)  The   region  bounded  by  the   curves     4y  =  x  and 
y   =  5-x''.     Ans.     —  . 

(b)  The   region    in  the   first  quadrant  bounded  by  the 
y-axis   and  the   curves     y  =  sin   x     and     y  =  cos  x. 
Ans  .      /2   -  I  . 
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(c)  The  entire   region  bounded  by  the  curve 

y   =         -   4x^  +  4x  +    I      and  the    line     y  =  x  +  I. 
(Be  ca re  full)     Ans.  . 

(d)  The   region   in  the   first  quadrant  bounded  by  the  curve 

32 

y^  =  4x,   the  x-axis,   and  the    line  x  =  4.     Ans.  -j-  . 

The   interior  of  the  ellipse     x^  +  9y^  =  9     is   divided  into 
two   regions  by   the    line     x  +  y   =  2.     Set   up,   but  do  not 
evaluate,   one  or  more,  integrals   expressing  the  area  of  the 
--•ma  I  I  er   reg  i  on ,    using   (a)   vertical    strips,    (b)  horizontal 
strips.    -   

(a)  Why    is      jT     /a-^  -  x^  4 

(b)  Show   that  the   area  of   the  ellipse 


a 


i  s 


irab  . 


(a)     Use  the   adjacent  figure  to 


derive  the  integration 


a 


f o  rm  u  I  a 
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where  0  <.  b  <_  a  and'  sin  <^  =  b/a,  <i>  being  measured 
in  radians. 

(b)  Use  this   formula   to  evaluate 

J^'    A  -  dx. 

to  3  decimal    places  without  using  the  computer. 
[Ans.  1.913] 

(c)  Use  the   result  of  Problem  2(c)   to  derive 


,   0  <_  c   <_  a . 


(  d  )     E va I ua  te 

/g   -  dx 

to  2  decimal   places  without  using  the  computer. 
CAns.  3.46] 

(e)      Find  the  area   in   Problem  3  to  2  decimal    places  without 
using  the   computer.      [Ans.  1.19] 
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the  tri  ang I e 
AMB  •  This 

property  of  the  parabola  was  first  proved  by 
Archimedes    in  about  250  B,C, 
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2 .       Calculating  Vol ume 


Associated  with  the  concept  of  volume  there  are  properties 
closely  analogous  to  those  of  area,   as  follows: 

(i)     Corresponding  to  every  three  dimensional  region 

there   is  a   number     VCR)   >^  0,   called  the  vo  I  ume 
of  R- 

(ii)      If   a   region  R   is  con- 
tained   in  a   region  S, 
then  VCR)    <_  VCS)  . 
CThus,    in  Figure  2-1 
the  vo I ume  of  the 
sp here  w  i  I  I    be  f_ 
the  vo I ume  of  the 
cone . D 

Figure  2-1 

Ciii)     Congruent  regions   have  the   same  volume. 
Civ)      If  a  region  R   is  decomposed   into  two  or  several 


mi? 


nonover I app i ng   parts  then 
to  the  sum  of  the 
vo I umes  of  the 
individual    pa  rts . 
CThus,    for  example, 
the  vo  I  ume  of  the 
"or ang e in  Figure 
I  - 2 ( a )    13  the  sum  of 
the  vo I umes  of  the 
"segments"  shown  in 
the  "exploded"  diagram 
of   Figure  i-2(b).Il 

(v)     The  volume  of  a 

"right  cylinder"    is  Figure  (-2 

the  product  of  the  heiqht  and  the  area  of  the  base. 

In  connection   with    ( v '  we   denote  as   right  cyllMde.rs  a 
more  general   type  of    region  thai:  the   farriliar  circular  cyiinders. 
In  general    by  a   right  cylinder  we  denote  the   region  bounded 
by  two  planes   and   by  a   "wall"  composed  of    line  soaments  per- 
pendicular TO  the  two  planes. 

The  plane   figures   cut  ol-f   on  the  two  parallel  planes 
are   congruent  and  are  called  the  "bases"  of  the  cylinder. 


the  volume  of  R   Is  equal 


When  we  refer  to  the  "area  of  the  base"  we  refer  to  the  area 
of   one  of  these  bases. 


(a)     Circular        (b)      Guitar  shaped  (c)      Box  shaped 

Figure    1-3     Right  Cylinders 

In   analogy  with   area,   we  will    see   In   the   next  section 
how  the  volumes   of   certain   solids,   which   are   not  cylinders, 
can   be   represented   as  Integrals, 
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2,       Solids  of  Revolution 


If   the   region   under  the  graph 
of   a   function,    as   seen    in  Fi- 
gure 2-l(a),    is    rotated  about  the 
X-axis,    the  s p ace- cap s u I e-s h ape d 
solid  swept  out  [Figure  2-l(b)Il  is 
called  a  solid  of    re vo I ut  i  on . 
Many   familiar  geometrical  solids 
have  this   form  such   as  the  cone 
and  the   sphere    in    Figure  2-2- 


(a) 


Figure  2-2 


Now  we  are   ready  to 
see  how  the  properties 
of   volume   in  the  pre- 
ceding section  enable 
us   to  determine  the 
volumes  of  solids  of 
re vo I ut  i  on • 
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In   Figures  2-3(a)  and 
2-3(c)   we   have   returned  to 
the  picture    in   Figure  2- I ( a ) , 
partitioned  the  interval 
Ca,bD.  and   formed   upper  and 
lower   rectangular  con- 
figurations.    Then   in  Figures 
2-3(b)    and  2-3(d)   we  rotated 
these   configurations  about 
the  X-axis  obtaining  wedding- 
cake  -shaped  cylindrical 
configurations  respectively 
contained   in   and  containing 
the  spa ce -capsule-shaped 
solid   shown    in   Figure  2-l(b). 

According  to  the  second 
of  the  properties   of  volume 
in   the   preceding  section, 
the  volumes   of   these  "wedding 
cakes"  yield  respectively 
lower  and   upper  approximations 
of   the  volume   of   the  space 
capsule. 


SL-Xq    X-j    X;j    Xj    ^^-^S-^e  ^7"  ^ 

(a) 


aL=Xo   X,         x,  x^  xg  Xg  X7  =  b 
(C) 


Figure  2-3 
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According  to  the   fourth   of   the  propertioo   of  volume  in 
the  preceding  section,   the  volume   of   such   a  wedding  cake  is 
the  sum  of  the   volumes   of   the    individual    layers.     To  find 
the   volume   of   such   a    layer^  we 
have    in   Figure   2~4(a)  singled 
out   one   of   the   rectangles  in 
Figure   2-3(c)    and  shown  the 
cylinder  swept  out  by  this 
rectangle    in   Figure  2-4(b). 
According  to  the    last  property 
of   volume    in   the  preceding 
section,   the  volume  of  this 
cylinder   is  the   area  of  the 
base  times   the   height  or 

Adding   up   the   volumes    found    in   this  way    for  the  indivi- 
dual   layers,   we   find   for  the   volume  of   the  outer  wedding  cake 
in   Figure  2-3(d) 


k  -^  I 


where  n  denotes  the  number  of  subintervals  in  the  partition 
of  Ca,bD  and  the  M.  denote  the  heights  of  the  rectangles  in 
Figure  2~3(c).     Similarly   the   volume   of   the    inner  wedding  cake 
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In  Figure  2-3(b)    is  given  by 

k=  I 

where  the  m.    denotes  the  heights  of  the   rectangles   in  Figure 

K 

2-3(a).     Moreover  we   have  the  inequalities 

L  _<  V   <_  U 

where   V   represents  the  volume  of   the  space  capsule. 
From  the   I neq  ua  I  i  t  i  es 


1  ^^^^  1  ^k-l   --  ^  -  ^1 


it   follows  that 
or   in  other  words 


7rm^     and  ttM^ 


are    lower  and   upper  bounds   for  the   function   F(x)   =  TrCfCx)]^ 
on   the   interval    Cx^_  ,  ,   x^].     Consequently,    L  and   U  are  lower 
and   upper  sums   for  this   function   F  on   the   interval  Ca,bll. 

Assuming  that   f    is   integrable  over  Ca,bll  so  that 
F(x)    =   7rCf(x)]^    is   also   integrable  over  this    interval,   we  can 
construct  sequences       ,    I2 ,  and  U^,       ,    ...   of  such  lower 
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and  upper  sums  so  that 
the  theory   in   Chapter  3, 

I  i  m   L     =    I  i  m 
n 

Howe ve  r,   s  i  n  ce 

L     <  V   <  U  , 
n  -      -     n ' 

It   Is   also  clear  that 

limL  =V=limU. 
n  n 

Thus  we  see  that 

V    =    I  Im   L     =    /    7r[f  (x)]2cix 
n  ^'a 

n->"°° 

This  is  typical  of  the  reasoning  involved  in  rep  re  '•  ,  i  ng 
geometrical  and  physical  quantities  by  means  of  integrals,  but 
in   future  applications  we  will    greatly   condense  the  explanation 


converges   to  0  as   n->".  From 


U 

n 

a 


J    F(x)dx  =  J  7r[f(x)]2dx 


Examp  I  e    I  :      To   find  the   volume  of  a  sphere  of   radius  a, 

Solution:      First  we  will    find  the 
volume   of   the  hemisphere  swept 
out  by   rotating  about  the  X-axis 
the   region   under  the   graph  of 

f(x)   =   /a^  -  x^ 


Figure  2-5 


between  x  =  0  and  x  =  a. 


According  to  the  above  discussion  the  volume  of  this 
hemisphere   is  given  by 

/     TT[f(X)]2dx    =  /       TT(/a^    -  X^)^dX 

r  ^TT(a2  -  x2)dx 

•'o 


(The  notation  F(x) 


^0 

as   used   above   is   a   convenient  shorthand 


for  F(b)-F(a).)     Thus  the  volume  of  the  entire  sphere  is 


^  3 
— Tia  ^ 


The  method  presented  here  can  be  extended  to  finding  the 
volumes  of  more  complicated   regions  such   as  that  obtained  by 
rotating  about  the  X-axis  the   region   indicated   in   Figure  3-6(a) 


(a) 


Figure  3-6 


: 

o 
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The  volume  of   this  solid  depicted   in   Figure  2-6(a)    is  clearly 
the  difference  of  the  volumes  of  the  solids    in  Figures  2-6(c) 
and  2-6(d)   obtained  by   rotating  the   regions   under  the  graph  of 
f  and  that  under  the  graph  of  g.     The   volume   in  Figure  2-6(b) 
is   therefore  given  by 


rb  r  b 

-^a 

=  71^^  (Cf  (x):^  -  Cg(x):2)dx, 


Examp  I  e   2 ;     To  find  the  volume  of  the  "doughnut"  obtained  by 
rotating   about  the  X-axis   the  region 
i  ns  i  de  the  circle 

x^  +   (y  -  b)2  =  a^ 

whe  re   a  <_  b  • 

Solution:     Solving  the  above  equa- 
tion  for  y,   we  obtain 


-a   o  a 


(a) 


(b) 


b   ±   /a^   -  x-' 


Figure  2-7 


so  that  the  upper  and  lower  bounding  curves  for  the  region  In 
Figure  2-7(a)   are  given  by 

f(x)   =  b  +  /a^  -  x'^  and  g(x)   =  b  -   /a^  -  x^  where  -a  j<  x  a. 


Now  CfCx)]^  -  Cg(x)]^   is   calculated  to  be 


Lfix)y  -  Cg(x):^  =  (b  +  /a^  -  x^)2  -  (b  -  /a^  -  xM^ 

=  4b/a^  -  . 

Using  the  technique  of  integrating  from  0  to  a  and  doubling, 
we  have 


a  ra 

V   =  2Tr  /      4b/a^  -  x^dx  =  Sirb  J     /a^  -  x^dx 

0  ''o 


At   first  glance  we  seem  to  be   at  an    impasse   in   finding  a 
foi-mula   for  the   volume  of  the   doughnut  for  we   as  yet  have  no 
technique   for  evi^luating  the  'ntegral 

■  a 


i: 


/a^-  x^dx 


F(x)=Va^-x2 


However,   we  quickly   recall   that  this    integral    also  represents 
the   area  of   a  quarter  circle 
of   radius   a   (as   dealt  with 
at   considerable    length    in  the 
early  sections   of  Chapter  3). 
The  re  fore , 


a    ira  • 

/a^  -  x-^dx  =  — 4" 


F  i  gu  re  3-8 


0 


and  the   volume   of  our  doughnut   is   now  seen   to  be 


V   =  Birb 


f  ^/a^  -  x^< 
0 


dx   =   Sirb  =  2,r2a2b 


o 
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The  trick  that  we   used   here   is  an  example  of  an  important 
technique   known   as  the  Method   of  Analogy,      Suppose  that  we 
have  two  problems  that  can  be   reduced,   at  some  stage,   to  the 
same  mathematical   model;    in  our  case  this  model   was  the 
i  nteg  ra  I 

^a'  -  x^  dx. 

If  we   know  the  solution  of   this  model    by  means  of   some  other 
approach   to  the   first  pr   hiem,    then  we  can  apply  this  know- 
ledge to  the  second  problem. 

We  can    illustrate  our  two  problems  with   the  following 
rough  diagram: 

Area  of 

/ 

Ancient  Greek 
Geome t  ry 

i 

a  ^ 


Circle 


V 


Area  under 
function   /a^   -  x ^ 


Volume  of  Torus 

I 

Sect  i  on  I 


1 


Chapter   I  I  I 

/.  a   
/a^  -  dx 


Se ct  i  on  2 
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Example  5.  Suppose  that  a  gold  ring  is  made  by  cutting  a 
cylinder  of   radius   r  out  of   a  sphere  of  radius 


(a)  What   is  the   ring^s  width? 

(b)  What   is  the  volume  of   the   ring?     Hint:     We  may  think 
of   the   ring   as   being  obtained   by   rotat  i  ng   about  the 
X-axis  the   region   between  the  graphs  of   y  =   >^R^  " 
and  y  =   r.      (See   Figure  3-9). 

(c)  Write  a   formula   for  the  volume  V  of   the   ring  in 
terms  of    its    width  W. 


So  I ut  i  on 


The  two  graphs    intersect  when   r  =  /R^  -  x^^  , 


that   is,   X  =   ±/R"2~I~7r2"  _     Thus  the   ring  extends  from 
X  =  -   /R"2~I   pz"  to  X  =   /R^  -   F2"  ,   and   its   width  is 
-         .      I  ts  vo 1 ume  is 


2    f  (7t(/R^   -  x^)^  -  Trr2)dx 

^0 


=  Ztt  1  (R^  -  x2  -  r2)dx 

J  0 


3  ^(R2    .  r2)3/2 
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We  have  W 
V    =  1W3. 


=  -  and  V   =  -J  tt(r2  -   r2)3/2.  Therefore, 


r 

X 


Figure  2-9 
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PROBLEMS 


Compute   the   volume  of  the  solid  obtained  by   rotating  each 
of  the   following   figures   around  the  X-axis, 

(a)  The   rectangle  with   vertices   at   (0,0),    (5,0),  (5,3), 
(0,3) . 

(b)  The  triangle  with   vertices   at   (-1,0),    (1,0),  (0,3). 

(c)  The   region   bounded  by   the   curves  y   =       ,   y   =  0,   x  =  -I, 
X  =    I  . 

(d)  The   region   bounded   by   x  =   4y^   and   x  =  7, 

(e)  The   region   bounded  by  y  =   x  and   x  =  y^. 

(f)  The   region   bounded   by  y  =   x^   and   x  =  y^. 

(g)  The  square  with   vertices   at   (7,2),    (7,4),    (9,2),  (9,^). 

(h)  The  triangle  with   vertices   at   (-1,2),    (1,2),  (0,5). 
(1)     The   region   bounded   by  y   =  0,   y  ^   /sin   x,   x  -  u,   x  -  ^. 
(j)     The   region   bounded   by  y  =    I,   y   =   /sin   x,   x  -  u,   x  -  ^. 

If   A  and  B  are  congruent   regions,    and   if  Vj    and     ^  are 
volumes   of  the  solids  obtained  by   rotating   A  and  B, 
respectively,    about  the   X-axis,    is   it  necessarily  true 
that  Vj  = 

Suppose   A   is   a   region   and  B   is   a   region  obtained  by 
translating  the   region   A  to  the   right  or   left.      Is  the 
volume  obtained  by   rotating   A  about  the   X-axis  necessarily 
equal   to  the   volume  obtained  by   rotating  B  about  the  X-axis' 


3 .       Another  Cha  racte  r 1 za t : on  of  the   I n teg  r a  I 


When  electrical    users   are  biiled^   they   are  charged  for 
the   number  of   kilowatt-hours  they  have  consumed   during  the 
month.     The   units   require  some  explanation.     The   "watt"    is  a 
unit  of   electrical    power;   the   kilowatt   is  a   somewhat  more 
convenient  unit  equal    to    1000  watts.     The   kilowatt-hour   is  a 
unit  of  electrical   e ne rg y  consumed   in   drawing  one   ki  lowatt  of 
power  for  one  hour.      For  example,   ten    100  watt    light  bulbs 
draw  one   ki  lowatt  of   power;   thus  ten    100  watt  bulbs  switched 
on   for  one  hour  consume  one   kilowatt-hour  of   electrical  energy 
If   power   is   used  at  a   constant  rate   (i.e.,    not  varying  with 
time),   then  the  formula   for  the  energy   consumed  is 

ENERGY   =  POWER  x  TIME. 

Thus  when  a   five   kilowatt  air  conditioner   is  operated  for 
three   hours,   the  amount  of  energy  consumed  is 

5   ki  lowatts  x   3  hours  =    15   ki  I owa tt-ho u rs . 

(In  the  future  we  will    suppress  the   units    in  such  calculations 
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If  we  look  at  the  power  drawn  by  an  entire  town  during 
a  24  hour  day,  the  power  will  certainly  not  be  constant  but 
will    vary  with  time.  In 


6000 


Figure  3-1   there   is  a  graph 
of   such   a   power  function,  f. 
There  are  dips   in  the  graph 
whe n ' f acto r i es   shut  down  at 

'Sc. 

lunch   and  at  the  end  of  the 
working   day,    and  there    is  a 
hump  when    lights  and  televisions 
come  on   In  the  evening.      In  Figure  3-1 

the  middle  of   the   night  the  main   power  consumption    Is   due  to 
street   lighting   and   refrigerators.     Now  we  ask  the  question, 
if   the  power  function    Is  given,    how  can  wg   determine  the 
number  of   kilowatt-hours  of  energy   used  over  a  given  time 
i  nte r va I ? 


First  we   Introduce  a   notation  to   represent  this  quantity 
We  will  use 


t 

E  2(.f) 
t 

1 

to  denote  the  energy  consumption  between  the  times  t^  and  t^ 
using   a   power   function,  f. 
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fgext  we  take  note  of  three  relatively  obvious  properties 
energy  consumption. 


.(  i  )     The   number  of   kilowatt-hours  of   energy  consumed 

between   3  o'clock  and  6  o'clock    is   the   sum  of  the 
amount  cons  urn ed  between   the  hours  of   3  and  5  and 
that  consumed   between   5  and  6.      In  general,  if 
t     <   t     <  t  then 

1    "      2    "  3 

t  t  t 

E    3 (f )    =   £    2 (f  )    +  (f  )  . 


"t 


1 


t 


"t 


(ii)      If   user  A  at  all    times   draws    less   power  than  user 
B,   then   use  r  A  w  i  I  I 
use    less  energy  than 
user  B.     We  express 
this  principle  in 
the   f orm :  If 
f  (t )  £  g ( t )  for 
t     <  t  <   t  (as 

1    ~        "~  2 

seen    in   F  i  g  u  re  3-2 ) 

t  t 
then  E^2(f )   £  E^^Cg) . 
1  1 


Figure  3-2 


(iii)     As   already  observed  above,    if   power   is   drawn  at  a 
constant   rate,   then  the  energy  consumptTdn    is  the 
product  of   the  power  and  the  time.     That  is,  if 
f (t )    =   k   for  t     <   t     <   t   ,  then 
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(f )    =    k(t      -    t  ) 
2  1 


These  three  properties  suffice  for  us   to  prove  that  for 
any  power  function  f   and  any  time   interval  [a,bl]. 


E^(f  ) 
a 


I' 


f ( t)dt 


p  rov  I 


ded  of   course  that   f    is   Integrable  over  [a,bl]. 


We  will   see  this   by  showing   that  the  inequality 


L   <   E    (f  )    <  U 
—     a  — 


holds  whenever   L  and  U   are    lower  and   upper  sums   tor   f  over 
CQ,b]»     We  show  this   for  upper  sums    in  three  steps   using  one 
of  the  above  properties    in  each  step. 


Step    I  .     Consider  an   upo^  "   '  um 


for  f  over  [a,bl]   and  focus 
attention  momentarily  on  the 


subin'/erval   [t   ,   t  We  let 

0  1 


F  i  gure  3-3 
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q(t)  =  M,  for  t  <  t  <  t  .  Since  f(t)  <  M_  =  g(t)  for 
^  1  0  ^      ^     1  ""1 

t     <   t  <   t   ,   we  see  by   property    (ii)  that 
0  —      -  1 

n  +1 

E.    (f)   <    E.  (g). 
^0  ~0 


Step    II.     Since  g    is   constant   in  [t   ,t  H,  property 

+1  °  ' 

(iii)   yields   E      (g)    =  M    (t     -  t   )    so  that 
'0  110 

+  1 

E  .    (f  )    <   M    ( t     -   t    )  . 
'0  -     1      1  0 


By  the  same  reasoning  applied  to  each  subinterval  Ct|^_^  ,  t  ^^H, 
we  ob ta  i  n 


E         (f)  1  Mj^Ctj^  -  -^i^.j)  ^or  k  =    I,   2,  n. 

k-l 


Step    III.     Adding   these    inequalities  for  k  =   I,    2 , 
we  find 

n     ^  n 


(f)  1  Z\'\  -  -^k-i^  =  ^ 


Finally,    repeated  application  of  property   (i)     above  yields 

"  t 

'(f)  =Tj..^  (f)  <  u 


^  ^  'k-l 

k=l    ^  ^ 
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b 

Cone  I  usi  on .     We   have  shown  that  Eg^^^  -  ^ 

upper  sum  U.      It  may   be   shown   in  a   similar  manner  that 
b 

L  <   E   (f )   for  every    lower  sum   L.      It   now   fol lows  that 
a 

b 

E    (f)    =    I  ■f(x)dx. 

Example.     Suppose  that  a  certain  pogo  stick  company  consumes 
energy  according   to  the  power  function  p(t)   =  20000t  -  2500t^ 
during   the  time    interval    [0,8].     How  much  energy    is  consumed? 


Solution.         ^8  rQ 


I    p(t)dt  =   J     (20000t  -  2500t^)dt 
^0  0 

8  r8 
20000  j    tdt-2500  t^dt 


0  0 
=   20000    (-^)    -   2500  — 


640000  -   426667   =   2  1  3333 


If  we  extract  the  mathematical    content  from  the  fore- 
going  discussion   and   forget  about  power  and  energy,   we  have 
the  following  principle. 


We  assume   that  for  each   function   f   and  each  interval 
b 

Ca,bll,  a  number  E  (f)  is  determined  and  that  the  following 
properties   are  satisfied: 

b  c  c 

(i)     E   (f)   +  E    (f)   =  E    (f)   whenever  a   <   b  £  c; 
aba  ~" 
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b  b 

(ii)      If   f(x)  lg(x)   for  x   In  Ca,b],    then  E   (f)   <_  E  (g); 


(ill)      If   f(x)   =   k   (constant)   over   [a,b]],  then 
b 

E   (f)   =   k(b   -  a), 
a 


Under  these  conditions,   we  may   conclude  that 

.b 


E^(f )    =  f  f (x)dx 


Many   applications   of   the    integral    (but   by   no  means  all) 
fal!    into  this   category.      Let  us   see  one  more. 


Let 


■^2 
D      (f  ) 

1 


represent  the  distance  travelled  by  a  moving  object  where 
the   function,    f,    denotes    its   speed,  i.e., 

f(t)   =  speed   of   object   at  time  t. 
Weshallshowthat 


t2  p  t; 


f  (t)dt 


by  verifying  the  three  properties  specified   in  the  principle 
above . 

+  2  +3  "^3 

( i )  ( f )   +   D,    (f )    =   D     ( f ) 

(This   says   that   the   distance  travelled  between  times 
t^   and   t^   plus   the   distance   travelled  between  times 
t^   and   tg  equals   the   total    distance  travelled 
between   times  t^   and  t^.) 

(ii)      If   f(t)   1  g(t)   for  t^   <.  t  £  t^,  then 

+  2  +2 
D     (  f )    <.  D,    (  g)  . 

"^1  1 

(This  says  that  the  faster  moving  object  covers  the 
greater  distance   in   a  given  time.) 

(iii)      If   f(t)    =   k  for  t^   <_  t  £  t^,  then 

+  2 

(f)    =   l<(t^   -  t^). 

(This    i     the  well-known  ^-ormula:     distance  = 
speedxtime.) 

Having  verified  that  these  properties  hold,  we  can  now 
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cone  I ude 


(  f  )  = 


f ( t)dt 


Examp I e ;  Suppose  that  in  a  drag  race  a  car  speeds  up  in  such 
a  way  that    its   velocity   (or  speed)    is   given  by 


where  the   time,   t,    is  measured   in  seconds   and  the   velocity  is 
measured    in    feet/second-     How   far  will    the  car  travel    in  |6 
seconds   after    leaving  the  starting  line? 

Solution*      According  to  our  formula  and   results   from  Chapter  3, 


Further   illustrations  of   these  principles  will    be  found 
in  the  exe  rc  i  ses . 

Let  us   now   consider  another  situation    in  which   the  three 
p  r i  nci  p I es   app  I  y . 

If   an   object   is   displaced   a  distance  d  by   a  constant 
force   F  acting   in   the  direction. of   the  displacement   (as  in 
lifting  a  weight)   the  work  done   (according  to  a  definition  in 
physics)    is   F   •    d.      In   numerous   situations  we  deal   with  forces 


v(t)   =  iOt 
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which   are  not   constant  but   depend  on   the  position   of  the 

object.      (For  example   the   force   required  to  displace   an  object 

attached  to  a  spring  becomes   greater  as   the  spring  is 

stretched.)      In   ge  ne  r  a  I,  t  he  n^  t  he   force   required  to  displace 

an   object  may   be   represented   as   a   function,    t(x),   of  the 

Dosition     X.     We    let  W^(f)    denote   the  work  done    in  moving  an 
^  '  a 

object   from  x  =   a  to  x  =  b  with   a   force   f(x)    and  we  accept 
from  physics   the    intuitively    reasonable  properties: 

(i)      w'^(f)    +  W^(f)    =   W^(f),    if    5  1  b   £  c; 
aba 

b  b 

(ii)     W   (f)    <W   (g)    if    f(x)    <   g(x)    for  x   in  [a,bD; 
a         —  a 

(iii)      if   f(x)   =  k   (constant)   over  [a^bH,  then 

W^(f)    ^   k(b   -   a).      (The   third   p  rope  rty    is   me  re  I y  a 
a 

reformulation  of  the  condition  in  the  first  sentence 
of   this   p  rob  I  em .  ) 

It   fol  lows   that  W^( f )    =       f  (x;dx. 

Example:     Suppose   a  tow   truck    is   pulling   a  car  which  is 
becoming    increasingly   difficult   to  pull    because   its   tires  are^ 
going   flat.      Indeed  suppos:e   that  vhe   force    required  is 
2000  +   40t^    for  time   t   between   0,  and    10.     How   much   work  is 
done   over   the    indicated   period  of  time? 
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Solution.     w'°(2000  +   40t2)    =     /       (2000  +  JO^-^Odt 

0  J  Q 

=   (2000)(l0)   +^(I03)    =   20000  +    13333   =  33333. 
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PROBLEMS 


Suppose  that  the   Jinglehammer  Hair  Curler   factory  measures 
its   power   requirements   every   half   hour   during   an  eight- 
hour  work   day   and   obtains   the   following   results,   where  f 
is   the   power   function   (in  kilowatts): 


i 

8 

8.5 

9 

9.5 

10 

10.5 

// 

11.5 

/2 

IZ.5 

15 

13.5 

If- 

1^.5 

IS 

15.5 

16 

16.5 

17 

m 

0 

50 

/OO 

150 

/45 

150 

60 

0 

0 

0 

50 

100 

1^0 

ISO 

ISO 

ISO 

50 

O 

(a)      Estimate   the   day^s  energy   consumption   by   using  the 


trapezoid   rule  to  approximate  f(t)dt. 

(b)  If   the   same  energy    is   consumed  every   day   of  a 
twenty-day   work   month,    how   much  energy    is  consumed 
during  the   month  ? 

(c)  What    is   the   electric  bill    for  t!:e   month    if  t^:s 
electric  company   charges   A€   per  kilowatt-hour  for 
the   first   2000   ^  ^'  i  ow  att- h  o  u  rs   and  2(t   per  kilowatt- 
hour  for  each   additional    k i  I ow at t- h o u r ? 

For  each  of  the  following  power  functions  f,  compute  the 
energy   consumed   over  the    indicated  time  interval. 

(a)  f(t)    =   200,      [0, 10] 

(b)  f(t)   =   3t^,  [2,5] 

(  c)      f  ( t)   =   s  i  n  t ,     [0  ,7T  n 

(d)  f (t)  =  t  -  t^,  [0, in. 
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3.  Suppose  a  certain  power  functi^^  given  by  +  )  =-»200t 
for  nonnegative  t.  Find  the  p^^'+'ve  number  g  such  that 
the  energy  expended  over  the  t '  if^ferval  [^q^b]  will  be 
1000   k  i  I owatt-hours . 

4.  (a)      Let   f  be   a   nonnegative    in+®9rQ(^|e   function  defined 

on   an    interval    [a,b].      If  ^r^P^   °^   f  -is  rotated 

around  the  X-axis,  a  sol'^  °^  revo'^+'on  is  gener- 
ated.     For  a   <   c  <   d  ^  b    I®"*"    V^(f^      ^-spresent  the 

volume   of   the   part   of   th i ^   So|,d  bounde^  by  the 
planes   x       c  and  x  =   d.  Thenj 

(i)  V''(f)    =  y^U)    +  V^(f  )  fo-"  c   <   ^  <  d; 

C  ^  — 

f  )     <    V^fn^  if     f  <  g(x) 

C 

Cc,d]; 


(ii)V^(f)   lV"(g)  if    f(\)   ^S^XJ    for   all    x  in 


yd  2^ 

but   (iii)      if   f(x)    =   k   (constan+^   +h0^      =     >    =  ^^Z'.j  - 

Show  that  V^^f   /      f  f(^^dH   /except  speciai  casei) 


c 

2 


(b)      For  each   x   in  Ca,b],   A(x)    "  ^  (  f  ( X  ^  ^ r^spresents  the 
area  of  the   c  ros  s  -  se  ct  i  on   °f   +h0  of  revolutior. 

in  the  plane  pe  rpe  nd  i  cu  I  ^ '^^  tf^®  ^"^^is  at  x.  For 
a  <_  c  ^  d  <_  b,  let  v^(A)  Represent  the  volume  of 
the   part  of    .he  solid   boO^^^^  bV  Planes   x  =  c 
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and  X  =   d.     Ivhich   of   the   following  properties  hold? 
(  i  )     V^(A)    -  V^^(A)    +  V,J(A)    for   c  1  x  1  d; 
fin     -y''(A)    <   V^E)    if   A(x)   1  B(x)    for  all    x  inT.c,d] 


(iii)      if   A(x)    =   k   (constant,    then  v^(A)    =   k(d   -  c) 


(c)      Does     V^A)    =     /'%(x)dx   =     f  7r(f(x))2dx? 
Work  p  rob  I  ems  . 

(a)  A   40   pound   bucket   of   coal    is   being   pulled   up   a  100 
foot   chute   by    a   chain   weighing  2   pounds   per  foot. 
Thus   when   the   bucket  has   been    raised   x   feet,  the 
force   with   which    the   bucket   must   be   pulled  is 

40  +  2(100   -   x) ,   that   is,   the  weight  of  the  bucke 
plus   the   weight  of   the   part   of   the   chain   not  yet 
dro.vn    in.      How   much   work    is    done    in    raising  the 
bucKei    to   the   top   of   the  chute? 

(b)  A    iodd  of    lima    is   being   pulled   up   the   side   of   a  500 
foot   c  ■  i  '■  f    :n    3    rainstorm.      The    load  initially 
weighed   50jO   pounds,   but    it    is   being  washed   away  at 
a   rate   of   2C   pounds   per  miniate.      If   the    load  is 
raised   50    feet   per   minute,   how   much   work    is  done 
altogether?      ( I gnoro   the   weight   of   the  cables.) 
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(c)     According   to  Hookers    Law,    as    long   as   a  spring   Is  not 
stretched   beyond   its   elastic    limit,    the    force   on  the 
spring   is   equal    to   kx,    where   k    is   the   spring  con- 
stant  and   X   is   the   distance    that   the   spring  is 
extended   beyond    its   natural    length.      Thus    if  a 
Tpring  with   natural    length    '     -ind   spring   constant  k 
is   stretched  to   a    length   M,    the    force    required  is 
given   by    f(x)    =   kx,    for  0  _<xj<M  -   L,    and  the 


How   much   work    is    required   to   double   the    length   of  a 

2  meter   spring  with   spring   constant   k   =   5  newtons 
per   me  te  r ? 

(d)  How   much   work    is    done    in   extending   a    I    meter  spring 
an   additional    centimeter   if   the   spring   constant  is 

3  newtons   per  meter? 

(e)  Suppose   that   a   rubber  strap   50    centimeters   long  has 
a   "sprang   constant"   of   2   new  tons   per  meter.  How 
much   work    is    done    in   stretching  the   strap   to  a  length 
o  f    3  me  te  rs  ? 

(f)  The   good  witch   Zarc  fiying   from  her  hut    to  the 
cave   of   the   gian-!    Carx,    2000   meters   away.      Carx  i 
blowing   a   wind   toward   her  with    a   force    f(x)    =  3x- 
(newtons),    where   x   is    the  distance    from  Zarc^s  hut. 
How   much   work   will    be    done   by   2 arc  over   the  course 
of   the    f I  i  gh t? 


work    reo  u  i  re  d 
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CHAPTER  5 


LOCAL  PROPERTIES   OF  FUNCTIONS 
I,        Speed   and  Limits 

Since   our  elementary   school    days   we   have   all  been 
familiar  with   the  formula 


distance 

speed   =   4. .  ^  

^  time 


A  tyr.ifa!  ^.r.•j.  ;em  might  be:  In  a  drag  race  a  car  iravelled  a 
quarier  c  *  n  Tiile  in  12  seconds.  What  was  its  speed?  We  get 
the   c.r.       r   ill   fa-.it  per  second  by 


speed  =  -^4l^s~Ir:  =  "° 


In-  miles   per  hour  the   calculation  would  be 


-jj  mile 

speed   =  j2   =   "^^  mph 

3600 


We   all    Know  the   spaed   referred  to   in   this  example  is 
"average   speed."     At  the   start   of  the    race   tl,e  speed  was  zero 
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and  as  the  car  crossed  the  finish  line  its  speed  was  well  over 
100  mph, 

We  have  made  a  sort  of   apology   for  talking  about  average 
speeo,   but  what  other  kind  of   speed   is  there?     What   do  we  mean 
by   saying  that  the   speed  of   the   car  at  the   Instant   it  crossed 
the   finish    line  was  well   over    100  mph?     Presumably  everyone 
has   a   feeling  for  the   concepi'  of   "instantaneous  velocity"  but 
a  definition  of    it   is   no  trivial   matter.     We  can  probably 
agree  to  the  validity   of   the   following  method  of  approximating 
the   instantaneous  velocity   at  the   finish    line   and  that  will 
lead   us   to  a  definition. 


Suppose    in   the  example   under  discussion  we  were  somehow 
able   to  determine  the   position  of   the  car   | qq  of   a  second  after 
it  crossed   the   finish    line;    let's   say   that    it   we^s    I   ^  feet 
past  the   fini=:h    line.      Then  during  tnis  jjr^  second  the  average 


ve  I  oc i  ty  was 


I  feet 

 175  feet/sec;  or  119.3  mph 


~r  sec. 


Our  reasoning  here    is   th:v^  the  speed  could  not  have  changed 
much   over  such   a  short  time    interval    so  that  the  instantaneous 
velocity  will    not  be  much   different   fro-   )*!  oraoe  velocity. 

The   shorter  the   time    inte'-val    ihe    less   change   in   speed  anH  the 
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better  the  average  velocity   approximates   the  instantaneous 
velocity.     Thus    if  we   can    imagine  that  we  measured  that  the 
car  travelled  2  ^   inches    in  j~  second   after  crossing  the 
finish  'line  we   would  calculate  the   average   velocity   over  this 
t  i  me    i  n te  rva I  as 


2  ^   i  nches         ~j  feet 

^2   ^   174.5   ft./sec.  or    I  19.0  mph. 

seconds        , ^nn 


TOOO   ^---"-^  1000 

We   can   begin   to  see   that   the   computation   of   the  exact 
instantaneous   velocity    involves   a    limiting   process.      We  would 
define  the    instantaneous   velocity   as   the    limit   of   the  average 
velocity   over   shorter  and   shorter  time    intervals.      Such  a 
definition    is   entirely    impractical    as   the   mea:  ii  rement  s   of  the- 
distances   and   times    involved  would   be   subject   to     great  in- 
accuracies,   and    it    is   obviously    impossible   to  make  infinitely 
many   such  measurements    in   order  to  ta.<e  the  limit. 

However,    in  mathematical    discussions   of   velocity   we  ci3al 
not  with    actual   meosursments   but  with   mathematical    models  in 
which   the  positions   of   the  moving  objects   a ro  expressed 
as    functions   of   the   time   by  means   of   formulas.      Here  the 
definition   of    instantaneous   velocity   as   a    limit    is   quite  sat- 
1 s  factory . 
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Example:     A  disc  one  foot   in   radius    is  attached  to  a  motor 
which   turns   at  a   uniform  rate.    [By   this  we  mean   that   for  some 
constant  k  the   angle    6  through  which   the  shaft  turns    in   a  time 
t   is  given  by   the   formula    0  =   k't.      For  simplicity  of  calcula- 
tion we  will    take   k  =    I    so  that  the  angle    0  (in    radians)  is 
numerically  equal    to  the   time   (in   seconds),!]     There   is   a  small 
ball    on   the   rim  of   the   disc.     The  apparatus 
is   depicted    in   Figure  l-l. 


Light    is   coming    in   a  window  r.rrizon-C 
tally   to  the   disc  so  as   to  project    on  a 
wal  I    a  shadow  of   the   disc   and  bal  I  as 
seen    in   Figure    1-2     where   the   motor  and         FIGURE  l-l 
table  are   not  shown.  We 
assume   that   at   the  starting 
time   the   ball    is    level  with 
the  center  and  to   right  of 
it.     The   problem   is   to  find 
a   formula   for  the  instantaneous 
velocity   of   the   shadow  of 
the  bal  I    at  time   t.  ,    ^llght  roys 


wal  I 


FIGURE  l~2 

Discussion:     We  see   that  as   the   disc   rotates^ the  ball    moves  in 
a  circle  while   the  shadow  moves   up   and   down  on   a    line.  Though 
the  ball    travers   3   equal    distances    in  e}qual    times   this    is  not 
so  of    its   shad  v;.      For  when   the  ball    is   near  the  top  or  bottom 


o 


Tin 
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of  the   disc   it   is   travelling   nearly   horizontally   so  that  the 
shadow  hardly  moves   at   all,   while  when   the   ball    is   near  the 
level    of   the   center   it    is   travelling   nearly   vertically  so 
that  the   shadow  moves   almost   at  the   same   speed  as   the  ball. 


Solution,     We    introduce   coordinates  with   the  origin   at  the 
center  of   the   disc.      The  elevation, 
y(t),   of   the   shadow   above   the  X-axis 
is   the  same   as   that  of  the  ba^jij. 
Since  the    angle    (measured  in 
radi ans ), turned  by   the   disc   from  its 
starting  position    is  numerically 

equal   to  the   time,   we   have  FIGURE 


sin  t 


The   average   velocity   of   the   shadow   between   times   t^    and  t^ 


y(t   )    -  y(t  ) 
distance   _    ^      i  Q__ 


t  i  me 


t     -  t 

1  0 


If  we   consider  a  sequence   of   times   t^,   t^,   t^,    ...  with 

t         i     as   n       °°   (with   none  of  the  t     actually  equal   to  t  ) 
no 

then  the    Instantaneous   velocity   at  time   t^   Is   given  by 


V  ( t   )   --^    I  I  r.i 
0  n-j-oo 


y (t  )  -  y ( t  ) 
^     n   Q 

t     -  t 
n  0 


I  I  m 


sin(t    )   -   sln(t  ) 

n  Q_ 

t  ^t 
n  0 


It  turns 


out  that  we  will    be   able   to  e-aluate  this  limit 
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For  our  purposes  It  will  simplify  matters  to  introduce  the 
not  at  i  on 


h     =  t     -   t  so  that         "^n  =  ^ 

n         n         0  n  0 


and   note  that    Mm  h     =  0.     With   this  notation 

n 

n 

sln(+     +  h   )   -  sin(t  ) 
v(t   )   =    Mm   2  1  a_ 


h 

a   few  trigonometric  and  algebraic  manipulations   bring  this 
limit   Into  a   form  where  the   value    is  easily  recognizable. 
Thus 

sin(t     +  h    )   -  sin(t   )        sin(t   )cos(h    )   +   sIn(h„)cos(t   )   -  sin(t 
 0  n_  Q_  _   Q  []  D  Q  Q_ 

n  n 

s  i  n  (  h    )  I   -  cos ( h  ) 

=  cos(  t   )  — r  si  n(t  ) 


The  theorems  on  limits  of  sums  and  products  from  Chapter  2 
assure   us  that 

s  i  n ( h    )                               I   -  cos ( h  ^ ) 
v(  =   30S  ( t   )    Mm  — r  —  -   s  i  n  ( t   )  Mm  


s  i  n ( h    )  I   -   cos ( h  ^  ) 


The  two    limits    Mm   ^  —  and    Mm  ^  ,   where  h  ^  ->  0 


as   n  were  e 


valuated   in  section   2-8   respectively  as    1  and 
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Thus 


v( t   )    =   ( cos   t)-  l-(sint)-0 

0  0  0 

=    COS  t 

0 


This    important  example   has   shown   that    in   cases   where  the 
position   of   a   moving   object    is   given  by       formula  we   can  find 
the    instantaneous   veloci^y   by         culation,   whereas   any  attempt 
to  do  so  by   measurement    is   clearly  impossible. 

We   have   shown    in   this   example  that 


sin(t_)  -  sin(t  ) 
i  m   


"  L  .   co^  t 


t     -   t  ^0 

n  ->^^  n  Q 

provided   that    Mm  t     =^   t  and   that         i   t     for   n   =    I,  2, 
^                                      n          0  0 

We   stress   that  this   holds  true    for   any   sequence   having  these 

properties.      Put   slightly  differently,    if   we  let 

5in(t)    -   5in(t  ) 


F(  t) 


0 


t   -  t 

0 


then 


lim   h^    )        cos  t 

0 


for   any   sequence   t    ,    t    ,  satisfying   the   above  conditions, 

12 

This  holds  rrue  because  of  a  property  of  the  function  F  which 
can   be  expressed  quite    independently   of  sequences. 
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Limit  of   a   Function   at   a  Point 


For  sirnnlici'ly    let   us   now  take  t     =  0  whence 

0 


F(  t) 


sin(t)   -   sin(O)  sin(t) 


t  -  0 


and 


Mm  F(  t  ) 
n 

n->oo 


The   grapli   of   F   is   seen  in 


1-4 


5 


FIGURE  1-4 

We   see   a  small    gap   on   this  graph   as    it  crosses  the 
Y-axis   to  suggest  the   fact  that   F(t)    is   not   defined   for  t 
since   substitution    in   the   formula   for   F(t)   would  yield 


F(0  ) 


sin(O) 


0 

0 


which    is   of   course   me  an  i  n  g  I  es , 


However^  we   get  the    impression   that  the   value   of  F(0) 
"ought  to  be"    1.      If  we   filled   in   the  point   (0,1)   on  the 
graph    in   Figure    1-4  we  would   have   a  nice  smooth  unbroken 
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curve.      In  other  words^for  values  of  t  close  to  0  the  values 
of   F(t)   approximate  the   number   I    very   closely.     We  can  p?n 
down  this   vague   idea  by   use  of  some  of   the  inequalities 
developed   in   Chapter  3. 
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In  that  chapter  we    learned  that 


t  -  l^^sin(t)  ^t 


for  t  >  0  with  the  inequalities  reversed  for  negative  values 
of  t.     Hence   dividing   through  by   t  we  obtain 


t2  s  i  n ( t ) 
TT  -  t 


which   holds   for  all   values  of  t  different   from  zero,  positive 


or  negative.  Subtracting  1  from  all  members  of  this  inequality 
yields 


■  t2  sin(t) 
< 


3T  -  t 


<  0 


or 


0   <    I    -  ^Laill.  <  ^  for  t  5^  0 


.,,sin(t) 

Now  we   can  see  what    it  means   to  say  that  — ip          is  a 

close   approximation  of    I    for  values  of   t  close  to  but  not 
equal   to  zero.      For  example   if   t   is   different   from  zero  but 
differs   from  zero  by    less  than  (  i  .  e 0   <    |t  -  0|  < 

then  ^ '  differs   from   I   by     less  than       '  qqq  (i.e.. 
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si  n(t) 

.   t2    _    It  -  Ol 

 _t  

-  T  "  6 

60  ,000 


'      )  .     Or  we  cou Id   ask  h  ow 


...sin  ( t ) 

close  to  zero  t  must  be   in  order  to  guarantee  that  — ^  


differs  from  I  by  less  than  |  ^OOd  ,000 
by  so  I  V  i  ng 


The   answer   is  obtained 


t 


2 


"6"       I  ,000  ,000 


or   It  -  Ol  < 


1000  • 


4-k       s  i  n  ( t ) 

And   in   general,   given  a  tolerance  of  error,   e.  Then   

t^ 

wi  M  di  f  fer  f  rom  I  by  less  than  e  p  rov  i  de  d  th  a  t  0  <. -g-  <  e  ,  ... 
i  .e.,  provi  ded  that  t  0  but  differs  from  0  by  less  than  v^eT. 
This  analysis  provides   the  basis   for  a  new  kind  of    limit  ~ 

"t  h  e '  i  i^rri  i  t  ~  o'f '  a   f  u  n  e  t  i  o  n  a  t-  a  p  o  i-n  t .  We  -w  i  -I  -I-  -  s  ay -  t-h  a  t-  

I im  F( t)   =    I  . 
t->0 

The  general    definition,   motivated  by  this  example  is: 


Def  i  n  i  1 1  on :     We   say  that 

I  im   f (x)   =  L 
x->a 

provided  that  for  each   positive   number  e  there    is  a 
corresponding   positive   number   6   so  that    |f(x)   -   L|   £  e 
wheneve r  0  <    | x  -  a  j    <   6 , 
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In  a  more  descriptive  wording  the    last    line  of  the 

definition  could  be  stated: 

"f(x)  differs  from  L  by  no  more  than  e  provided  that  x 
is   not  equal    to  a  but   differs   from  a  by    less   than  6." 

The   idea  may   also   be  described  pictorially   as   seen  in 

Figure  1-5. 


(b) 

FIGURE  1-5 


Ui   F  i  g  u~re~  I  -  577)   we   s"e  e  the  gra'ph   of   a   function   f    in  the 
vicinity  of   a.      In   Figure    l-5(b)   we  have   drawn    in  horizontal 
lines   £   units   above  and  below   L.      In   Figure    l-5(c)   we  have 
drawn    in  vertical    lines   6    units    to  the   right  and    left  of  a.. 
An  we  see  that  all    points  of   the  graph    lying   between  the 
two  vertical    lines,    (excluding  the  point,    if   any,  lying 
directly   above   a)    also   lie   between  the  two  horizontal  lines. 
[This    is  the  geometrical   equivalent  of  the  statement 
|f(x)   -   L|    <  e   whenever  0   <    |x  -  a|   1  & -1  ^re  able 

to  find   such   numbers   6   for  all    e   no  matter  how  small, 

then  we  say  that    Mm  f(x)   =  L. 

x->a 


In  Figure     5(c)    the  value  of   5   has  been  chosen  as 
large  as   possible.      If    it  had   been  chosen  any    larger,  the 
part  of   the  graph   in  the  vertical    strip  would    lie  outside 
the   horizontal    strip.     Nothing   in  the   definition   requires  us 
to  choose  6   as    large  as   possible.     Any  smaller  (positive) 
choice  of   6   would   have   served  as  well.      In   practice   it  is 
often  convenient  to   restrict  the  choice  of   5   to  be   less  than 
one   (or  some  other  fixed   positive   number).      If   this    is  done 

then  we  see  that  the  questions  as  to  whether   lim  f(x)    =  L 

x^a 

depend     only  on  values  of  x  taken  from  the  interval 
[a   -    I ,   a  +    I],     These   remarks  are  comprised   in  the  follow- 
ing  theorem  which    Is  essent i a  1  I y   an  alternative   definition  of 
the  limit. 

Theorem    I ,     Suppose  that  c  <  a   <   d.      Further  suppose  that 
for  each   e  >0  there    is   a   6>0  such  that 

|f(x)   -   L|    <_  e 

for  every   number  x    in  [c,   d]  which  satisfies  the  inequality 

0  <    |x  -  aj    <_  6    ,     Then    lim   f(x)    =  L, 

x^a 
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To  clarify  the  definition  of    limit  we   note  that  the 


I neq  ua I i  ty 

0  <  I 


X  -  a 


occurring   in  that  definition  has  the  effect  of  omitting  the 
case   X  =   a   from  consideration.     Hence  we    remain  non-committal 
concerning  the   validity   of   the  inequality 

1  f  (  X)   -   L|    <_  e: 

in   case  x  were   given  the  value   a.      For  most   familiar  functions 

it  turns  out  that    lim  f(x)  is   simply  equal   to  f(a).      In  this 

x->a 

case  the   i  neq  ua  I  i  ty 

I  f  (  X  )  -   f  (  a  )  I    <  e: 

certainly   holds  true   for  x  =   a  whatever  positive   value    e  may 

have.     However,    in  most   important   applications  of    lim  f(x)^ 

x->a 

it  turns  out  (as  with    I  i  m  -^-J^-^)   that   f(x)    is   undefined  f.or 

t-^0  ^ 

X  =  a . 


In  the  following  section  we  discuss  numerous  properties 
of  limits.  We  present  just  one  theorem  here  to  tie  back  in- 
to the    ideas  that  motivated  this  presentation. 


Theorem  2:      If    Mm  f(x)   =   L  and  x   ,   x   ,    ...    is  a  sequence 

x-^a  ^ 

 with  x     /  a  but  with    lim  x     =  a,   then    Mm   f^x^^  = 

^  n->"  n-^» 

In  order  to  prove  this  theorem  we  must  shOw  that  for 
every  positive  e   there    is   a  number  N  such  that 

|f(x   )   -   L|    <  £       whenever  n  >  N. 

Let  e  >0.     Since    Mm   f(x)    =   L  there    is   a   positive   number  5 

so  that 

|f(x)   -   L I    <_  e       whenever       0  <    |  x  -  a  |    <_  6, 

Since    Mm  x     =   a  we   can   find  N  so  that   |x     -   a|    <  6 
n  n  — 

v^henever  n   >   N.      Since   x         a    i  t   foMows   also  that  0   <    |x     -  a 
—  n  n 

Hence   for  n   >^  N  we  have 

0  <   |x     -   a|    <  6  from  which    |f(x^)   -   l|    <  e. 

«    n  '   —  '        n  — 
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PROBLEMS 


Recalling  from  Chapter  3  the  inequality 


\   -  ^  <_  cos   (x)  < 


2!  4! 


(a)     Find  the  value   L  so  that 


I  I  m 


I    -   cos    ( X  ) 


(b)     Find   a   formula  giving   6    in  terms  of   e   so  that 


I    -  cos  (x) 


-  L 


<  e 


whenever   |  x  |    <^  6 


(c)      If  |xl   £  find  a  bound  on 


!   -  cos   ( X ) 


-  L 


(d)     How  close  to  0  must  x  be  taken   in  order  to  guarantee 
that 


I    -   cos    ( X  ) 


-  L 


-  6,000,000 
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2.  Write  a  program  to  compute  and  print  the  d  I  f  f  erence 

quotient  11211  ^  ^  ^     for  a  given   function   f,   a  given 

number  a,   and  a  given   set  of   values  x^,  x^, 

for  X.     Have  the  program   read  values   for  a  and  n,  but 

let  the  values  x   ,  x     be  given   by  a   function  SEQ(J). 

1  '  n 

3.  Suppose  that  the  temperature  of   a  certain   furnace  is 
given   by   the   formula  T(t)    =  20t^  +  40t   (degrees  Centigrade) 
for  t   between  0  and   10   (minutes).     Use  the  program 
written   in  Problem  2  to  calculate  the  difference 
quotient  a t   x  =   3  +  ^  f o r    I    <   k  <  -50.     Estimate  the 
instantaneous   rate  of  change  of  the  temperature  at  t  =  3. 

4.  A  man  Jumps   from  a  balloon  carrying   an  altimeter.  He 
notices  that  his  altitude    is  given  by  A(t)   =  2280  +  2t  -  I6t2 
(feet),   where  t   is  measured   in  seconds   from  the  time 

that  he  j  umps . 


(a)     How  high    is   he  when   he  Jumps? 


(b)  Estimate  his  initial  velocity  by  using  the  program 
written  in  Problem  2  to  calculate  several  te  rms  of 
the   difference  quotient  at  t   =  -jlj-  . 


(c)     Find  the  time  t     when  he  hits  the  ccean  below 

1 
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(d.)     Estimate  his  velocity  at   impact  by  calculating 

several   terms  of  the  difference  quotient  at  t  =  t| 


Use  the  program  written   in   Problem  2  to  calculate  several 

/x     -  /3 

terms  of   the  sequence   ^   for  some  sequence  x 

^  X     -   3  n 

n 

converging         3.     Try  to  pick  a   sequence         that  no  one 
else    in  the  class    is    likely  to  come  up  with.     Do  all 
sequences  obtained   by  the  class   seem  to  converge  to  the 
same    I  i  m  i  t  ? 

Let  P  be  the  postage  function  of   Example  6,   Sect  ion  3-6. 
Find  two  sequences  x^  and  y^  that  converge  to  2  such 


that  Mm  P(x  )  ^  Mm  F(y„).  How  does  this  relate  to 
Theorem  2  of  this  section? 


Prove  that   Mm  x  sin   (•-)   =  0 
x-^0  ^ 


2.       Limit  Theorems  and  Conti  nui  ty 

Let  us  compare  the  meanings  of  the  two  kinds  of  limits 
we  have  considered,  the  sequential  limit  and  tho  functional 
I  1 1.;  i  t . 

We  see  that 


lima     =  L 


tells  us  that  a     closely  a  pp  ro  s  i  ma  tf.s   L  provided  that  n    is  . 

n 

sufficiently    large,  while 

Mm  f  (x )    =  L 
x->-c 

tells  us  that  f(x)   closely  approximates  L  provic/ed  that  x  is 
sufficiently  close  to  c  (but  net  equal   to  c).     Naturally  we 
would  suppose  that   if   f(x)   closely  approximates   L  and  g(x) 
closely  approximates  M,  then  f(x)   +  g(x)   closely  approximates 
L  +  M  and   f(x)g(x)   closely  approximates   LM,   etc.  Consequently 
we  suppose  that  the  following  theorems  hold  true. 
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Theorem  I .  If  llm  f(x)  =  L  and  I  I m  g(x)  =  M,  then 
 ■  x-^c  x-»-c 


I Im  Cf (x)   +  g(x)]  =  L  +  M. 
x-»-c 

Theorem  2.     If    llm  f(x)   =  L  and   k   Is  a  constant,  then 

x-^c 

I  im  Ckf (x)]  =  kL. 
x->-c 


Theorem  5.  If  Mm  f(x)  =  L  and  Mm  g(x)  =  M,  then 
 "  x-^c  x-^-c 

Mm  Cf(x)g(x)]  =  LM. 
x-»-c 

Theorem  4.  If  Mm  f(x)  =  L  and  Mm  g(x)  =  M,  then 
 :  x-»-c  x-^c 


Mm  ^  =  ^   provided    M  ^  0. 


x->c 


Not  only  are  these  theorems  true,    but   tne i r  proofs  are 
mere   paraphrasing  of   the  proofs  of   the  corresponding  theorems 
for  sequential    limits.     We  therefo'e  omit  these  proofs.  The 
conscientious   reader  who  would    like  to   refresh   his  memory  of 
the  techniques    involved   is    invited  to   refer  to  Chapter  2  and 
write  out  the  paraphrasing  of   these  proofs. 

The  only  illustrations  of  functional  limits  examined  so 
far  have  been  ones  in  which  the  function  under  consideration 
is  undefined  at  the   limiting  point.     For  example,  in 

s  i  n  t 
I  I  m  — T  


t-»-0 
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we  see  that        —     Is  not  dofined  for  t  =  0.  With  most  ordinary 

garden  variety   functions  this  will    not  be  the  case.      It  will 

often  turn  out  thai    Mm  f(x)    is  Just  what  you  would  expect  it 

to  be,    namely,    f(c).     Such  a   function    is  said  to  be  continuous 
at  c . 


Definition.      f    ib   cont  i  nuous  at  £  provided  that 

I  im  f (x)    =   f (c)  . 
x-^-c 


Examp  i  e    i  :  To  show  that    lim  x^  =  4. 

x>2 


Solution.     Let   us   first  confine  our  attention  to  the  interval 
I    <_x   <_3  as    is  permissible  by  Theorem  l-l.    Now  our  problem 
is  to  show   that   for  any  positive   number  e      we  can   find  a 

positive  number  6   so  that 

if    I   £  X  £  3  and  0   ^    I  ^  ~   ^  |    <_  6 ,   then    |x^  ~   ^1  1 

The  pattern    in    such   demonstrations    is  to  defer  the  de- 
termination of  the  value  of   6   until    the   desired  value  becomes 
apparent .     We  wr  i  te 

if    l£X£3and05^    |x-2|  <6 
then    |x2   -   4|    =    |x  +  2||x  -   2|   £  |x  +  2|6   <_  56. 


39e 
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(The    last   inequal  ity    in  this  string   fol lows   from    I   1  x  1  3  so 
^-hat   |x  +  2|    1   5.)     Now   it   is  apparent  how  6   should  be  chosen 
to  obtain  the   desired    inequal  ity,    |x2  -  4|   1  s;    namely,  we 
choose  <S   =  "5  • 

The  final  write-up  of  such  a  demonstration  is  generally 
presented  in  the  condensed  form:  Let  e  >  0.  Choose  6  =  |. 
Now    i  f 

<_  |x  +  2|    6   <.  56   =    5-|  =  e 


<  X  <   3  and   0  Mx  -  2|   1  5,   +hen    |x2-  4]    =    |x  +  2||x  -  2 


a 


This    leaves  everyone  wondering,   "How  did   you   have  the 
foresight  to  choose   6   =  ^  at  that  early   stage  of   the  pro- 
ceedings?"    The  answer  of   course   is  that  you  didn't. 

An   e,    6  definiti-.n  of   continuity   at  c   is  obtained  by 
replacing   the   L   in   the    limit  definition   by   f(c)  obtaining: 
"f    is  continuous  at   c  provided   that  for  every   e>0  there  is 
6   >  0  so  that 

|f(x)   -   f(c)l    <_  e  whenever  0        I     "      1   ^     ' " 


However  the   restriction  "o  ^    1^  -  c|"    is   not   necessary  ,n 
this  case  since 

1  f  (  X  )   -  f  C  c )  I 
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is  zero  when  x  =  c,   and   thus    less  than   any  positive  number  e. 
Hence  we  can  give  the  definition  of   continuity    in  the  following 
(often  useful)  form. 

Def  i  n  it  i  on   (A  I ternat  i ve) :    f    i  s  cont  i  nuous  at  £  prov  i  ded 
that   for  every  e   >0  there    is  a   6  >0  so  that 

|f(x)   -  f(c)|   _<  e  whenever   |x  -  c|   £  6. 

A  number  of   facts  concerning  continuity  are  now  entirely 
trivial  . 

Theorem  3.  If  f  and  g  are  continuous  at  c  and  k  is  a  constant, 
then  : 

(i)      f   +  g    is  continuous  at  c; 
(ii)      kf    is  continuous  at  c; 
(iii)      fg    is  continuous  at  c;  and 
(iv)      f/g    is  continuous  at  c  provided  that  g(c)   ^  0. 

We  give  only  the  proof  of  (i),  as  the  others  all  go  in  standard 
patterns  . 

Proof  of    ( i ) >      Let  h(x)    =   f(x)   +  g(x).     By  Theorem  I, 

Mm  h(x)    =    Mm   f(x)   +   Mm  g(x)    =  f(c)   +  g(c)    =  h(c),    so  that 
x-*-c  x->"C  x->-c 
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h   i  s  cont  i  nuou  s  at  c  • 


Theorem  5  tells   us   that  once  we   know  some  functions 
continuous  at  a   point,   then  all    the  functions  constructed  from 
them  by  the  ordinary  arithmetic  prr^esses  are  also  continuous 
at  this   point.     A  particularly    important  class  of  continuous 
functions   results   from  applying   this  principle  to  the  identity 
function  and   constant  functions. 

Theorem  6.     The  functions   f(x)   =  x  and  g(x)   =   k   (a  constant) 
are  continuous  at  all  points. 

Proof  .      (  i )      [f or  f ( X ) H  L et  e  >  0 •     Take  6   =  e.     Now  if 
|x-c|l6then    |f(x)    -f(c)|    =    |x-c|<.6   =  e. 

(ii)     [for  g(x)II  Let  e>0.      Let   6   be  an  arbitrary 
positive   number.     Now    if    |x  -   c|   ^  6  then 
lg(x)   -  g(c)  |   =  |k-k|=Oie. 

Recall    from  Chapter  0   (page   44),   that  all    polynomials  such 

p(x)    =   5x^  -    11x5  +  Ix"^  -  2x2  +  6 

are   built   up   by   repeated  additions   and  multiplications   of  con- 
stant  functions   and  the    identity   function   f(x)   =  x.  Hence, 
all    polynomials  are  continuous   at  all    points.     When  division 


Is  also  perm i tted^ we  also  get   rational    functions   such  as 

Sx"*  -  x3   +  7  ^ 
-   3x  +  2 

Rational    functions  are  therefore  continuous   at  all  points 
except  where  the  denominators  are  zero.     We  see  that  we  now 
have  a    large  class  of   functions   for  which  the  evaluation  of 
limits    is  merely  a   matter  of  substitution. 

We  have  defined  what   is  meant  by  a   function   being  continuous 
at  Zx   point.      If   a   function    is   continuous   at  every   point  of  its 
domain,    we   simply  call    it  continuous.     And   at  times,    we  shall 
want  to>estrict  our  attention  to   functions   "continuous  on  an 
inter*-'         by   which    is  meant  continuous   at  each   point  of  the 
I nte rva  \  . 

Another    important   class  of   continuous   fun ct ions    is  the 

class  of   unicon   functions    introduced    in  Chapter  3.     We  recall 

the   definition:      f    is   unicon  on  Ca,bll   provided  that  for  every 

e   >  0  there    Is   a   5  >0   so  that    |f(x    )    -   f(x    )|    <   e  whenever 

1  2 

X     and  X     are    in  Ca,bll  with    |x     -  x    |    <  6. 
1  2  '12'- 

Xheorem  7.      If   f    is   unicon  on  Ca,bll  and  a   <   c  <   b,   then   f  is 
con t  i  n  uou  s   at   c . 
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ProofT — Lef-e->0. Choose  S>0  so  that    IfCx,  )   -  f(x   )|   <  e 
  1  2  - 

whenever  x     and  x     are    in  Ca.bH  with    Ix     -  x    1    <   6    .     Now  we 
12  12 

see  that   if  x   is    in  Ca,bl|  with  0  ^    |  x  -  c  |        6  then 

|f(x)   -   f(c)|   £  e.     Thus   (by  Theorem    I,   Section    I)    lim  f(x)    =  f(c) 

x-^c 

To  motivate  the  next  very   useful    theorem  we   return  to 
the  subject  of  speed. 

Examp I e  2 ;  Suppose  that  an  object  travels  in  a  straight 
line  in  such  a  way  that  the  distance  travelled  (in  feet) 
t  seconds   after  the  start   is  given  by 

d(t)   =    I6t2  . 

What   is   the  velocity   3  seconds   after  the  start? 

Solution.     The   average  velocity   between  time  3   and  time  t  is 
the  distance  travelled  divided  by  the  time  or 

d(t)   "   d(3)    _    l$t2  144 
t  -   3  t  -  3 

The   instantaneous  velocity   at  t  =  3   i  s  ,the    limit  of  this 
average  velocity   as  t       3  or 

, , ,        ,  •      16t2  -  (44 
v(3)   =    lim   .    _  ^  . 

t-^3 
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The  function  F(t)   =  Ibt^   -    M4         ^   rational    function,    but  the 
limit  cannot   be  evaluated   by  substituting  3   for  t   since  the 
denominator  would  then   be  zero.     However  for  t   /  3, 


I6t^  -    144  _    i6(t^  -   9)    ^    !6(t  -   3) (t  +  3)    ^    .g.     ^  3) 
t-3  t-3  t-3 


We  might   have   some  momentary   qualms   about  concluding  that 

(  I  )  Mm    '^"^^  "   l^^  =    Mm    I6(t  +  3) 

t^3  ■   ^  t^3 

since  the   function  on  the   right    is   defined   for  t  =   3  while 

the  one  on   the    left    is   not-      However,   we   recall    that    in  the 

definition  of    Mm   f(x),    the   stipulation   0        |  x   -  c  |  eliminates 
x-^c 

from  consideration  what   happens   to  f(x)    when  x  =  c.  T'-JS, 

iim   f(x)   depends  on  the  values  of   f(x)    for  other  values  of  x 
x->c 

but   not   for  x  =  c.     These   remarks    lead   us  to  conclude  that 
the   statement    in   formula   (I)    is   valid,    and   now  the    limit  on 
the   right  can   be  evaluated   by   substitution   since   the  function 
g(x)    =    I6(t  +   3)    is   continuous   at   3.      Thus   the    limit  is 
g(3)   =    16(3  +  3)   =  96,    so  that   the  speed    is   96  ft/sec. 

The  technique  employed    in   -"r'-.'.s  example  may   be  somewhat 

exasperating.     We   first   admonished   you   about   the  impossibility 

I6t^   -    144      . ^ 

of,  substituting  3   for  t    in  the  expression   ^   _   3  ;    then  we 
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made  a     i  ,,p  I  i  f  i  cat  i  on  valid  only  for  t  different  from  3;  and 
finally,   we  substituted  3  for  t   in  the   result.     We   have  some 
sympathy  for  the  student  who  said,   "In  high  school,   they  tell 
you  that  you   can't  divide  by   zero.      In  college  they  show  you 
how  to  do   it."     We  hope  that  the  following  theorem  will  dispel 
any  confusion  about  the  above  technique. 

Theorem  8.      If   f(x)   =  g(x)   for  x       c  ana  g    is   continuous  at  c, 
then 

Mm  f(x)   =  g(c). 
x^c 

Proof  .      Let  e  >   0.     Choose  6  >  0  so  that    |g(x)   -  g(c)|   ±  e 
whenever  0  -  c|   1  6.     Now   i  f   0  M  x  -  c  |    <   6  then 

|f (X)  -  g(c) I   =   |g(x)  -  g(c) I   <  e. 

The  crucial    step    in  this   proof   was  the  ability  to  substitute 
g(x)    for  f(x)    under  the  condition  that  0  5^    |  x  -  cj. 

.  The  following   three  theorems  are  stated  without   proof  since 
these  proofs  are  entirely  analogous  to  those  of  the  corres- 
ponding  theorems   for  sequences. 

u       r       n  u/o   ha\/p   f(x)   >   K  whenever 
Theorem  9.      If   for  some   number  6   >   0  we   have   Ttx;  _ 

0  ,    1^  .  a|   £  6,   then    Mm  f(x)   >   K  provided   that  this  limit 
exists. 
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Theorem    10.      (Squeeze  Theorem)      If   for  some  number  6   >  0,  f(x) 

lies   between  g(x)    and   h(x)    whenever  0  ^    |x   -   a|   £  6  and 

Mm  g(x)   =  L  =    Mm   h(x),   then    Mm  f(x)    =  L. 
X"^a  x->a  x-)-a 

Theorem    I  I  .      (Convex  Combination  Theorem)      If   for   some  6   >  0, 

f(x)    is   a   convex   combination    (or  weighted   average)   of  g(x) 

and   h(x)    whenever  0        |  x  -  a  |    <_  6   ,    and    if    Mm  g(x)    =   L  =    Mm  h(x) 

x->a  x->a 

then    Mm   f(x)   -   L.      [Recall    that  f(x)    is   a  convex  combination 
x-^a 

of  g(x)    and   h(x;   means   that   f(x)    =   r(x)g(x)   +  s(x)h(x)  where 
r(x)    and  s(x)   are   non-negative  with    r(x)    +  s(x)    =  1.3 


4<} 
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PROBLEMS 


I.       Find  each  of  the  following    limits   if  they  exist. 


ERIC 


(  a )      I  i  m  X  CSC  x 


(  b )  Mm 


X  -  3 


^  X  -  4"  ■ 

x^  -   7x  +   I  2 

( c)      Mm   ^  _  4  

x->-2 

,    .      .  .     x2  -  7X+I2 

(  d )      Mm   ^  _  4  

x->-4 

(e)      I  im 
x->^4 


(  f  )      I  i  m  tan  X 

IT 

4x 


Sin  X 

( h)      Mm  sin  (^) 
x-^-O 

(  i  )      I  im  C(x  -  2)   sin   (x5  -  4x2  +  I)] 
x-^2 

(j)      Mm         "   ^     (Hint:     For  x  ?^  3, 

x^3         '  -   /3   ^   (  /7  -   /3)  ( /x  +  /3) 

X  -   3  (X  -  3) ( +  /3) 

X  -  3  

(X  -   3) (   /x  +  /3) 

=         '   .     Use  Theorem  8. 

/7  +  /3 
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(k)      I  im        ^  3 
x^5 


(  I  )      1  I  m 


Q         X  ~  8 
(m )      I  I m   


x->~  I   x^  + 


(  n  )  Mm 


-  x2 


(  o  )      I  i  m 


x->  I    2  -  /x^  +  3 

X  -  tx  -  2     +  2t 


o  X  -  2 

x->2 


2.       To  which   parts   of   Problem    I    did  Theorem  8  apply? 


3,       For  each   function   f   and   number  a,    find   lim  - 


X  -  a 
x->a 

(a)  f(x)    =  X.     Do  for  each  of   the  following   values  of 
a:      2,   4,   -3,    0,     tt  ,  t, 

(b)  f  (X)    =  x^,     a  =  3,    I  7,   t.,   TT^  +    I  . 

(c)  f(x)   =  x^,     a  =  4,   -I,  t, 

(d)  f  (x)    =  |x|  ,      a  =  2,   -2,   t,  0. 

(e)  f (X)    =  a  =   3,  5, 

(f)  f(x)    =   cos  X,     3   =         J'  • 

4.  For  several    of   the   functions   f   and   numbers   a  of   Problem  3, 

^.    .    ,  .      f (a  t  h)   -  f (a) 
find    I  I  m   r  . 

h->0  ^ 

5.  (a)     Show   for  2  £  x       4  that    19  <^  +  3x  +  9   <_  37, 

and  thus    I x^  +  3x  +  9  I    <   37 . 


(b)  Show  by  definition,   as   in  Example   I,  that 

I  im  x^  =  27. 
x-^3 

(c)  Show  again  that    Mm  x^   =  27,   this  time  using 

x->3 

Theorem  7. 

6.  Determine  where  each  of   the  following  functions   is  no1 
conti  nuous. 

(a)  f(x)   =  — —   (c)      f(x)   =  ^  

x2-   4  s 1 n  X 

( b)  f (x)   =  tan  X 

7.  Give  a  6  -  e   proof   that  f(x)    =    |x|    is  continuous. 

8.  Prove  that  f(x)   =   /x   i s  continuous   at  a  for  every  a  >  0. 


9.       Be  a  "conscientious   reader."     Write  out  the  proofs  of 
Theorems    I,   2,    3,   and  4. 

0.       Prove  parts    ii,    iii,   and    iv  of  Theorem  5. 
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3.       Compos  i  t  i  on   and    I n te  rmed  i  ate  Value  Thee  rems 


What  can  we  say   about  such    limits  as 

I im  f (g(x) )? 
x^a 

Suppose  that    lim  g(x)   =   b   and  that    Mm  f(y)   =  c. 
x-»^a  y-^b 

Reasoning   intuitively  we  might   say:     "If   x   is   close  to  a, 

then  g(x)    is  close  to  b   so  that  f(g(x))   ought  to  be  close  to  c 

Ergo   I  im   f (g(x)  )    =  c." 
x->-a 


Alas,    this   reasoning    is  not  quite  valid.     But  what  could 
be  wrong  with    it?     The  answer   is   that  the   following  unpleasant 
ness   could  take  place: 

(i)       for  some  values  of   x  close  to  (but  different  from) 
a  we   have  g(x)    =  b;  and 

(ii)       f(b)    is   undefined  or  different  from  the    limit,  c. 

If  both  (i)  and  (ii)  occur  then  we  will  have  values  of 
X  near  a  for  which  f(g(x))  =  f(b)  is  not  close  to  c.  Since 
both   (i)   and   (ii)    must   occur  to   invalidate   the  conclusion 
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that   Mm  f(g(x))   =  c,  we  will    have  this   conclusion  provided 
x->a 

that  either  of   the  possibilities   (i)   or   (ii)   can  be   ruled  out. 


The  possibility  of    (ii)   occurrinp   is   ruled  out   if   f  is 
continuous  at  b.     The  possibili+v  of    (i)   occurring   is  ruled 
out   if   for  some  positive  number   X,   we  have  g(x)   ^  b   for  any  x 
^jth  0        |x  -  a|   £  X.      (In   this   case  we   say   that  £  exc  I  udes 
the  value  b^  hi  some   de  I  eted  ne  i  qhborhood  of_  ) 

Thus  we   have  the  following  theorem. 


Theorem   I    (Composition  Theorem  for  Limits) 

If    Mm  g(x)   =  b   and    lim  f(y)   =  c  then    lim  f(g(x))   =  c 

x->a  y-^b  x->a 

provided  that  either  of   the  following  additional  hypotheses 

holds: 


(i)       g  excludes  the  value  b    in   some   deleted  neighborhood 
of   a;  or, 

(ii)       f    is   continuous  at  b. 

There  are   several    guises    in   which   this  theorem  will  be 
encountered  frequently.     Note  first  that  the  conclusion  of  the 
theorem  could  have  been  written   in   the  form 

Mm  f(y)   =    Mm  f(g(x)). 
y-^h  x->a 
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Expressed   In  this  way  we  can  think  of   the  theorem  as  a  "change 
of   variable"   theorem.     Thus  we  can   replace  the  variable  y  by 
g(x)    provided  we   also   re  place  y-^b   by  x->a.     Of  course,  the 
hypotheses  of   the   theorem  must  be  satisfied. 

In  the  case  that  f    is   continuous   at  b,   the  conclusion  of 
the  theorem  could  be  expressed    in   the  form 

Mm  f  (g(x)  )   =  f  (  I  i  m  g(x)  )  . 
x->  a  x->  a 

Expressed   in   this  way  we  can   think  of  the  theorem  as  a 

" commu tat i V i ty "   or  "change  of  order"   theorem,    i.e., the  order 

of  taking  the    limit  and  applying  the   function   f  can   be   in"'  r- 

changed. 

In  the   case  that  f    is   continuous   at  b   and  g   is  continuous 
at  a, the  theorem  tells   us  that 

Mm  f(g(x))   =  f(lim  g(x))   =  f(b)   =  f(g(a)) 
x-va  x->a 

which   tells   us   that  the  composite   function   f(g(x))    is  con- 
tinuous  at  a.      This   fact  we   reformulate  as  follows. 

Coro I  I  a  rv ;     The  composition  of   continuous   functions  is 
con t  i  nuous . 


Hp 


The  final    theorem  of  this  section   applies  exclusively  to  con- 
tinuous  functions.     We  tend  to  think  of  continuous   functions  as 
having  graphs  which  are   unbroken  curves.     This  being  the  case, 
if  we  have  a  function, 
f,   continuous  on   an  in- 
terval   [a,b]   and    if   K  is 
a   number  between  f(a) 
and f(b)   then  there 
should  be  a   number  c  in 

the   i  nterva I    [a  ,  b  ]  for 

^,    ^    ,  F  i  gu  re  3-  I 

which   f(c)   =  K.     That  is 

to  say  there  should  be  a  point  (or  perhaps  several  points  as 
in  Figure  3-1)  where  the  graph  of  f  crosses  the  horizontal 
line     y   =  K. 

As   a  matter  of   fact,   back   in   Section   2-2  we  presented  an 
algorithm  for  finding  such  points  to  any  desired  degree  of 
accuracy.     But  we  were   cheating  slightly  back  there  as  we 
made   no  mention  of  hypothesis   of   continuity   necessary  to 
make  the   conclusion   valid.     We  were  depending  on   the  natural 
tendency  of  students  to  think  of  graphs  of  functions  as  being 
unbroken   curves.     Now  the  time  has   come  to  nail    down  this 
theorem  and  give  a  correct  proof. 

For  simplicity    lets   Just  consider  the  case  that   f(a)    <  K 
and   f(b)   >  K.     We  go  through  the  old  bisection  algorithm  for 
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finding   a   root  of 

f ( X )   =  K  wh  i  ch   is   f I ow- 

charted    in   Figure  3-2. 

In  th  i  s   a  1 gor  i  thm , 
unless  we  hit  a  root 
exactly   and  terminaie 
in  box  9,   we  produce 
two    infinite  sequences 
L I  ,    L2  *  ...  and 

R I ,   R2  f  •••  re" 

spectively  increasing 
and   decreasing   and  such 
that 


R     -  L 

n  n 


b-a 


so  that  R     -  L  0 
n  n 

as  n->-a>.     By  our  com- 
pleteness  axiom  both 
sequences   converge  to  a 
common    limit  which  we 
call      c . 

From  the  continuity 
of     f     at     c     we  know 


r  a,b,k 


L  +  R 


C  f  (M)  =  K  >L 


1 

f  9 

M, 

"is 

a 

root'' 

(  f(M)  >  K  ) 


n<— n+1 

Figure  3-2 
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that   Mm  f(x)   =  f(c)   and  since   L     ^-  c  as   n^.co  and         ^  c  as 


n->c 


n-^oo  we  note  by  Theorem  2  of  Section   5-1  that 

I  im  f  (L  )   =  f  (c)     and      I  im  f  (R  )   =   f  (c)  . 
n^oo         n  n->«  n 

But  now  we  a  I  so  note  that 

f(L   )    <  K       and       f(R„)  ±.  K 
n     —  n 

so  that 

I  im  f  (L   )    <  K       and        I  im  f  (R„)  ±.  K 
n-Hx,         n     -  n^.a,  n 

(This  obvious  conclusion   follows   from  Problem  5(a)  of 
Section   2-4.)     Both  of  these    limits  have  been  shown  to  be 
equal   to     f(c),   hence  we  may  write 

f(c)  ±  K       and       f(c)    >.  K 

so  that 

f(c)   =  K. 

Thus  we  have  proved  the   desired   result  which  we  formulate 
be  I ow  . 

Theorem  2.    (Intermediate  Value  Theorem) 

If     f     is   continuous  on  the   interval    [a,b],   and    if     K  is 
a  number  between     f(a)     and     f(b),   then  there   is   a  number  c 
in   [a,b]   for  which     f(c)   =  K. 


a3 
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This  theorem   is  often   verbalized  as   "a  continuous 
function  takes  on  all    values   between  any  two  values   it  assumes 
It   is   an  extremely   useful    theorem.     A  common   special    case  is 
that   in  which   K  =  0.     We  state'this   case  as  a  corollary. 

Coro I  I  a  ry .      If     f      is  continuous    in   [a,b]   and   if     f(a)  and 
f(b)     have  opposite  signs   then   the  equation     f(x)   =  0     has  at 
least  one  root    in  [a,b]. 

This   removes  the   intuitive  aspect  from  Section  2-2  where 
we  spoke  of  "unbroken  curves"  which  we  can  now    interpret  to 
mean   "graph  of   a  continuous  function." 
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PROBLEMS 


Evaluate    Mm   f(g(x)),  where 
x->a 


(a) 

a  = 

-  -3, 

f(y)  : 

=y+    1    andg(x)   =x2+  | 

(b) 

a  = 

--   2  , 

f(y)  : 

=   y3/2and  g(x)    =  -x3  +  3x2 

(c) 

a  = 

--   4  , 

f(y)  : 

,        .  2(x2-7x+ 
=  y2  and  g(x)   -           (x  -  4) 

(d) 

a  = 

=   0  , 

f(y)  : 

=   /y  +  8  andg(x)=^'"^ 

(e) 

a  = 

=  2Tr, 

f(y)  : 

=   tan  y   and  g(x)   =   sin  ^ 

(  f  ) 

a  = 

--   2  , 

f(y)  : 

=   /7andg(x)    =x2+x+  1 

a  = 

--    1  , 

f(y)  : 

=  -  and  g (x)    =  x2  +  3 . 
y  ^ 

2.       State  the  values   for  which   the  given   function  is 
d  i  scont  i  n  uous • 


(a)  f(x)  = 

(b)  f(x)  = 

Let  f(y) 


x^ 

x2  -  9 


(c)  f(x) 


(d)      f (X) 


x^  -   2x  -  3 
— — ,   and    let  g  (x ) 


X  -  I 


X  s  I  n  — 

X 


Reca 


from  Section    I    that    lim   f(y)    =    I    and   from  Problem   7  of 

y->0 

Section    I    that    lim  x  sin  ^  ^  Is    it  true  that 


x->0 


I 


lim  f(g(x))  =  Mm  f(y)?  Let  a  =  then 
x^O  y^O  ^  ^ 
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(a)  find  g(a^) 

(b )  f  i  nd   f (g( a^) ) 

(c)  use  your  results  from  above  to  conclude  that 

I i m   f(g(x))    does   not  exist. 
x->-0 
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4. 


De  r  i  va 1 1 ves 


The    I  i  mi  t.. 

f(x)   -  f(a) 


I  m 


X  -  a 
x->^a 


If  It  exists.  Is  called  the  de  r  i  vat  i  ve  of  fata,  written 
f »(a). 


We  have   already   had  some  experience  with  derivatives. 
In  the   first  section   of   this   chapter  we   considered  a  moving 
object  where  position   at  time   t  was   s(t).     Then  the  instanta- 
neous velocity  at  time  t^  was  given  by 

s(t)   -  sCt^) 
V  ( t^  )   =    Mm   T  T   • 

'  'o 

According  to  the  above  de f I n 1 1 1  on , th e   Instantaneous  velocity 
at  time  t^    is  just  the   derivative  s'Ct^). 

The   de r I va t i ve  also  has  an 
Important  geometrical  representa- 
tion connected  with   tangent  lines. 
From  your  high  school   geometry  you 
will    recall   that  a    line  tangent 


to  a  circle  touches  the  circle  at  one  point^and  that  the 
circle    lies  entirely  on  one  side  of  the    line.     We  will  take 
this   criterion   for  tangency   as   a  starting  point  though   we  wil 
presently   come   up  with   a  more   general  notion  of  tangency. 

Let  us   try  to  apply  this 
criterion  to  find  the  equation 
of   the    line  tangent  to  the 
parabolic  graph  of   the  function 
f(x)    =         at  the  point  P(l,l) 
as   depicted    in  Figure  4-2. 
Here  we  see  that  we  know  a 
point   (1,1)   on  the  desired    line  Figure  4-2 

so  that    it   is  only   necessary  to  find  the   slope,   m,    in  order 
to  write  the  equation 


-    I    =  m  ( X 


I  ) 


Consider   for  the  moment  a    line,    ^   p.^r-Mng  through  the 
point   (1,1)    not  tangent  to  the  curve  but   intersecting    it  in 
point  Q(x,x2)   as    illustrated    in  Figure  4-3(a).     The  slope 
of   this    line  is 


f  (x)   -   f  (  I  )    _  >il. 
X  -    I  X 


I 


408 


418 


F  i  g  u  re  4-3 

Now  consider  that  the   line  £   rotates  clockwise  about  the  point 
(1,1).     The  point  Q  moves   to  the    left  as   seen    in   Figure  4-3(b). 
After  a   sufficient   rotation,   the  point  Q  will    appear  to  the 
left  of   P  as   seen    in  Figure  4-3(c).      Somewhere   in  between^the 
point  Q  must   have  coincided  with   P.      In   that   position,   the  line 
a  was  tangent  to  the  graph   as    indicated    in   Figure  4-2. 
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But  what  was  the  slope  of   the    line  when  this  position 
occurred?     We  cannot  obtain  this   slope  by  substituting    I  for 
X    in  the  exp  ress  ion 

f (x)    -  f ( I )   ^  x2  -  I 
x-l  x-l 

for  then  we  would  have  our  old  nemesis  ^.  The  answer  is  found 
by  taking  the   limit  as  x  tends  to  I, 

,  .     f (x)   -  f (  I )   _   , .  -  I 

I  im   ^^-|  Mm     ^  _    I  • 


This  limit  Is  easily  evaluated  by  techniques  discussed  In 
previous  sections. 


.Z  - 


I  f  m 
x-»-l 


X  - 


I  I  m 
x-^l 


(x  -    I  ) (x  +    I  ) 


X  -  I 


=    Mm   (x  +    I  )  =2 
x-H 


Finally,  then,  the  tangent  line  to  the  graph  of  f(x)  =  x  at 
the  point  (1,1)  Is  the  line  through  (1,1)  with  slope  2.  The 
equ  a  t  i  on  is 


=  2(x  -    I )  or 


2x  -  I 


In  general,   we   define  the   slope  of    the  tangent  line 
to  the  graph  of   a   function   f  at 
a   to  be   f'(a).     As   seen  again  in 
Figure  4-4,   this   slope  f'(a)  is 
the    limiting   value  as  x-)-a  of  the 

f (X)     -     f (a)         r  ^^^^  . 

slope    of   a  secant 

X   —  a 

line    intersecting   the  graph  of 
f   at   (a,   f(a))    and   (x,  f(x)). 
This   definition    is  more  general    than   the  criterion   for  tangency 
discussed  earlier   In   the  section.      It  often  happens   that  the 
curve  does   not    lie  entirely  on  one  side  of   the  tangent  line. 


Example  I.  Find  the  line  tangent  to  the  graph  of  y  =  x3  at 
(2,8)  and  find  another  point  where  this  line  intersects  the 
graph . 

410  ^  ^  ; 


So  I ut  i  on  : 


Let  f(x) 


=  X  ^.     The  slope  of  the  tangent   line  at 


(2,8)  is 

f(x)   -  f(2) 


f ' ( 2)    =    I  im 
x-»-2 


X  -  2 


,  .  x3  -  8 
I  I  m 


X.2     X  -  2 

(  X   -   2  )  (  X  2  +   2x  +  4) 

I  I  m  y  _  :>  ■ 

x^2 


=    |im(x2+2x+4)=  12 
x^2 


The  equation  of   the  tangent    line    is  therefore 

y-8=l2(x-2)  or  y=l2x-l6. 

The  points  of    intersection  of  this    line  with  the   graph  of 
y   =  x^   are   found   by  solving 

x3    =    I 2x  -    I  6  or  x3   -    I 2x  +    I  6   =  0  . 

Aided  by  the  knowledge  that  x  =  2  (the  abscissa  of  the  point 
of  tangency)    must  be  a   solution^we  obtain  the  factorization 

x3  -    |2x  +    16  =   (X  -  2)2(x  +  4). 
The  other  point  of  contact   is  therefore  (-4,-64). 
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In  the  next  example  we  see  the  ^^rationalizing"  trick, 
(In   high   school    mathematics  you  often   had  to  rationalize 
denominators.      In   calculus    it   is   usually  the   numerators  which 
need   rationalizing.)     We   also  need  the   continuity  of  the 
square   root  function    in   this  example.     You  will    recall  that 
in  Chapter  3   it  was  shown  that  the  square   root   function  is 
unicon   and    it   is   therefore  continuous. 


Examp I e  2 .      Let   f(x)   =    /x  and   find  f'(2) 


Sol ution : •    f'(2)   =    I !m  ^  " 

x^2  ^  '  ^ 

,  .  /x  -   /2        /x  +  /2 

x^2  X       ^               +  /2 

,  .  X  -  2 
I  I  m 


x->2   (x  -  2)  (  /x  +  /2) 


-    I  i  m 


x->2   /x+/2       /2+/2  2/2 


Another  noiation   used   in   connection  with   derivatives  is 

,               f(x)   -   f(a)               f  (a  +   h)   -   f  (a) 
f  '  (  a  )   =    I  I  m    =    li  m   r   . 


x->a  h->0 

This   notation    is   justified  by   use  of  the  composition  theorem 

for    limits.      Letting   F(x)   =   ^  ^  ^  ^  g(h)   =   a  +  h  we 

X  ~  a 

see  that    Mm  F(x)   =   f'(a)    and  that    Mm  g(h)   =   a.     Moreover  g 
x->a  h->0 

excludes  the  value  a   in   a  deleted  neighborhood  of  0  so  that 


by  the  composition  theorem 


Mm  F(x)  =  Mm  F(g(h))  =  Mm^^^^^^?  "  ^^^^ 
x-a  h-O  h-0         9^^^   ■  ^ 


I  I  m 
h-»-0 


f ( a  +  h  )   -  f  (  a) 
a  +  h  -  a 


I  Im 

h^O 


f  (  a  +   h  )   -   f ( a) 


The  vaMdity  of   this  "change  of   variable"   can   also  be 
seen  geometrically   in   Figure  4-5 
where  we  again  see  that 


I  i  m 
h-vO 


f(a  +  h)   -  f(a) 


gives  the  slope  of  the  tangent 
M ne  to  the  graph  of   f  at 
(a,f(a)).     Next  we  see  an 
example  of  the  use  of  this  notation 


fca+h)-f  ca:) 


Example  5.     Find   f'(3)   where  f(x)   =  x"*. 


Solution.     f'(3)  = 


I  i  m 
h-vO 

I  i  m 
h-vO 


f ( 3  +  h  )   -  f  (  3) 


(3  +  h)     -  3'* 


,  .  3**  +  4-33h  +  6-32h2  +  4-3h3  +  h**  -  3** 
I  I  m   r  — 

h-.0  ^ 


I  I  m 
h-vO 


4-33h  +  6-32h2  +   4-3h3  +  h 


=    Mm  (4-33  +  6-32-h  +  4-3h2  +  h3) 
h-vO 

=  4-33  =  108. 


413 


%2 


PROBLEMS 


For  each   function   f   and   number  a,    find  f'(a). 

(a)  f(x)=x2.   a  =  2,   -1,3,     77,   and  5. 

(b)  f (X)   =  ^    '      .     a  =    I ,   0,   2,  t. 

For   f(x)    =   '-r  ,    find   f'(5)    by   substituting   5   for  t 

X  I 

in   the  expression  obtained   for  f'(t)    in  Problem  1(b). 

(a)  Find  the    line   tangent  to  the  graph   of   y   =   x^  at 
the   point   (0,0) • 

(b)  Does   that  tangent    line    intersect  the  curve  at  any 
other  po  i  nt? 

(c)  Graph   the   function   y   =  x^   and  the  tangent   line  at 
(0,0).     Note  that  the  tangent    line   does   not  lie 
entirely  on  one  side  of   the  curve. 

Find  the   slope  of   the  tangent   line  to  the  graph  of 

y  =  x^  +  c  at  the  point   (0,c);   at  the   point   (c,   c^  +  c). 

For  each  function  f  and  point  (a,b),  not  on  ,the  graph 
of   y  =   f(x),   find  the  tangent   line(s)   to  the  graph  of 
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y  =   f(x)   passing   through  the   point   (a,b)    not  on  the 
graph  of   y   =   f(x).     Hint:     Find  the  equation   of  the 
tangent    line  to  y  =   f(x)   at  the  point   (c,    f(c));  then 
determine  for  what  values  of   c  the    line  will    pass  through 
the  point   (  a  ,  b  )  , 

(a)  f(x)    =   3x^;  (2,0) 

(b)  f (x)    =  x^   -   2a  +    I ;  (8,1) 

(c)  f(x)    =  x^;  (2,5) 
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5,       The   De  r ! ved   Funct  i  on 

One   of   the   advantages   of   the  "h"   notation    introduced  at 
the  end  of   the   preceding  section    is   that    it  enables   us   to  talk 
about   f'(x).      Just   as   we  write 

^        I-      f (a  +  h)   -   f (a) 
f  '  (  a)    =    Mm   r  

h->0  ^ 

so  we  may  write 

f  (  X  +  h)    -   f ( x) 


f  '  (  x)    =  Mm 

h->0 

In   this  way,   we  can   think  of   a   der 1  vat  i  ve   funct  i  on   (or   der  i  ved 
f uncti  on )    f',   as    is   certainly   suggested   by   the   notation  f'(x). 
In  most  simple   applications   of   derivatives,   the   function   f  is 
expressed   by   some   simple  formula,   and    it    is   as   easy   to  calcu- 
late a  general    formula   for   f'(x)    as   to  calculate   f'(2)  or 
f»(3)   or   f'(l).     We  then   have   the  advantage   that  particular 
derivative  values   can   be   found   by  mere   substitution.     The  derived 
function   f    then   has   the   property   that   for  each   number  x,  the 
value  of    f'(x)    is   the   slope   of   the   tangent    line   to  the  graph 
of    f   at   the   poi  nt   (x,    f (x)  )  . 


Examp 


le    I.     Find  the   point  where   the    lines   tangent  to  the 


graph   of  y  =  x"*   at   (1,1)    and   at   (2,16)  intersect. 

..  . 

> 


So  I  uti  on ;  Let  f(x)  =  x"*  and  compare  the  following  with 
Example  3  of   Section  5-4. 


,        ,.      f(x  +  h)   -   f(x)   _    I        (X  +   h)**  -  x** 
f  '  (  x)   =    I  I  m   f—.  "  "Ti  h 

x"*  +   4x3h  +  6x^h^  +  4xh3  +  h**  -  x** 
=    Mm  h 

4x3h  +  6x^h^  +   4xh3  +  h 
"  i'n  ■  h 

=    Mm   (4x3  +  ex^h  +   4xh2  +  h^) 
=  4x3. 

The  slope  of  the  tangent    lines  to  the  graph  of   f   at   (1,1)  and 
(2,16)   are   respectively   f'(l)   =   4-|3   =   4  and   f'(2)   =  4-23  =  32 
The  equations   of  these  tangent   lines  are 

y  _    I    =   4(x  -    I)      and  y   -    16   =   32(x  -  2). 
Solving  simultaneously,   we  have 

4x  -   3  =   32x  -  48 


or 


_  45_  ^  =  l± 
X       28   '    '  7 


It   is    important   in   using  the  notation 


f(x  +  h)   -  f(x) 

h^O 


m  ^ 


that  we  think  of  x  as   a  fixed  number  whose  value   is  unspecified 
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or  perhaps  just   unavailable  to  us.    The   results  we  get  are 

valid   regardless  of  the   value  of   x  or,    in  other  words,  these 

results  are   valid   for  all   x   for  which   "f"he   derivative  exists. 

Thus,    the   domain   of   f'    is  taken   to  be  the   set  of   all  numbers 

X   for  which   f'(x)   exists.      For  example,   the   domai  n   of    f  (  x )    =  /x 

I 

is  C0,«)   while   the   domain  of    its   derived   function   f'(x)  = 


2/^ 
i  s   (0,<»)  . 

The   derivative  of   the  sine   function   has    in   actuality  been 
marked  out   in   previous  sections.     We   repeat   it  he  re^  howe  ve 
for  good  measure.. 

Examp  I  e  2 .  Given   f(x)    =  sin  x;   calculate  fMx). 


, , ,    ,        , .      sin   (x+h)  "Sinx 
Solution:      f'(x)    =    lim   r  

h-^0 

sin  X  COS   h  +  cos  x  sin   h   -  sin  x 
=    1  im   ^ 

h-^0 


s  i  n   h  .  i    -   cos  h 

cos  X* 

h-^0 


Mm  cos  X*   -   sin  x  ^ 


s  i  n   h          .  ,  .      1    -   cos  h 

cos  X  -  1  im   sin  x  -  I  im  

h-vO       ^  h-vO  ^ 
(cos  x)*l    -   (sin  x)*0 


=   cos  X 


The   derivative  of  the  cosine   function   can   be  calculated 
by  use  of   the   same  techniques.     This    is    left  as  an  exercise. 
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A  useful   concept   in  physics    is  that  of  acceleration  which 
is   defined  as  the   instantaneous   rate  of   change  of  velocity. 
Acceleration    is   .,  lu:  .    vou   feel    when  you   "step   on  the  gas"  or 
apply   the  brakes.      If    -n   object    is  moving  along  a  straight 
line  with  velocity  v(t)   at  time  t  then  the  acceleration  a(t) 
is   def  i  ned  by 


.   Mm  Xi±_LA>_^.ill  =  v.(t) 


We  a  I  ready   know  that 


V  (  t )   =   s  '  ( t ) 

where  s(t)    is  the  position  of   the  object  at  time  t.     Thus  the 
acceleration   function    is   the   derivative  of   the   derivative  of 
the  position   function   s.     Accordingly  we  say   that  a(t)    is  the 
second  derivative  of   s(t)   and  write 

a(t)   =  s"(t) 

where  the   double  prime   denotes   the  second  derivative. 

Example  5:  An  object  moves  along  a  line  so  that  its  distance 
s(t)    from  the  starting   point    is  given  by 

s(t)   =  5t3 
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Find  the  acceleration  when  t  =  3  and  when  t  =  4. 


c  1  4.-  ,  ,  •  5(t  +  h)3  -  5t3 
Solution:     s'(t)   =    I  i  m   r  


h->0 

(t^   +  3t2h  +  3th2   +  h^)   -  t^ 


=  5  Mm 


=  5    I im   ( 3t2   +  3th  +  h^ ) 


h->0 


And  now 


=    I  5t' 


s" ( t)   =    I  i  m 
h->0 


5  ( t  +  h ) 2  -    I 5t^ 


=    15    I  im 
h->0 


t^   +  2th  +  h^   -  t^ 


5    I  im   ( 2t  +  h ) 
h-^0 


=  30t 


Therefore  s"(3)   =  90  and   s"(4)   =  120. 

Second  derivatives   have  geometrical   as  well    as  physical 
significance  as  will    be  seen   a    little    later  on.      It    is  also 
clear  that  we  may   define  the   third   derivative  as  the  derivative 
of   the  second   derivative  and   so  on.     Applications  of  these 
higher  deri\/atives  will    be  seen  much  later. 
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PROBLEMS 


1.  For  each   function   f,    ffnd  th^e   derived   function  f'. 

(a)  f(x)=x  (d)     f(x)=  cos  X 

(b)  f(x)=x^  (e)      f(x)   =  /x 

(c)  f (x )    =  X  ^ 

2.  Find   the   point  where   the  lines    tangent  to  the  graph  of 
y  =  x^  +  2x  +    I    at    (1,4)  and    (2,9)  intersect, 

3,  Show   that   for  every   number  c,   the   tangent    lines   to  the 
graph  of   y  =  x ^  at   (c,c^)   and   (c  +2,   c^  +  4c  +  4) 
intersect  at  a   point  on  the  graph  of   y  =  x     -  I, 

4,  Let   L  and  M   be   tangent    lines   to  the  graph   of   y  =  ^. 

Then  one  triangle    is   determined   by   the  X-axis,   the  Y-axis, 
and   the    line   L,    and   another  triangle    is  determined  by 
the  X-axis,    the  Y-axis  and   the    line  M,     Show  that  these 
two  triangles   have   the  same  area. 


Neglecting  air  resistance,  the  height  s(t)  (in  feet)  of 
a   freely   falling  object   near  the  Earth^s  surface  is 
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approximately  -16t^  +  ct  +  d  for  some  constants  c  and 
d,   where  t   is  measured   in  seconds. 

(a)  What   is  the   "initial"   he/ght  of   the  object,  that 
is,   the   height  when  t  =  0? 

(b)  What   is  the   "initial"  velocity  of   the  object? 

(c)  Find  the   acceleration   function   a(t)    =  s"(t). 

(d)  Suppose  a  man  throws  a   hammer  upward   from  a  200 
foot  tower  with   (initial)   velocity  of   20  ft. /sec. 
Find   the   height   function   s(t)   of   the  hammer. 

A  stone   is  thrown   upward   from  the  top  of   a  building 
128  feet   high,   with   an    initial    velocity  of   64  ft/sec. 
Find   the  maximum   height  of   the  stone.     Hint:     When  the 
stone   reaches    its  maximum  height,    it  stops   rising  and 
starts   falling   so   its    instantaneous  velocity   is  zero. 

A  brick  falls   from  a  tower    144  ft.   high.     How  much  time 
does    it  take  to   reach  the  ground  and  what   is  the  velocity 
of   the  brick  when    it  hits  the  ground? 

A  cannon  ball    is   shot  400   ft/sec.    at   an   angle  ^ 

relative  to  the  Earth's   surface.     Thus   its   height  is 

given   by  h(t)   =  -IGt^   +   (400   sin   ((> )  t ,   and    its  horizontal 

distance  is   (400   cos  (J))t. 


(a)  How    long    is  the  cannon   ball    in  the  air? 

(b)  How  far  away  does   it  land? 

(c)  For  what  value  of  <fi   does   it  go  the  farthest? 
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6 .       De  r  i  vat  i  ve  Theorems 

We  have  seen   the  calculations  of  the  derivatives  of  a 
number  of   functions    in  the   preceding  section.     We  will  see 
more  a    little    later.      Right   now  we  will    present  theorems  for 
differentiation  of  combinations  of  functions  which  enable  us 
to  write  out  the   derivatives   for  a  great  many   functions  with- 
out going  through  the    limit  process. 

As  a  preliminary  we  formulate  a  theorem  connecting 
derivatives   and  continuity  which    is   needed   in  the   proof  of 
the  product  theorem  below. 

^Theoreml.      If   f'(a)   exists, then   f    is  continuous   at  a. 


Proof :     We  wish  to  prove  that   Mm  f(x)   =   f(a).      It  will  be 

x->a 

equivalent  to  prove  that   Mm  Df(x)   -   f(a)]  =  0.  Now 

x->a 

'  li,,  [f(x)   -  f(a)]  =    Mm  ^^^^  :  l^^^    (X  -  a) 

,.         f  (  X)     -     f  (  a  )  |.         ,  _ 

-      I  tn  •    I  I  m   IX       a ; 

w        _  a 

x->a  x->a 
=   f  '  (a)  -0  =  0. 
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The  statement  of  this  theorem  could  be   reformulated  as:  if 

for  some  number  x,   the  derivative  f'(x)   exists,  then 

Mm  f(x  +  h)  =  f(x).  This  is  the  form  to  be  used  in  the  proof 
h-»-0 

of  the  product  theorem. 

It   is   brought  out   in  the  exercises  that  the  converse  of 
Theorem   I,         above     ,does  not  hold.     That   is,   a  function  f 
may   be   continuous   at  a  number  a  without  the   necessity  that 
f  '  (  a  )   ex  i  s  ts  . 

In  order  to  simplify  the  statements  of  these  theorems  we 
introduce  another  notation  for  the  derivative  -  one  which  has 
the   advantage  of  permitting  substitutions.     We  write 

D     f (x)   to  stand  for  f ' (x) . 

X 

With   this  notation  we   can  write 

D     x^   =  2x 
x 

Instead  of:      letting  f(x)   =   x^ ,   then   f'(x)   =  2x.     Or,    in  the 
following  theorem  we  may  write 

D    [f (X)  +  g(x)]  =  f ' (x)  +  g' (X) 

X 

instead  of:      letting  s(x)   =   f(x)   +  g(x)  then 
s' (X)   =  f ' (x)  +  g' (X) . 

The  following  theorems  are  existence  theorems  as  well  as 


giving  the  values   of  the   derivatives.     They  tell    us  that  the 
derivatives  on  the    left  exist  for  all    values  of  x  for  which 
all   the   derivatives  on   the   right  exist.     The  proofs   are  by 
now  quite  routine?* 


Theorem  2,  Cf(x)   +  gCx)]  =   f'(x)   +  g'(x) 


Theorem  3,  D  [k'f(x)]  =  k-f'(x). 
  X 


Theorem  4.  [f(x)'g(x)]  =   f'(x)-g(x)   +  f(x)-g'(x) 


Theorem  5,      D     [l/g(x)]  =  -  9' 

^  [g(x)]2 


Theorem  6.      D     [f(x)/g(x)]   =   f-(x)g(x)    -  f(x)c^Ux) 

[g(x)]2 


Theorem  7.  D  [k]  =  0. 
  X 


We  give  the   proofs  of   these  theorems  omitting  those  of 
the   trivial   theorems   3  and  7, 


Proof   of   Sum  Theorem  2:      Let  s(x)    =   f(x)   +  g(x). 

i/x  s(x+h)-s(x) 
Then     s'(x)    =    lim   r  

h-0      .  ^ 

,  ,     [f(x  +  h)   +  g(x  +  h)]  -  Cf(x)   +  g(x)] 
=    I  I  m  ^  ^  r-^=^  ^  =^ 

h-O  ^ 


,.  A(x+h)-f(x),  g(x  +  h)  -  g(x)  ) 
=    I  ,m  I  ^   +   ^  ■/ 

h^O  ^ 

,  .  f ( X  +  h )    -   f(x)    ,    I  .  q(x  +  h)   -  g( 

=    I  I  m   r   +    I'm   f; 

h^O  h->0 


=   f*(x)    +  g*(x) 


Proof  of  Product  Theorem  4:      Let  p(x)    =  f(x)-g(x) 

,,    ,        ,.  p ( X  +  h )   -   p  (  x) 

Then  p*(x)   =    lim   r  

h->0 


f  (  X  +   h  ).g  (  X  +   h  )    -   f  (  x)  •  g(  x) 

I  im   ^  h  

h->0 


f(x  +   h)q(x  +  h)    -   f(x)q(x  +   h)    +   f(x)q(x  +   h)    -  f(x)g(x 
=    lim   ^  h 

=    ,i„  *         -  g(.  *  h)   .   f(x)   ^'^  ^  - 

h^O  ^ 

=  ilii_±Jl^_^-Li2iL.|i,  g(x  .  h)   .   f(x).|im  "  'I   -  g^"^ 

h->0  h-vO  h^O 

=   f • (x)g(x)   +    f (x)g' (x) . 
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=  lim 

r(  X  + 

h )  - 

r(x) 

h 

h^O 

1 

1 

=  lim 

g(x  + 

h  ) 

g(x) 

h^O 

h 

~       1   r  m 

g(x) 

-  g  ( X 

+  h) 

h^O       ^  ^ 

I       q(x  4-  h)    -   g(x)  I 

u'n  ■  h  'gCx  +  h) 

h^O  ^ 

g ( X  +   h )    -   g(x)    ,  .  I 
I  I  m  ^  r  -I  i  m 


^Tirf   h  ;        g(x  +  h) 

I        . ,    X        I              g' ( X) 
. '  -L- «  q  '  (  x)  -  —7 — r  =  ■  ^   • 

iTTT  y      g(x)  ngcx):^ 


The  proof  of  the  quotient  theorem  6  now  becomes  a  corol- 
lary of  the  product  and  reciprocal  theorems  and  can  be  proved 
without   direct   use  of  limits. 


Proof  of  Quotient  Theorem  6:  Using  the  product  and  reciprocal 
theorems  we  see  that 

D  —7 — r     =   D       f  (  x) 


X     g(  x)  X  g(  x) 


=   D  [f(x)] — +   f  (x)  -D  ' 


X  g  (  X  )  X     9  (  X  ) 


=     f  '  (  X)  ---7^    +     f  (  X) 


g'  (x) 


9^^^  [g(x):^ 

f  '  (  x) g (  x)   -   f ( x) g  '  (  x) 
[g(x):2 


As   a   first  application  of   these  theorems, we  will  show 

that 


for  every  positive    integer  n.     This   formula  has   already  been 
demonstrated   for  n  =    I,   2,    3,    4   in  the   preceding  section. 
We  establish   the  truth   of  this   formula  by   mathematical  induc- 
tion.    That   is,   we  show  that   it   is   true   for  n  =    I    (as  has 
already   been   done)    and  then  show  that   if  the   formula  holds  for 
some    integer  value   of   n^then   it  holds   for  the   next  integer 
value   of   n   as  well.     Put  differently,   we  show  that   if  true 
for  n    it   is   also  true   for  n  +  I. 


To  this  end  suppose  that  n    is   an    integer   for  which 
x"^  =  nx"^""^.     Then   by   use  of  the  product  theorem 

D     X         =   D     Lx   • X J 

X  X 

=     D^x".   X   +  x".  I    =   nx"-^x  +  x".| 

n    ,      n       ,      .    I  X  n 
=   nx     +   x  =(n+l)x. 


Armed  with  this   result  we  can   now   differentiate  poly- 
nomials  term  by  term  by   repeated   use   of  the   sum  theorem.  For 
examp I e : 

(x5   -  3x^  +   7x^    -  5x  +  8) 

=   Sx"*   -  3-4x3  +   7-2x  -  5-  I   +  0 
=   Sx"*  -    12x3  +  _  5 

We  can   also  see    immediately   how  to  differentiate  the 
other  basic  trigonometric  functions. 


Examp I e :     To   find         tan  x. 


Solution.  D  tan  x  =  D  — - 
  X  X  cos  X 


D  Csin  xDcos   x  -  sin   x  D  Ccos  xU 

X  X 
COS  ^  X 

„   COS   x*cos   X  -  sin(x)(-sin  x) 
cos^x 


cos  ^x  +  sin^x_         I  _  2, 


cos^x  cos^x 


=  sec^x. 
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The  next  theorem  and   its  two  corollaries   deal   with  the 
behavior  of   a   function    in   the    immediate   vicinity   of   a  point 
where  the   derivative  exists.     This  theorem  can   be  expressed 
i  n   geometr 1 c  te  rms   as    follows:     Suppose   that   f'(a)   exists  and 
denote  by   Z  the    line   tangent  to  the  graph   of   f   at   the  point 
(a,f(a))    [See   Figure  f.-Ka)].      Now    let     '    and  il"   be  lines 
through    (a,f(a))   on  either  side   of       as    in   Figure  6-l(b), 
Then  we 

(  rJ   /  f.r 

■  I  /I    y  /I  / 


cu 

fa) 


ffa)    ffo)-- 


1/ 

/  /  * 

/ 

I 
J 


Cc) 


can  find  an  interval  centered  at  a  so  that  over  this  interva 
the  graph  of  f  lies  between  «. '  and  «-".  An  analytical  formu- 
lation  of   this   theorem  is: 


Theorem  8.  If  f'(a)  exists  and  if  K  and  L  are  numbers  with 
K   <   f'(a)    <  L    then   there    is   a  number  6   >   0  so  that 

^   ^   f(x)   -   f(a)    ^    L     for  0  -  a|    <  6 


(  I  ) 


X  -  a 


Proof:      f'(a)   =    I i  m  ^ ^ ~   [^^^      by  definition 


1  n  te  rms   o  f 


x->-a 


X  -  a 
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e   and  6,  th  i  s  becomes:      for  every  e   >  0  there   i  s  a  6   >  0  so 
that 

ft(a)   -  e   <  lixl_^_Liil  <   f»(a)   +  e     f  o  r  0  5^    |  x  -  a  1   ^  6  . 

—  X    —  3 

Choosing   e   so  that  both    f'(a)   +  e:   <   L  and   f'(a)   -  e  ^  K  we 
have  the   desired  result. 

Corollary    I:      If   f'(a)   exists, then  there   are   positive  numbers 
Mand6sothat 

|f(x)    -   f(a)|    <_  m|x  -   a|    whenever   |  x  -  a  |    <_  6. 

[Note  that  we   do  not  exclude  the   case  that  x  =   a.D     To  see  ■ 
that  this    is  so  we  take  M  to  be   the    larger  of    |k|    and    |L|  in 
the  theorem  above.     Then  we  have  -M   <  K  and   L  ji  M  so  that  from 
(  I  )   we  h  a ve 

_M   <   ^^^^    ~   ^^^^    <  M     for  0   5^    I  X  -   a|    <  6 
—        X  -  a  — 

which   can   be   rewritten  as 


f ( x)    -   f ( a) 


X  -  a 


<  M  or 


|f(x)   -   f(a)|    <_m|x-  a|    forO  5^    |x-  a|  <_ 


We   identify  the  property   described   in  this   corollary  by 
saying  that   f_  _i_s_  I  oca  I  ly   Li  psch  i  tz  i  an  at  a.     [We   reca  I  I  from 
Chapter  2  that  a   function  was   said  to  be   Lipschitzian  on  an 
interval    provided  that   for  some   number  M  we  had 


I  f  (Xj )   -  f  (x^)  I       M|  x^  -  x^  I 
for  all    x^   and  x^    in   the  inter- 
val.     In   our    local    version  of 
the  property  just  such   an  in- 
equality  holds   in   a  sufficient- 
ly  smal I    interval    about  a 
provided  that  x^    is   fixed  with 
the   value   a . H     The  geometrical 
meaning  of   the   corollary  is 
seen    in   Figure  6-2,   where,  over 
the   interval    Qa  -  6, a  +  6ll^the 
graph   of   f   is   confined  to  the 
shaded   region.      For  an  example 
of   a   function  which   fails   to  be 
locally   Lipschitzian  at  a  point, 
see   in   Figure  6-3  the   graph  of 
f(x)    =   ^  i  n   the   v  i  ci  n  i  ty  of 
X  =  0 . 


Figure  6-3 


Corollary  2:  If  f*(a)  exists  and  is  different  from  0,then  f 
excludes  the  value   f(a)    in  some   deleted  neighborhood  of  a. 

To  see  that  this  is  so,  refer  back  to  Figure  6-l(c). 
Here  we  see  that  in  case  f*(a)  >  0  then  and  can  be 
chosen  with   positive  si  opes.     Since   the  graph   of   f  over  the 
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interval   [a  -  6, a  +  &1   lies  between  A'   and  a"  then  the  graph 
of  f  cannot   intersect  the  horizontal    line  y  =   f(a)    in  this 
Interval   except  at  x  =   a.      In   the   case   that   f'(a)  <   0  we 
choose         and         both   with   negative  slopes   and   use  a  similar 
a  rgume  n  t . 

corollary  3:  If  f(a)  exists  and  Is  different  from  0,  then 
in  any  neighborhood  of  a,  f(x)  has  values  >  f(a)  and  values 
<     f (a)  . 


Using   the  same  argument  as   for  Corollary   2,  we 

tha 


see 


t   if   f'(a)   >   0  then   for  a  <  x  <   a  +   6  we  must  have 


f(x)   >   f(a),   and   for  a  -   6  <     x  <   a  we  must  have   f(x)   <  f(a) 


V 

A  4 


PROBLEMS 


(a)     Find   D^x | x | . 
(  b )     F  i  nd        |x  I  . 

(c)  Is   the   function   f(x)    =    |x|    continuous   at  x  =  0? 
Is    it   d i f f eren t i ab I e  there? 

(d)  What  can  now  be  said  about  the  converse  of  Theorem 


In  each  case  find  D^y .     Specify  the  domain  of  the 
derived  function  whenever   it   is   different  from  the 
domain  of   the  given  function. 


(a) 

y  = 

X  5  +   1  2x'+  - 

3x3   +  2x 

(b) 

y  = 

7x6   +   4x3  _ 

2 

(  -  ) 

y  = 

8 

(d) 

y  = 

/x 
X   +  2 

(3) 

y  = 

cot  X 

(  f  ) 

y  = 

(x2  +  4) (x3 

+  2x  +    1  ) 

y  = 

X  tan  X 

(  h) 

y  ~ 

(x  +  3) (x  + 

4)  (x   -  5) 

(  1  ) 

y  = 

X   -  2 
X   +  4 

y  = 

sin  X   tan  x 

(k) 

y  = 

cos  X 
tan  X 
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(  I  )  y  = 
(m )     y  = 


/7  -  2 
x2   +  4 


x2    +  I 
( n  )      y   =   6(x3   +  2) 
(o)     y  =cos  X  -  sin  x 
(p)  y=tanx-x3 


(q)  y  = 
(r)     y  = 


( x3   -  4x2  +   I  ) 

x*^   -  16 
.4 


x't   +  16 


(s)      y   =    ( I    +  |)(2  +  i) 
(t)      y   =   (3x2  +1)2 
(u)      y   =   x2    +  ' 


.2 


(V)      y    =   1  +    Z  - 


(  w  )     y  = 


(  X  -  2)  (X  -  3) 
x3 


(X)    y  =  —  +  — 

/x 


3.       For  y  =  2x^  +  2lx^  +  72x  +  24   find  all    points  where 
the  tangent  line   is  horizontal. 


Find  all  points  where  the  tangent  line  to  the  graph 
of  y  =  sin  x  has  slope  I. 

5.        (a)     Recall    that  f   is    locally   Lipschitzian  at  a  if 
there  are  positive  numbers  M  and  6  so  that 
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id  r, 


f(x)   -  f(a)|   <.m|x  -  a| 


wheneve  r 


Ix   -   a     <  5 


Now  show  that  the  function  y   =    |x|    is  locally 
Lipschitzian  at  0. 

(b)     True  or   false:      If   a   function    is    locally  Lipschitz 
at  X   =  a   then    it    is   differentiable  at  x  =  a. 

Let  f (x )   =  x^  -    I . 

(a)  Show   that    I    <   f  M2)    <  5. 

(b)  Find   a   number   6   >   0   such   that    I    <_   ^   ^  2   - 

whenever  0   /    I  x  -  2 1    <_  6  . 

Suppose   that   f    is   a   function   for  which   fM4)    =  6. 
Show   that   there    is   no   interval    (a,b)   containing  the 
point   4  such   that   f    is   constant  on   the    interval  (a,b). 


In   F  i  n  I  ay sonv  i  II e ,  the 
avenues    Ida,  June, 
Sylvia,    and  Gale  are 
straight  avenues  tan- 
gent  to  the  parabolic 
street  Mayo.  Suppose 
that  the   f ormu I  a  for 
Mayo  Street   i  s   y   =  x^ 


and  that   Ida  Avenue  and  Gale  Avenue   intersect  Mayo 
Street  at  x  =  -  2  and  x  =  2,    respectively,  June 
Avenue  and  Sylvia  Avenue  each    intersect  Mayo  Street 
between  the    Ida-Mayo  and  Gale-Mayo   intersections.  Show 
that  the  distance   from  the   Ida-June   intersection  to  the 
Ida-Gale   intersection   plus  the   distance   from  the  Ida- 
Gale    intersection  to  the  June-Gale    intersection  is 
equal    to  the  sum  of   the   distances   from   Ida-Sylvia  to 
Ida-Gale  and   from   Ida-Gale  to  Sylvia-Gale, 

For  each   function   f,    find  the  higher  derivatives  f', 
f",    f         and   f^^'^Cthe   fourth  derivative). 


(a) 

f(x)  = 

=  X 

(  f  ) 

f  (  X  )  = 

=  4x5 

(  b  ) 

f  (x)  = 

=  X2 

(g) 

f  (  X  )  = 

=   s  i  n  X 

(c) 

f  (x  )  = 

=  X3 

(  h  ) 

f  (x  )  = 

=   cos  X 

(  d) 

f  (  x)  = 

=  x"* 

(  i  ) 

f(x)  = 

=   2  s  i  n 

(e) 

f  (X  )  : 

^5 

Suppose  that  a  witch    is   suspended   by  a   spring   above  a 
vat  of   boiling  oil   and  that   she  bobs    in  and  out  of  th^' 
oil    with   height  w(t)   =   3  sin  t  (feet), 

(a)     To  what   depth   does   she  descend? 
(b.)     What    is   her  fastest  velocity? 
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(c)  How    long    is  she  under  the  surface  each  time? 

( d )  What   is  her  acceleration   at  maximum  depth? 

(e)  What    is  her  acceleration  at  the  surface? 

(f)  How    loud  does  she  scream? 

Use  the  method  of   finding  D^x"^   to   do  the  following. 

(a)  Derive  a   formula   for  ^^(ax  +  b )    ,   where  a  and 
b   are  any  constants. 

(b)  Derive  the  formula  D^^x"^  +  a)"   =  mnx"^   ^  ( x"^  +  a)" 

(c)  Prove  that   if   f(x)    is  a   d  i  f  f  e  ren  t  i  a  b  I  e  function 
then  D  [f  (x)]"   =  nf  (x)""^f  Mx). 


Chapter  6 
MAXIMA.     THE  MEAN  VALUE  THEOREM 


I  ,     Ari^  Examp  I  e  . 

Henri   Dupre,  the  great  automobile  manufacturer,  decides 
to  market  a  new   luxury  car,  the 
Interstellar,  otherwise  known 
as  the  Supre-Dupr^,     His  engin- 
eers tell   him  that  to  set  up  the 

production   line  will   cost  !       \  N  -  70. 4^  (7200-s) 

$175,000,000,  after  which  the 
cars  can  be  turned  out  at  a 
cost  of  $3877  apiece.  His 
economists  predict  that  the 
number  of  sales  at  any  given 
selling  price  can  be  represented 
approximately  by  the  graph  in 
Figure   l-l,     (The  break   in  the 
graph   Is  due  to  the  exhaustion 
of  the  mass  market.     Only  the 

hard-core  wealthy  will   go  above  $6000  and  their  reluctance 

to  buy  Increases  slowly  with   Increasing  price.)  What 

should  be  the  selling  price  to  give  M.  Dupre  the  most  profit? 


4000  *ooo  SPOO  to.ooo 

Selling     Price     tn  Dollars 

Figure  l-l 
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If  we  designate  by  N  the  function   in  Figure   l-l  then 
at  selling  price  S  the  profit  is 

P(S)       =       (S  -  3877)N(S)   -   175  x  10^ 


I  75  X  10^ 
S   <^  6000, 
-   I  75  X  10^ 
S  >^  6000, 
for  var i  ous 


70.42(7200  -  S)(S  -  3877)  - 

i  f 

(3.042  X   10^2) (s  -  3877)S"2 

If 

The  adjacent  table  gives  the  values  of  P(S) 
values  of  S.      It   looks  as  if 
P(S)    is  a  maximum  near  S  =  8000, 
but  the  function   is  changing 
rapidly  near  S  =  5500  and  more 
computation  would  be  needed 
to  make  a  clear-cu^  se. 
Actually,   the  function  N(S) 
as  a  model   of  the  market 
is  too   Inaccurate  to 
justify  saying  more  than 
that  the  prices  $5500  and  $8000 

are  equally  good,  M.  Dupre,  scornful  of  the  mass  market, 
unhesitatingly  sets  the  price  at  $8000. 


s 

P(S)   X  lO"" 

4000 

-1  52.29 

4500 

-56.55 

5000 

-1  .02 

5250 

13.54 

5500 

19.30 

5750 

16.25 

6000 

4.40 

6500 

13.86 

7000 

1  8.88 

7500 

20.93 

8000 

20.97 

8500 

19.65 

9000 

17.40 

9500 

14.53 

10,000 

1  1  .26 

This  example   illustrates  a  type  of  problem  of  frequent 

occurrence.     In  these  problems,  the  mathematical 

model   eventually  reduces  to  the  question:     at  what  point 

on  a  given   Interval   does  a  certain  function  assume   its  maximum 

.  ,  .441 


value?     Methods  for  finding  such  points,  and/or  the  corr- 
esponding maximum  value  of  thefunctlon,   are  among  the 
most  useful   of  the  applications  of  the  calculus.     In  this 
chapter  we  shall   consider  this  problem  and  some  related 
theory  and  applications. 

In  certain  cases  one  wants  to  get  the  minimum  of  a 
function   rather  than  the  maximum.     One  way  to  do  this  Is 
simply  to  replace  the  function  by  Its  negative;  this 
Interchanges  maxima  and  minima,  and  anything  proved  about 
maxima  becomes,  with  suitable  modification,  applicable  to 
minima.     Most  of  our  theorems  and  definitions  will  be 
stated  for  maxima,    leaving  to  the  student  the  statements 
and  proofs  for  minima. 

The  word  "extremum"   I s  often  usef u I   to  cover  both 
"maximum"  and  "minimum". 

2 •         The  Max  I m  um  Theorem . 

We  state  here,  without  proof,  the  basic  theorem 
regarding  maxima.     A  proof  and  discussion  of  this  theorem 
will   be  given   In  Section  7.  0^ 
Theorem   I  .     If  f   Is  continuous  on  Ca,bl]  then  there  Is  at 
least  one  point  m   In  Ca,bD  such  that 

f(m)   >^  f(x)         for  any  x  In  Ca,bl]. 

We  shall   call   m  a  maximum  point  of  f,  and  f(m)  the 


maximum  val ue>  or  simply  the 
maximum^  of  f. 

That  both  the  closure 
of  the   Interval   and  continuity 
are  needed  Is  seen  by  the 
f o I  I ow I ng  examp I es . 

Examp I e   I ,     f   Is  defined  on 
C-l  ,  ID  by  f (0)  =  0, 

f(x)  «   l/x  If  X  /  0.  Obviously 

Figure  2-1 

there   Is  no  maximum,   for  given 
any  m  we  can  always  find  an  x 

with  f(x)   >  f(m)   simply  by  taking  0  <  x  <  m   I f  m  >  0 ,  or 
any  x  >  0   If  m  <  0.     Of  course  f   Is  not  continuous  at  x  =  0. 


-1 


Example  2.     f   is  defined  by  f(x)   =  x  on  (-1,1).  For 
any  m  satisfying  -|   <  m  <    I   we  can  find  an  x,  say 
X  =  (I   +  m)/2,  that  satisfies  the 
same   Inequalities  and  such  that 
X    >  m,   I.e.   f ( x)  >   f (m) •  How- 
ever, on  the  c I osed   I nterva I  we 
could  take  m  =   I   and  this  would 

give  the  maximum. 

Figure  2-2 

The  continuous  function   Illustrated   In  Figure  2-3  has 
a  maximum  at  m  and  a  minimum  at  b   (also  at  bj   -  the  minimum, 
or  maximum,  may  be  attained  at  more  than  one  point). 


Figure  2-3 

But  points   like         d ,  ej,  e2  are  also  of   interest.  They 
could  be  maxima  or  minima   if  the  domain  of  the  variable 
were  sufficiently  restricted,  as  contrasted  with  points 
like  n  which  could  not.     These  "local"  extrema  are 
Important  e.nough  to  be  given  a  specific  definition, 

Def  I  n  1  1 1  on :     m  is  a   local  ir^aximum  point  of  f  if 
there   is  a  6  >  0  such  tti^rr  f(m)  >^  f(x)   for  any  x 
in  (Im-6,m+63. 
Evidently  an  "absolute"  or  "global"  maximum  is 
either  a   local  maximum  or  an  end-point  of  the  Interval, 
so  -from  now  on  we  concentrate  on  the   local  maxima.     The  key 
theorem  is  the  following. 


Theorem  2.  If  m  Is  a  local  maximum  point  of  f,  and  If 
f»{m)   exists,   then  f'(m)   =  0. 


This   Is  an   Immediate  consequence  of  Corollary  3, 
Section  5-6,   which  says.    In  effect,   that   If  f'(m)   ^  0 
then  f(m)    is  neither  a   local   maximum  nor  a    local  minimum. 

We  thus  arrive  at  the  following  classification  of 
possible  values   for  the  maximum  point: 

a.  End-points  of  the  Interval, 

b.  Points  of  non-d I f f e rent  I ab I  I  I ty  of  the  function 

c.  Roots  of   f ' ( x)   =  0. 


The   last  type  are  called  "critical"  points;  f,e,, 
m  I s  cr I t I ca I   pol nt  of  f   If  f'(m)   =  0. 

The  most  general    technique   In   finding  maximum  points 
Is  to  determine  all    these  points,   find  the  value  of  f  at 
each  such  point,   and  pick  out  the    largest.     Most  problems  h 
various  short-cuts,   however,   some  of  which  are  Indicated 
In   the   following  examples* 

Example  5,     Little  Johnny  has  a  board   I"  thick  and  24"  wide 
with  which  he  wishes  to  make  a  low 
shelf   for  his  clothes  closet.  He 
decides     to  cut  It   lengthwise  and 
nail    It  together  to  give  the  cross- 


^^^^^^^ 


Figure  2-4 
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section  shown   In  Figure  2-4.     Since  he  wants  to  use  the 
space  underneath  the  shelf  as  a  hidey-hole  he  wants  to  make 
this  space  as   large  as  possible*     What  should  be  the  widths, 
X  and  y,  of  the  boards? 

We  neglect  the  width  of  the  saw  cuts  and  assume  in 
our  model   that  x  +  2y  =  24.     This   Is  certainly  good  enough 
for  Johnny.     We  wish  to  maximize  the  area  A  -  y(x-2).  To 
apply  our  theory  we  must  first  of  all   express  A  as  the 
value  of  a   function  of  one  variable.     Since  the  two  variables 
at  present   In  A  are  connected  by  a  simple  equation   It   is  easy 
enough   to  do  this  by  solving  this  equation-  for  one  of  the 
variables   In  terms  of   the  other  and  substituting   in  the 
expression   for  A,  thus: 
X  =  24  -  2y, 

A  =  y(24  -  2y  -  2)   =  22y  -  2y2. 
Now  our  problem   is  to  maximize   (I.e.,   find  a  maximum  point 
for)   the   function  A(y)   =  22y  -  2y^. 

First  we  note  that  the  conditions  of  our  problem 
require  that  we  restrict  ourselves  to  the   Interval  CO,llI]; 
certainly  we  cannot  have  y  <  0,   and  for  y  >    I  I   we  would 
have  X  <  0.      (One  might  question  whether  y  =  0  or  y  =  M 
make  any  sense   In  the  physical    set-up.     Regardless  of 
whether  they  do  or  not  we   Include  them  so  as  to  get  the 
closed   Interval    needed  for  the  app I  I  cat  I  on  of  our  theory.) 
On  this   Interval   A(y)    is  continuous  and  d  1  f  f  e  rent  I  a^b  I  e  ,  and 
so  the  maximum  occurs  either  at  an  end-point  or  at  a  critical 
point.     But  A(y)   =  0  at  both  end-points   (this   Is  physically 
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obvious,   but  of  course   It  follows  from  the  form  of  A(y) 
If  you  want  to  keep  this  part  of  the  argument  mathematically 
pure),  so  the  maximum  comes  at  a  critical   point.     AMy)  = 
22  -  4y,   so  the  on  I  y   critical    point  is  y  =  5,5.     Hence  this 
Is  the  maximum  poi  nt.      It  follows  at  once  that  x  =  13. 

This    last  argument  is  not  uncommon.      If  we  have 
only  one     candidate  for  a   local   rfi>T>umum,  either  a  critical 
point  or  a  point  of  non-differentiability,  and   if  the 
possibility  of  an  end-point  maximum   is   ruled  out  by  physical 
considerations,  then  the  candidate  must  be  the  global 
maximum.     We  can  also  adapt  the  argument  to  serve  as  a 
test  to  tell   whether  a  possible   local   maximum  really  is 
one;   this   is  useful    information   in  some  cases. 
Loca  I   Maximum  Test   I  .     Let  f  be  continuous  on  Cc,dl]  and 
di  f  f  erenti  ab  I  e  excep  t  poss  I  b  I  y  at  the  point  m   in  Cc,dl]. 
Let  m  be  either  a  critical   point  or  a  point  of  non- 
differentiability,   and  be  the  only  point  of  either  kind  in 
Cc,dD.      if   f(c)   and  f(d)   are  each    less  than  f(m)  then 
m  Is  a    local   maximum  point,   and  conversely. 
Example  4.     f(x)   =   l/CI-x^)   gives  fMx)   =  2x/(l-x2)2^  and 
X  =  0  Is  the  only  critical    point.     Since  f(x)    Is  not  defined 
at  -I    and   I,   to  apply  Test   I   we  must  choose  c  and  d  In 
(-1,1)   and  on  opposite  sides  of  0.     Choosing  c  =  -1/2 
and  d       1/2  we  get  f(c)   =  f(d)   =  4/3,   f(0)   =   I.     Hence  0 
is  a   local   minimum  point. 


Examp  le  5(a),       f<x)   =        +   I.     Obviously,  x  =  0   is  a  minimum 
since   f(x)    increases  with  |x|, 

(b).       f(x)   =   ^   .     Hence,   x  =  0   is  a 

(x^  +  1)5/2 

maximum  and  f(x)   decreases  steadily  as   |x|  increases. 

This  example  shows  that  calculus   Is  not  always  needed 
to  determine  extrema. 

Examp  I  e  6 ,     Let  us  take  another   look  at  the  Supre-Dupre  of 
Section    I.     The  function  P(S)    is  continuous  for  all   S  and 
(j  j  f  f  e  renti  ab  le  everywhere  but  at  S  =  6000  ,  but  we  are  obviously 
Interested  only   in  the   range  S  >^  3877. 
For  S   <  6000  we  have  p 


PMS)   =  70.42(  1  1077  -  2S  )  , 

giving  S  =  5538.5  as   a              Z^^W^ ' 
critical   point.  For 

j          ^  . 

S  >  6C00,   P»  (S)   =  4000 

/      6000  8000 

10,000 

(3.042  X   IOl2)(-S-2  +  7754S-3), 

giving  S  =  7754  as  another. 

At  these  two  points  the  values 

of  P(S)   are  respectively 

19.4002  X   10^  and 

21.  1568  X   10^.  Since 

Figure  2-5 

s 


these  are  both  greater  than 

P(6000)  we  see  that  7754   is  actually   the  maximum  point  for  P, 

Example  7.  What  are  the  dimensions  of  the  right  circular  cylinder 
of    largest    lateral   area  that  can  De  cut  from  a  sphere  of   radius  R? 
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In  Figure  2-8  the  lateral 
area  of  the  cyUnder  Is  A  =  4irrh, 
and  r  and  h  are   related  by 
p2  ^.         =       »      If  we  eliminate 
h   from  these  two  equations  we 
get 

A(r)   =  4Trr/R^  -  r^ 


as  our  function  to  be  maximized. 
Now  we  cannot  (as  yet)  differentiate 
this   function,   but   if  we  let 
B(r)   =  CA(r)D^,   then  obviously  A  will    be  a  maximum   if  and 
only   If  B   Is  a  maximum,  and 


Figure  2-6 


B(r)  =   leiT^CR^r^  -  r"*) 
can  easily  be  handled  by  the  methods  of  this  Section.  Thus 


B»  (r)   =   l6ir^(2R^r  -  4r^) 

equals  zero  when  r  =  0  or  ±R//7,     r  is  obviously  restricted 
to  the   interval   CO,RD,  so  -R//7  need  not  be  considered, 
B(r)   certainly  assumes  some  positive  values,   and  since 
B(0)   =  B(R)  =  0,   r  =  R//7  must  be  the  maximum  point.  For 
this  value  of  r  we  find'h   =  R//7  also. 


PROBLEMS 


Formulas  for  volumes  and  areas  of  simple  geometrical 
figures  are  given  here  for  reference, 

r  =  radius  h   =  altitude 

Circle:     Circumference  =  Zirr, 

Area  =  irr^ 

Circular  sector:     A  =  yr^e,  where  6    Is  the  central  angle 

measured   In  radians. 

4  q 

Sphere:     Volume  =  •yi^r'*. 

Area  =  Airr^, 
Right  circular  cylinder:     Volume  =  wr^h. 

Lateral   area  =  2TTrh. 
Right  circular  cone:     Volume  =  ^irr^h. 

Lateral   area  =  irrs,  where  s  =  slant  height  =  /r^  +  h^. 


I.  Discuss  each  of  the   following  functions  defined   In  the 

given   Interval   with  regard  to   local   maxima  and  minima. 

a)  f(x)   =  4  -  X  In  [-3,33 

b)  f(x)   =  x^  +  ^2  X        C-2,2n  and  X  ?^  0 

c)  f(x)   =  X  ^  -I 

d)  f(x)   =   13  -    I5x  -f  9x^  -  x^  X   In  C-2,6lI 

e)  f(x)   =  X  +  7  X  ?^  0 

f)  f(x)   =    IOx/(l   +  3x^)  X   In  C-2,2n 


g)  f(x)   =  -        -  3x  +  2 

h)  f(x)   =  X-  2  sin  X 
I)  f(x)  =  sin  x+2  cosx-  I 
J)  f(x)=sinx+  cos  X  -  X 

2,  A  man  wants  to  build  a  rectangular  pen  adjacent  to  his 
house.     There   is  to  be  fencing  on  three  sides  since  the 
side  on  the  house  needs  no  fencing.     If  the  man  has  lOOft 
of  fencing,  what  should  be  the  dimensions  of  the  pen  in 
order  that  it  will   have  a  maximum  area? 

3,  A  piece  of  wire  90in,    long   is  bent   In  the  shape  of  a 
rectangle.     Find  the   length  and  width  that  give  the 
maximum  area, 

4,  Find  the  dimension  of  a   rectangle  of    largest  area  which 
has  one  side  along  the 

hypotenuse  of  a  right 
triangle  and  the  ends 
of   the  opposite  side 
on  the   legs  of  the 
right  tr  i  ang I e • 

Assume  that  the  hypotenuse   is  of   length  H  and  that  the 
altitude  to   it   Is  of   length  A, 


X  in  C-l  ,4] 

X  in  C'j^f27rD 

X  in  C-2ir,27r] 

X  in  C-27r,27rD 


5. 


maximum  volume  which  can 


Find  the  dimension  of  the 


right  circular  cone  of 


be   inscribed   in  a  sphere 


of  radius  R.   ^ 

6.     Find  the  dimension  of  the  rectangle  of  maximum  area 
which   can  be   inscribed   in  the  ellipse 


7.  Find  two  positive  numbers  whose  sum  is  <6  and  th( 
of  whose  cubes   is  a  minimum. 

8.  Prove  that  of  all  rectangles  Inscribed  in  a  fixe 
circle  the  square  has  the  largest  area.  Can  you 
this  without  using  calculus? 

9.  An  open  box   is  to  be  made  by 

cutting  out  squares   from  the  ^  ^2^- 

corners  of  a  rectangular  piece 
of  cardboard  and  then  turning  \ 
up  the  sides.      If  the  piece  j 

of   cardboard   Is    12   In.   by  |  1  


24  In 


what  a  re  the  dimen- 


sions of  the  box  of  largest 


volume  made   In  .,*.^:J,f  way? 


451 


10,     A  closed  box   is  to  be  made 
from  a  24  X  64  piece  of 
cardboard  by  cutting  and 
folding  as   Indicated   In  the 
figure.     What  are  the 
dimensions  of   the  box  of 
max  I  mum  vo I ume? 


11.  Consider  rj  right  circular 
cone  with  a  given  volume, 
and   with   altitude  h  and   radius  of   base   r.  What 
relationship  b etwee n  these  quantities   Is  needed  to 
obtain  a  minimum   lateral  area? 

12.  A  silo  of  given  volume   Is  to 
be  built   in  the  form  of  a 
right  cylinder  surmounted  by 
a  hemisphere.      If  the  cost 
per  square  foot  of  the 
material    is  the  same  for 
floor,  walls  and  top,  find 
the  most  econom I ca I 
p  report  I  on  s  w 


-24 
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One  right  circular  cone  is 
contained  within  another^ 
as  shown  In  the  figure,  R 
and  H  a  re  given,   and  we 
wish  to  determine  r  so  that 
the   lateral   area  of  the 
Inner  cone   is  a  maximum^ 
Consider  the  three  cases: 

(a)  H  =    10,   R  =  2; 

(b)  H  =    10,  R  =  3; 

(c)  H  =    10,   R  =  4. 

A  cylinder  hangs,    like  a 
yo-yo,    in  a   loop  of  string 
tied  at  B  and  fastened  at  A» 
I f  the  tota I    I ength  of 
string  ABCDEB   is  constant 
what  should  be  the  angle  9 
so  that  the  cylinder  hangs 
as    I ow  as  pos s I b I e? 

Discuss  the   local  maxima 
and  minima  of   f(x)   =  x  sin  x. 
Find  two  positive  critical 
points  to  3  decimal  place 
accuracy  and  determine 
whether  they  are   local  maxi- 
ma or  minima. 


16,     On  the  adjacent  derrick  the 
boom,   of    length         Is  held 
by  a  cable  going  over  the 
top  of  the  mast,   of  height 
a.     Let  X  be  the    length  of 
the  cable  between  the  tops 
of   the  mast  and  the  boom, 
and  h   the  height  of  the  top 
of  the  boom, 

a.  Show  that 
h  =  f(x)   =  T^^a^  +  b^  -  x^). 

b .  Si  nc3  f ' ( x)  =  -x/a , 
X  =  0   i  s  the  on  I Y    I  oca  I 

extremum,     f(0)   =  ~(a^  +  b^),   and  for  x  >  0  or  x  <  0, 

z,  a 

f(x)    is  obviously    less  than   f(0).     This  would  seem  to 
show  that  X  =  0   is  the   maximum  point  and  ^(a^  +  b^) 
the  maximum  value  of  f.     Do  you  think  this   is  the  case? 
If   not,   analyze  the  situation  carefully,  considering  both 
the  maximum  and   minimum  of   f  (  x)  ,   and  explain  why  the 
standard  method  seemed  to  break  down. 


3. 


Numerical  Methods 


The  methods  of  Section  2  are   fine   if  we  can  find 
f*   and  solve   f'(x)   =  0,  but  suppose  one  or  the  other  of 
these  tasks   is   impossible?      In   Section  2-2,   a  method  of 
approximating   the   roots  of  any   continuous  function  was 
developed,   so   if  we     an  get  an  analytic  expression  for 
f»(x)   we  can   use  this  method  to  solve   f'(x)   =  0  to 
as  great  an  accuracy  as  we  wish   (or  as  our  machine  will 
handle).     On  the  other  hand,  even  though  Chapter  7  will 
introduce  a  tremendously  powerful   method  of  differentiation, 
one  may  encounter  functions  whose  derivatives  either 
unobtainable   in  any   reasonable   form  or  are  so  complicated 
that  even  the  evaluation  of   fMx)    for  one  value  of  x  i  s  a 
major  task.      In  such   cases   it   is  often  best  to  abandon 
the  sophisticated  methods  of  Section  2  and  go  back  to 
the  crude  hunting  method  used   at  the  end  of  the  Supre-Dupre 
p  rob  I  em • 

Even   for  the  simplest  case,   the  type  of  Example  3, 
In  which  we  know  that  f  has  exactly  one    local   maximum  and 
no   local   minimum   in  the   interval,   a  general   hunting  program 
\s  rather  complicated.     One  trouble   is  that  you  cannot 
compare  Just  two  values  of   f  at  each  step  but  you  need 
three,  the   idea  being  to  keep  the  middle  value  larger 
than  the  others. 
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One  flow  chart   for  this  case   Is  given  at  the  end  of  this 
section;  you  may  well    be  able  to  devise  others. 

If  there  Is  more  than  one  extremum,  the  problem  becomes 
much  more  difficult.     Ofie  approach   Is  to  take  a  fairly 
large  number  of  points,  say  a  hundred,  equally  spaced  over 
the   Interval,  and  essentially  examine  each  consecutive  triple, 
Xj^j,   Xj,  Xj  +  |>  a  possible  extremum;  ^  •g  •  9 

f(Xj)   >   f(Xj^|),   f(Xi  +  |J   +hen  there   Is  a  maximum  In 
(Xj    ,,   Xj  +  |J-     But   If  the  function  has  a  very  tiny  bump 
In   Its  graph  the  bump  might  come  between  x.   and  x^.! 
and  then   It  will   be  missed.      In   fact,  there   is  no 
guarantee   In  any  numerical   method  that  we  may  not  miss 
such  bumps.      If  we  do  find  an  extremum  between  Xj^j  and 
Xj^l    for  some   i    then  we  can  divide  this  small  interval 
Into  a  hundred  parts  and   repeal  the  process. 

From  the  purely  mathematical   point  of  view  the 
computer  calculation  of  a  maximum   is  a  trivial  problem. 
Any  given  computer  can  work  with  only  a   fixed  finite  set 
of  numbers.      If,   for  example,  the  computer  word  has  ten 
digits  and  sign  there  are  exactly  2  x  10^0   numbers  that  can 
be   used.      (This  statement  must  be  modified   If  "multiple 
precision"    is   used.)     Hence,  within  any   Interval   there  are 
only   a  finite  number,   say  N,  of  values  of  x  that  we  can 
use,  and  all   we  need  to  do   io  to  compute  f(x)   for  these  N 
values  and  pick  out  the   largest.     The  catch   is  that  N  is 
too   large  to  allow  this  to  be  done   in  any   reasonable  time. 


\  i. 


M 


In  Section   I   we  remarked  that  we  sometimes  want  to 
find  the  maximum  point  m  and  sometimes  the  maximum  value 
M  of  the  function.     A  glance  at  a  graph  will   show  that  in 
the  case  where  m   is  a  critical 
point   it   is  much  easier  to 
get  M  to  a  given  accuracy 
+e  than   it  is  to  get  m  to 
the  same  accuracy.      In  Figure 
3-1    any  estimate  of  m  between 
the  dotted   lines  will   give  Figure  3-1 

an  error  in  M  of   less  than  e.     (If  the  curve  bends  very 
sharply  at  the  maximum  e  will   have  to  be  taken  very  small 
before  this  phenomenon  shows  up.)     Hence,    if  M   is  what 
you  want,    it   is  wasteful   to  require  too  much  accuracy 
of  m.      In  a  computer  program   it  is  best  to  make  the 
stopping  condition  depend  on  consecutive  values  of  f(x) 
as  they  approach  M,   rather  than  on  the  values  of  x  as 
they  approach  m. 


1        7  m 
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Exarv^fi   1^.     F  I  ov   chart  for  finding  the  maxi 

function  on  a  closed  interval. 
Gl ven  : 

^terva  I  ,  Ca#bD; 
jnction,   f;  having  exactly 
one  maximum  point,  either   local  or 
at  an  endpoint,  and  no  other  local 
ext  rema ; 

Measure  of  accuracy,  e;  i.e. 
if  computed  maximum  point  Is  m, 
true  maximum  point    lies  in 
(  m-e ,   m+e )  • 

Gene  ra  I   method  : 

Let  c,  m,   d   divide  Ca,bD  into 
flour  equal   subintervals  of    length  h^. 
At  the   i-th   step,   given   c. ,   mj ,  dj, 

m, ,  pick  m.^i 


mum  point  of  a 


with  h.   =  m,    -  c.   =  d. 

I       i       I  I 


as  that  one  of  Cj ,   mj  ,   d.    that  gives 
the. largest  value  of  f.     Let  hj^j   =  hj/2, 
Cj+i   =  m.^i   -  h,^,,    dj^i   =  m,^,   +  h,^j. 
Cont i  nue  until   h  j   <  e . 

Commont :     Th  i  s   f I ow  chart  does  not 
take  account  of   roundoff  error.  That 
roundoff  can  cause  t roub I e   Is  shown  in 
Table    I,  which   results  from  using  this 
f\ci  chart  to  find  the  maximum  point  of 


h 

t\/z 

c 

< —  m-h 

d 

< —  m■^h 

FC 

<~f(c) 

FD 

C  FD  >  FM  ) 


C  FC  >  FM  ) 


m  < —  c 

FM^FC 


m  —  d 

FM< — FD 


STOP 


Figure  3-2 


Bl£  di 


Figure  3-3 
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f(x)  =  2.25x  -  x3  on  the   Interval   CO,l],  to  8D,   (I.e.   8  decimal 

-9 


places,  corresponding  to  e  =  5  x  10  ) 
is 


The  exact  maximum  value  f 


at 


3»^/4  «    1.299038  10567666 


X  =   /3/2  =  0.86602540378444. 


-5 


Note  that  f(m)    is  correct  to   lOD  while  h   is  still   3  x   10  , 

whereas  m  never  gets  more  accurate  than  7D.     What  has  happened 

is  that  the  errors    in   f(m)   became  so  small   that  they  were 

obscured  by  the   roundoff    in  the  machine   computation   of  f(m). 

At  this   point  the   branch   conditions,   FC  >   FM  and   FD  >  FM  became 

random  choices   dependent  on   roundoff,   and  the   rest  of   the  program 

is  meaningless. 

MAXIMUM  OF  F(X)   =  X*C2,25  -  X<cX)   OW  [0,l] 


VALUE  OF  H 

.2500000000 
.1250000000 
.0625000000 
.0312500000 
. 01 56250000 
.0078 125000 
.0039062500 
.0019531250 
.0009765625 
.0004882813 
.0002441406 
.0001220703 
.000061 0352 
.00003051 76 
.0000152588 
.0000076294 
.0000038147 
.0000019073 
.0000009537 
.0000004768 
.0000002384 
.0000001 192 
.0000000596 
.0000000298 
.000000"0149 
,0000000075 
.0000000037 


VALUE  OF  M       VALUE  OF  F(M) 


.5000000000 
.750000000.0 
,8750000000 
,8750000000 
,8750000000 
.8595750000 
,86715  7500  0 
,8671875000 
,8652343750 
,86621 09375 
.8662.1  09375 
.8659667969 
.8659667969 
,8650278320 
.8660278320 
.8660273320 
,8660278320 
.8660240 173 
.8660259247 
.866024971 0 
.8660254478 
,8660254478 
,8660254478 
.8660254478 
,8660254180 
,8660254180 
,8660254180 


1 .0000000000 
I .2656250000 
I .2988281250 
1 .2988281250 

1 .2988281250 
1  .2989234924 
I  .2990345955 
1.2990S45&55 
1  .2990364805 
1  .2990330 162 
1 .2990380162 
1  .2990380968 
1  .2990380S68 
1 .299058k057 
1  .299038) 057 
1 .29903Si057 
1 .2990551 057 
1 .2990581057 
1 .2990581 057 
J •2590381057 
1 .2990381 057 
1 .2990581 057 
1 .2990581 057 
1 .2S90581057 
1 .2990581 057 
U2990581  057 
1  .2990581 057 


These   results  emphasize  the  need   for  caution  in 

accepting  the  outcome  of  a  machine  calculation.      If  the 

given  flow  chart  had   not  been  modified  so  as  to  output 

M  at  each   step  we  would  not  have  detected  this  situation  and 

would  probably  have  assumed  that  the  final   value  was 

correct  to  8D.     What   is  needed    in   the   flow  chart   is  something 

to  stop  the   process  when   | FC  -  FM|    and   | FD  -  FM|    are  each 

less  than  e   ,    .   where  e   ,      is   the  minimum  accuracy* 
m  i.n '  m  t  n  '  ' 

Introduced   in  Section  2-1^   beyond  which  the  combination  of 
machine  and  programming   language  cannot  go»     We  leave 
it  to  the   reader  to  make  the  necesr-ary  mc^ !  f  1  cat  1  ons  ^ 
including  an  adjustment  of  the  oitput  e!l    us  what 

has  happened  and  what  accuracy  we  are  actually  getting. 
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PROBLEMS 


1.  Write  a  flow  chart  for  the  method  suggested   ! 1  the   '  j 
pa ra graph  of  this  section. 

2.  Program  either  your  flow  chart  of  Problem   I   or  the  one 
at  the  end  of  the  sectlont 

3.  Modify  your  flow  chart  and  program  from  Problem  2  to 
compute  the  maximum  va  I  ue  of  the  function  to  a  given 
accu  racy • 

1  I  • 

6  decimal  places* 
6  decimal  places. 


4,     Given   the  function 


4  y  ^ 

f(x)   =  —   ,  0  <^  X 

2x^^  +  X  +  ) 


(a)  Find  the  ma^Jnum  point  correct  to 

(b)  Find  the  ma^.imum  value  correct  to 
Answers:      .979278,    I  .0131  18. 
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4,       The  Mean  V^ ^ ue  Theorem, 


The   following   fact  seems 
obvious  from  a  picture:     If  a 
curve  Joining  P  and  0  has  a 
tangent  at  every  point  then  at  some 
point  the   tangent  is   parallel   to  the 
I  i  le  P0»      (Figure  4-l(a))  Expressed 
in   terms  of  functions   this  observation 
leads  to  a  simple  equation   That  is 
extreme  I y  useful. 

Mean  Value  Theorem.      Iff  is 
continuous  on  lla,bll  and  differen- 
tiable  on   (a,b)   then  the  re    is  a 
point  t   in   (a,b)   such  that 

f(b)   -  f(a)   =   (b   -  a)f»(C). 


(a) 


(b) 


That   !s,   the  tangent  to  the 
curve  y  =  f(x)   at  the  point 
(C,   f(5))   has   the  sar e  slope  as 

the    line  L   joining   the  endpoints; 

,       -     (b)   -   f  (a)  . 
I.e.,   f  ( C)   =  • 


b  -  a 


(Figure  4-1    (b)  ) 


(c) 


F  i  gu  re  4-1 
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Proof,     We  simplify  the  picture  by  subtracting  the  linear 
function  L  from  f  to  give 

g(x)   =  f(x)   -  L(x) 

ux)   -  [f(a)  +  ''''I  :  l'^'   (X  -  a)j, 

(Figure  4-1    (c) )  . 

We  have  g(a)   =  g(b)   =  0.      If  g(x)    Is  ever  positive  then  g 
must  h'sve-  a   local   ma'x'imum;    If  g(x)    Is  ever  negative  then  g 
has  a   local   minimum;   the  only   remaining  case   Is  for  g(x)  to 
be  zero  for  all   x,   and   in  that  case  every  point  of  (a,b) 
is   both   a   local    maximum  and  a    local   minimum.     Therefore  g 
always  has   at    least  one    local   extremum  f,   in   (a,b)   and  so 


0  =  g'(0  =  f'U)  BTT-i  


which   proves   the  theorem. 

The   special    c?ss  of   the  Mean  Value  Theorem  when  app«fed 
to   functions    like  g    is   known  as  Ro I  I e '  s  Theorem: 

If   f   is   continuous  on  [a.b]  and   d 1 f f e ren t i ab I e  on 
(a,b)   and   If  f(a)   =  f(b)   =  0  then  there   is  a  point  ?   in  (a,b) 
for  wh 1 ch   f ' ( 5)   =  0. 

If  our  function   f  has  a  second     derivative  on  (a,b) 
we   can  get  an  equation   similar  to  the  MVT   (Mean  Value  Theorem) 
but   involving   f"(?)    instead  of   f'(?).     To  see  the  analogy 
more  clearly  write  the  MVT   in  the  form 

f(b)   =  f(a)  +  (b  -  a)f'(?). 

■  \  i  ^3  4  7*^ 
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The  extended  MVT  Is: 

If  f»    Is  continuous  on  Ca^bD  and   If  f"  exists  on 
(a^b)   thsn   there   Is  a  point    5    In   (a^b)   such  that 

f(b)   =  f(a)   +  (b  -  a)fMa)   +^(b  -  a)2f"(c). 

Proof •     This  time  we  coSblder  a  function  of  the  form 

(I)  g(x)   =  f(x)   -  Cf(a)   +  (X  -  a)fMa)  +  (x  -  q)^C1 

where  C   Is  a  constant  chosen  so  thatg(b)   =  0;  I.e. 

C  =  Cf(b)   -  f(a)   -  (b  -  a)f'(a)D/(b  -  a)^. 

It  Is  easy  to  see  that  g(a)  =  0^  sc^  applying  Rollers  Theorem 
to  g(x),  there  is  5,  in  (a,b)  such  that  gM^j)  =  0.  D:ffer- 
ent ! ati  on  of   (  I )   g 1 ves 

,    .       g.V.(.K)   ^  fMx)   -  Cf*(a)   +  2(x  -  B)Cl, 

from  which   follows  g*(a)   =  0,     We  can  therefore  apply  Rollers 
Thevorcrri  to  the  function  gMx)   on  the   Interval   r?,?|II,  to  get 
g"(r)   =  0  1-)r  some   ?     In   (a^?|)   and  hence   In   (a,b).  Since 
further  differentiation  gives  g"(x)   =  f"(x)   -  2C  we  conclude 
that 
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^f"(C)  =  Cf(b)  -  f(a)  -  (b  -  a)f'(a)D/(b  -  a)^, 

from  which   the  desired  result  follows  on   solving  for 
f(b). 

It  Is  evident  that  this  process  can   be  extended  to 
higher  derivatives,   and  we  state  without  proof  a  general 
theorem  of  this  sort. 

First  a   little  notation:     f    Is  the  derivative, 
f"  the  second  derivative,   f"'    the  third  derivative,  but 
we  can't  continue   this   Indefinitely.     For  higher  derivatives 
we  usually  write  f^'*^   f^^\  this  has  the  advantage 

thar  f^"^    is   the  n-th   derivative,   etc.     For  consistency 
of   thtj   notation    It   Is  often   convenlen'-  to  define 

f<°'  =  f. 

Taylor's  Theorem.      If  f,   f',...,   f^"^   are  defined  and  con- 
tinuous on   Ca,b]  and   if   f^""^'^    is   defined  on   (a,b)  then 
there   is  a  point     5   In   (a,b)   such  that 

f(b)   =  f(a)   +  (b  -  a)f'(a)  +  ^  (b  -  a)2f"(a)   +  jr^b  -  a)^    f"  (a) 

I  n{n).»  I  /u  .n+l(n+l)/rs 

+  ...+  ^  (b  -  a)"f^"^a)   +  TTT+T-yr  (b  -  a)       f  (O 

We  shall   give  a  more  direct  proof  of  this  theorem  later 
on,   from  quite  a  different  point  of  view. 

As  an  example  of  how  the  extended  theorem  can  be 
used. let  us  examine  more  carefully  the  statement  in  Section 
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3  that   I f  m   I s  a   local  maximum  point  and   If  f'(m)  *   0  then 
It   Is  easier  to  get  accuracy   In   f(m)   than   In  m.      In  the 
Extended  MVT  replace  a  by  m  and  b  by  x  to  get 

f(x)   =  f(m)   +  (x  -  m)fMm)   +  ^(  x  -  m)2f"(C),  m  <  ?  <  x. 

Now   In  deriving  the  EMVT  we  made  no  use  of  the  fact 
that  b     >   a;   the  same  process  could  be  applied  to 
give  the  formula  with  a     and  b   Interchanged,  If 
In  th I s     formula  we  replace  a  by  x  and  b  by  m  we  get 
exactly  the  same  equation  but  with     the  Inequality 
X  <  5  <     m,     Combl  '^Ipg  these  two  cases  ^  we  can  state 
EMVT   In  the  form:        If   f    Is  continuous  on  Ca^b^l  and 
on   (a,b)   then  for  any  two  points  m  and  x  In  Ca,bD  we 

f(x)   =  f(m)  +  (x  -  m)f'(m)   +  5-  (x  -  m)2f"(5) 

where     5    Is  between  m  and  x.     The  EMVT  and  Taylor's 
Theorem  are  usually  stated    In  this  form. 
In  our  case  we  have  f'(m)   =  0,  so 

f  (x)   =  f  (m)  4.  ^  (X  -  m)2  f"(e) 

with  5   between  m  and  x.     Now  assume  that  f"   is  bounded  In 
some  neighborhood  of  m;   that   Is,   that  there   Is  a  6  >  0  and 
a  B  >     0  such  that   |f"(x)|    <  B  for  all   x  satisfylnc 
|x  -  m|    <  6.     Thefi  for   |x  -  m|    <  6     we  have 
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the 

f"  exists 
have 


I  f(x)   -   f (m) I    <  ^   I  X  -  m|2   <  62. 

Thus  f(x)   approaches  f(m)    like  6^,  much  more  rapidly 
than  X  approaches  m. 

In  the  particular  case  of  Example   I   of  the   last  section 

we  have 

f(x)   =  2.25X  -  x3,      f"(x)   =  -6x. 
Since  m  =  /T/2  =   .87,   for   |x  -  m|    <   .1   we  will  certainly 
have   |f"(x)|    <  I. 
He  nee 


f (x)    -   f (m)  I    <    .5    Ix  -  m|2. 


Now  If  X  is  a  7D  approximation  to  m  then   |  x  -  m  |   <_  5  x   1 0  ^ , 

an  d  so 

I  f  (X)   -  f  {?n)  I    <  2  X 


This   is   less  than  the  accuracy  of  the  machine  on  which 
Example   I   was  run,   so   it   is  not  surprising  that  we  were 
unable  to  get  m  to  more  than  7D  accuracy. 
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PROBLEMS 


U  In  geometric  terms,  the  Mean  Value  Theorem  states  that 
the  re  is  a  5  between  a  and  b  such  that  the  tangent 
at  (Zpf(K))  is  parallel  to  the  line  Joining  the  points 
Capf(a)Il  and  Cb,f(b)Il.  In  each  of  the  problems  ( a ) 
through  ( e )  a  curve  and  the  end  points  of  the  interval 
are  given.  Find  a  value  of  5  satisfying  the  require- 
ments of  the  Mean  Value  Theorem. 


(a) 

f(x)  = 

=  x2 

a  = 

=  2 

b  = 

3 

(  b) 

f(x)  = 

a  = 

=  25 

b  ^ 

36 

(c) 

f(x)  = 

--  - 

9x  +  1 

a  = 

=  -3 

b  = 

4 

(d) 

f(x)  = 

=    x2  - 

2x  -  3 

a  = 

=  -1 

b  = 

3 

(e) 

f(x)  = 

=    X3  - 

2x2  +  3x  -  2 

a  = 

=  0 

b  = 

2 

2.  Suppose  that  f'x)   =  2x         and   let  a  =  -I   and  b  =  +1. 
Show  that  the  re   is  no  number  5  between     a     and  b 

which   satisfies   fM5)   =  ^^b)   ■  f(a)    ^  given  that 

D  —  a 

^f,    V        4  -1/3 

f     (  X  )     =    -J  X  . 

Explain, and  sketch  t.-e  graph. 

3.  Use  the  Mean  Value  Theorem  to  show  that  /x  +   T  -  /x 
app roaches  zero  as     x     increases  wit hour  bound.  Can 
you  find  a  way  to  show  this  without  using  calculus? 
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4.  Prove  Taylor's  Theorem  for  the  <:yse  n  =  2.  [Use  the 
results  of  Problem  II,  Section  5-6,  to  differentiate 
the  powers  of   (x  -  a;, 3 
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The  Mean  Value  Theorem  and   Its  extensions  are  basic 
tools    in   the  approximate  computation  of   values  of 
functions.     Their  application    is  best  shown   by  an  example. 


Example    I.     What   is  the  approximate  value  of   sin  61  ? 

This   is  a  pretty  vaguo  question  as   It  stands.     0  Is 
an  approximation,  and  so   is    100,   but  the  errors  are  of 
the  same  or  greater  orders  of  magnitude  than  the  value 
itself.     Sin  60°   =   .86603   is  a  much  better  approximation, 
but   this   is   so  obvious   that  presumably  we  want  a  still 
,,,,er  one.     To  get  this  we  apply  the  MVT  to  the  function 
f(x)   =  sin  x;   since  we  are  going  to  get  derivatives  we 
will    express  all    ancles    In   radians.      For  convenience  let 
a  =  TT/3   (=60°),   b  =  TT/3  t  TT/180.     Then  the  MVT  gives 

f(b)   =   f(a)   +   (b  -  a)f'(5),  a   <   5   <  b, 

or  ^ 

sin  b.=   .  86603  +  cos  S  ,  ^  <   5  <  3  +  ' 

Evidently   cos   5       's  close  to     cos(7t/3)   =   .5,  so 
sin   b   =    .86603  +   .5^  =    .  87475  . 

This    is  a  much   better  estimate   than   simply  .86603. 
CVarious  symbols  are  used   for  "approximately  equal  to": 
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♦  ^  *i  arid  possibly  others.  We  are  using  ^  since  it 
seems  to  be  increasing  in  popularity,  possibly  because  it 
Is  the  one  most  apt  to  appear  on  a  typewr  i  ter,  D 

This   type  of  computation   Is  common   in  the  rough 
analysis  of  certain  types  of  errors.     The  word  "error"  in 
this  connection  does  not  mean  "mistake"  but  refers   to  the 
difference  between  the  exact  value  of  a  quantity  and  a 
computed  value.     Essentially  all    computations  involve 
errors,   and  error  analysis   is  one  of  the  most  important 
parts  of   numerical  mathematics. 

From  this  point  of  view  we 
of  Example   I    by  the  following. 

Example  2,     A  pole  100 
ft.    long   leans  again 3t 
a  ve  rt I ca I    wa I  I  .  The 
base  angle  x   is  mea- 
sured and  found  to  be 
60°,   giving   86»6  ft. 
as  the  he  I gh  t  H  at 
which   the  pole  touches 
the  wa I  I •  However 
the  re   i  s  a  poss  I  b  I  e 
error  of  about   I ^  in 
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the  measured  value  of  the  angle  x.  What  Is  the  possible 
error   In  the  computed  height? 

We  wish   to  find  the  change   In  H  corresponding  to  a 
change   In  x  of    1^  =  tt/IBO*     The  phrase  "Increment  of  x" 
Is  usually   used   In  these  situations  and  designated  by 
the  symbol   Ax,     Similarly  we  have  AH,   the   Increment  of  H 
What  v;e  do   Is  to  apply  the  method  of  Example    I,   using  x, 
X  +  AX,  H,   and  H  +  AH   respectively   for  a,   b,   f(a)  and 
f(b).     The  MVT  gives  directly 

AH  =   f  '  (?)Ax, 

which,   approximating   f*(f:)   by  f*(x),  gives 

AH  «  f » (x) Ax 

=  (  1 00  cos   x) Ax 

=  50  (7r/l80) 

^  .9  ft. 


Thus,  H  can  vary  from  85.7  to  87.5,   and  a  reasonable 
statement  about  the  height   Is  that  It   Is  about  86'^-  f- 
with   a  possible  error  of  about  a  foot. 


The  general   approximation  formula, 

Af  (x)       f  '  (x)Ax, 
Is  by  far  the  most  useful   one   In  approximation  problems. 
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Now   let  us  return  to  Example   I   and  ask  the  further 
question:     "Just  how  accurate   Is  the  value   .87475?"  Of 
course  we  cannot  hope  to  answer  this  question  exactly, 
for  if  we  could  we  would  merely  correct  the  computed 
value  and  get  the  exact  value  of  sin  61°.     What  we  want 
Is  an  "error  bound,"  a  number  B  (presumably  small)  for 
which  we  can  prove  that 


s  I 


n  61°  -   .874751    <  B. 


Such  an  error  bound  could  be  obtained  by  a  more  careful 
examination  of  the  quantity  cosK,  but  it   is  easier  to 
apply  the  extended  MVT.     This  gives  us 

sin  b  =  sin  a  +  (b  -  a)cos  a  +  ^  (b  -  a)2(-  sin  €), 

or 

sin  61°   =   .86603  +  (.5)   -  |  ij^)^s\nK  , 

from  wh I ch  we  get 

|sln   61°  -   .874751    <  ^  (j^)^   <    1.6  x  lO"'. 

Since  certa  i  n  ly^^  I  s  i  n  ?|   <  I. 

Do  we  want  more  accuracy?     Simply  use  the  next  case 
of  Taylor's  Theorem: 
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sin  b  =  sin  a  +  (b  -  a)   cos  a  +  y  (b  -  a)^(-  sin  a) 

+  ^  (b  -  a)3(-  cos  5) 
=   .  86603  +  (.5)   +  7  86603)  + 

=   .86596  +  E 

where   |e|    <  ^  ^J^)^  <  3  x   lO"^.     For  still  higher 
accuracy  we  merely  use  more   terms    in  Taylor^s  Theorem* 

Figure  5-2  gives  a  graphic   interpretation  of  these 
results.     We   replace  61°  by  x  and  consider  the  two 
approxi  mati  ons 

yj    =  sina+(x-'a)cosa 

and 

y^  =  sin  a  +   (x  -  a)   cos  a  +  -j-  ( x  -  a)^(-  sin  a). 

The  first   Is   the    linear  approximation,   given  by  the 

tangent    line.     This   is  the  "best"    linear  approximation, 

in   the  sense  that   if  yg  =  p  +  qx  is  any  other  first 

sin   X  -  y . 

degree  approximation  then    Mm   =  0:   that  is, 

X"^  asinx^yQ 

the  error  sin   x  -  yj,   Is  an  order  of  magnitude  smaller 
than   the  error  sin   x  -  y^.      In   the  same  sense  y2  shown 
by  the  dotted   line   In  the  figure.   Is  the  best  quadratic 
approximation   in  the  neighborhood  of  a. 


F  i  gu  re  5-2 


The  replacement  of  a  function  by   its   linear  approxi- 
mation  is  a  very  common   device   in  applied  mathematics.  Quite 
frequently  when  a  model   of  a  physical   problem   is  first  set 
up   it   is   too  complicated  for  mathematical   analysis.  It 
mu5t  then  be  further  simplified,   and  one  way  to  do  this  is 
to  "linearize"   some  or  all   of  the  functions  that  appear  in 
It,     For  example,  when  one  sets  up  the  equation  for  the  motion 
of  a  simple  pendulum  swinging  through  a  small    angle,  the 
function  sin  6  comes   into  the  equation.     This  equation  is 
impossible  to  solve   in  elementary  terms,   so  one  linearizes 
1 1  by  rep  1 acl ng  sin  6  by 

sin  0  +  (e  -  OXcos  0)  =e, 
and  with  this  modification  the  equation   is   readily  solved  to 
give  simple  harmonic  motion. 
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Of  course   linearization   introduces  an  error,  which 
depends  on   the  size  of   the  neglected  term       ( x  -  a)2f"(C) 
in  the  EMVT,    in  addition   to  whatever  errors  we  re  involved 
in  setting   up   the  model   to  begin  with.      It   is   up  to  the 
model   maker,    in  cooperation  with   the  mathematician,   to  de- 
cide whether  the  extra  errors  can  be  tolerated. 

It   is  worth  mentioning  that  one  nice  thing  about 
computers   Is   that  they  are  much    less   dependent  on  linearity 
than  classical   mathematical   analysis.     A  computer  will  solve 
the  pendulum  equation   Just  about  as  easily  with   sin  6    in  it 
as  with   sin  6   replaced  by  6,     On   the  other  hand,    in  neither 
case  will    It  tell   you  anything  about  the   relation  of  the 
solution  to  simple  harmonic  motion. 
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PROBLEMS 


A  wooden  cube,  supposed  to  be  3"  on  a  side,  was  found 

to  be  3.03".     it  was  brought  down  to  size  by  sandpapering 

off  the  excess.     About  how  much  material   was  removed? 

Using   linear  approximations,  find  approximate  values, 
with  error  bounds,   for  each  of  the  following: 

(a)  /TTTT 

(b)  tan  47° 

(c)  cos  I 

Compute         to  3  decimals  by  using  /5  =  |/5(T  and  the 
fact  that  ^  =  9. 

Since  the  attraction  of  gravity  falls  off   Inversely  as 
the  square  of  the  distance  from  the  center  of  the  earth, 
the  weight  of  an  object     h     feet  high   is  given  by 

w(h)   =  w(0)   , 

(R  +  h)2 

1,.. 

where  R  is  the   radius  of  the  earth  and  w(0)   the  weight 
of  the  object  at  the  ground. 


477 


(a)  We  ordinarily  use  the  approximation  w(h)   »  w(0)  . 
Show  that  for  an  object   100  miles  high  this   is  in 
error  by  about  3%  Cuse  R  =  4000  milesD. 

(b)  Show  that  for  the  same  object  the   linear  approxi- 
mation  is   in  error  by   less  than  0^2%. 

(c)  Show  that  the  quadratic  approximation   is   in  error 
by   less  than  0.0\%. 

(d)  How  high  could  one  go  before  getting  a   \%  error 
in  the   linear  approximation?     In  the  quadratic 
approximation? 

5.     (a)     Make  a  flow  chart  for  a  program  to  approximate 
sin  X  by  a  fifth  degree  polynomial    in  x,  for 
0  <^  X  <^  .5,  and  to  give  an  error  bound.  CUse 
Taylor^s  Theorem]. 

(b)     Write  the  program  from  (a)   and  use   it  to  conipute 
sin  X  for  X  =   .2  and  .5. 
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6,     Monotone  Funct I ons 


Between  an  adjacent   local   maxim  urn  and    local   minim um  a 
curve  steadily    rises    or  steadily  sinks  -  that  is,  the 
function    is  monotone.      It  seems  evident  that  a  tangent  to 
a  rising  curve  has  a  positive  slope,   and  conversely  that 
If  a  curve  has  a  positively  sloping  tangent  at  every  oolnt 
then   it   Is   rising.     We  shall   prove  the   correctness  of  these 
observations  and   relate  them  to  the  behavior  of  a  function 
at   its  Gxtremum  and  critical  pjints. 

We  shall   state  our  theorems  for   Increasing  functions 
and  positive  slopes,    leaving  to  the  student  the  statements 
and  proofs  of   the  corresponding  theorems   for  decreasing 
functions   and  negative  slopes. 

Iff    i  s   i  n  creas  i  ng  on 
an    interval   Cc,dll,   then  each 
chord  drawn  on  the  graph  of  f 
between   points   (x,   f(x))  and 
(x  +  h,    f (x  +   h) )   must  have 
I ts  slope, 

f(x  +  h)   "  f(x) 
h 

greater  than  or  equal   to  zero, 
regardless  of  the  sign  of  h. 


Hence 


f  »  (x)  =  Mm 


f(x  +  h)   -  f(x) 

 R  


>  0 


whenever  this   limit  exists. 

We  state  this  result  as 

Theorem   K     If  f   is   Increasing  on  Cc^dH  and  If  >.  is  any 
point  of   (c,d)   at  which  f*(x)   exists  then  f*(x)  >^0. 

Knowledge  of  monotonicity  thus  tells  us  something  about 
the  derivative.     Can  we  somehow  reverse  our  argument    and  use 
the  derivative  to  tell   us  about  possible  monotonicity? 
Example   I   of  Section  2  shows  the  nerd  for  caution, for  this 
function  has  a  negative  derivative,  -x         at  all  points 
except  X  =5  0,  and   it  certainly   is  not  decreasing  over  the 
interval.     We  obviously  need  to  say  something  about  a  I  I 
points  of  the  interval. 

Theorem  2,      If  f    is  continuous  on  Cc,dl]  and   If   f*(x)   >^  0 
for  all    X   in   (c,d)   then  f   is   increar>ing   in  Cc,dl], 

Proof  ♦      If  p  and  q  are  any  two  points   In  Cc,dl],  with  q  >  p 
we  have  by  the  MVT, 

f(q)   -  f(p)   =   (q  -  p)f , 
By  assumption  fMe)  ^  0,  and  so  f(q)   >^  f^p)t 


Theorem  2,   but  not  Theorem   i,    is  true   if   f'(x)   >.  0 
and  "Increasing"  are  re-piaced  by  f'Cx)   >  0  and  "strictiy 
Increasing."     We   leave  to  the  student  the  verification  of 
this  statement. 

« 

Example   i.     Determine   the  behavior  of   the  function 

.3 


f(x) 


x2    -  I 

With   regard  to  domain  of  definition,    local   extrema,  critical 
points,   and   domains  of  monoton I c I ty .     Use   this  Information 
to  graph   the  function.     The   discussion   of  this  example  Is 
divided   into  several    parts,,   each   devot-.d   to  one  aspect  of 
the  function's   behavior.     Be  sure  you   understand  each  part 
before  going  on  to  the   next  one. 

(a)  First  of   all    It   Is  evident  thnt  the  function  Is 
defined  and   d i f f e ren t i ab I e  for  all    values  of   x  except  -I 
and    I.     Hence  the   three   intervals   (-»,-!),    (-1,  (i.-^ 
must  be  considered  separately. 

(b)  The  critical    points  are  the  solution  of   f'(x)   =  0, 

S  I  n  ce 

(x2   _    I)    D^x3   -   x3   D     (x2   -  1) 
f  '  (  x)    =  —  


(x2    -  1)2 

(x2   -    I)    3x2   .  x3(2x) 

(x2    -  1)2 


x2(x2  -  5) 
(x2    -  I) 


9 

2 
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the  critical   points  are  -/T,  0,   /7  • 

(c)     f   is  monotone   in  each  of  the   intervals   (-~,   -/T)  , 
(•./7,  -I),   (-1,  0),   (0,    I),   (I,   /T),   (/T,  To  determine 

where  f   is   increasing  and  whero  decreasing  we  need  check 
f'(x)  at  only  one  point   in  oach   interval,    for  fMx)  cannot 
change  sign   in  one  of  these   intervals.     We  easily  see,  with- 
out  bothering  to  compute  oxact  values  of   fMx),   that  for 

X  =       -2,-1 ,5,-, 5,    .5,    1,5,  2, 


f'(x)    is       +  -,  +,  • 

Hence  f   Is   increasing  on   (-«>,  -/T)   and  ( /7,  «)   and  decreasing 
on  -  I  )  ,   (-  I  ,    I  )  ,   and   (  I  ,    /T)  , 

(d)     Coming  now  to  the  extroma,   note  that  with  no  further 
computatior*  we  can  te  I  I 
that  -/7  i  s  a   I  oca  I 
maximum  point,   /7  i s  a 
local   minim um  point,  and 
the   remaining  critical 
point,  0 ,    is  not  an 

extremum  point  at  all,   

However,   to  graph  the 
function  we  do  wish  to 
compute   its  values  for 
all    significant  values 
of  X,   and  we  find 


1 
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Figure  6-2(a) 
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X 

-/7 

0 

f  (x) 

0 

3*^/2 

Note 

^hat  the 

1  oca 

1  maxi 

mum  Is  less  than  the  local 
minimum.     (Figure  6-2(a)). 

(e)     To  draw  a  good 
picture  of   the   curve  we 
need  two  more  b I ts  of 
I nicrmatlon .     First,  how 
does  the  function  behave 
in  the  neighborhood  of  the 
points  where   It   Is  not 
defined?     To  see  what 
happens   near   x  =    i  put 
X  =   I   +  h  and  express  y  as 
a  function  of  h.     We  get 


Y  = 


(I  +  h)  3 
h(2  +  h) 


Now  for  very  smg  I  1 
values  of  h, 

(I   +  h)3/(2  +  h)    is  approxi- 
mately J,   and  so  y  behaves 
much    I  ike  (Figure  6-2(b)) 


-1 


/ 


"7 


/ 


W 


// 


/ 


I  / 


/ 


Figure  6-2(b) 
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(f)     Finally,   what  happens  as  x       «;    Ice.   as  x  gets 
larger  and    larger  without  bound?     To  see  this  divide 
numerator  and   denominator  of   f(x)   by   x   ,   where   k   is  the 
smaller  of   the   degrees  of  the  two  polynomials.      In  our 
case   these   degrees   are  3  and  2,   and   dividing   by   x^  gives 

f(x)   =   . 

Now  as  X  Ij-      0,   and  so  for   large  values  of   x,  f(x) 

is  ap  p  rox  imately  x,    (Figure  6- 2(b)). 
(We  can   do  better   if  we  wish, 


f(x)  - 


which  is  positive  for  x  >  0  and  negative  for  x  <  0.  Hence 
our'graph  lies  above  the  line  y  =  x  on  the  right  and  below 
it  on   the  left,) 


We  now  have  so  much    information  that  the  graph 
practically   draws   itself.     The  values  at  x  =  ±3/4,  i.e. 
y  =  ±1,   give  a    little  more   firmness  to  the  middle  branch. 
The  carefully   drawn  and   labeled  graph    is  shown,  in  Figure 
6-2(c) . 


Comments,  on  the  example. 

I.      Lines    like  y  =  x,   x  =    I,   and  x  =  -I    in  this  exampi 
are  ca  I  led  asymptotes  of  the  curve   (or  to  the  curve).  A 
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formal   definition  of  this   term   is  complicated  and    is  not 
needed   for  our  description  of.  graphs   so  we  me  rely   say  that 
an  asymptote   is  a    line  that   "gets  arbitrarily  close"  to 
the  curve  as  we  move  out  along  the   I  ine.     The  two  most 
common  ways  of  determining   asymptotes   are    illustrated  in 
(e)   and    (f);    i.e.    finding   the  behavior  oi    f(x):   as  x 
approaches  a  value  where  a  denominator  of   f(x)  becomes 
zero;    and  as  x       "     or     x       -«> . 

2.     Part   (d)    illustrates   the  second    important  method 
of  testing   for  a    local  maximum. 

Loca  I    Maximum  Test  2_.      Let   f   satisfy  the  same  conditions 
as    in  Test    I.      If   f'(c)    >  0  and   f'(d)    <  0  then     m     is  a 
local   maximum,   and  conversely. 

An   advantage  of  Test  2  over  Test    I    is   that  no 
functional    values   need   be  computed.     We  need  only  determine 
whether  f'(c)    and   f'(d)   are   positive  or  negative.     As  in 
Test    I,   c  and   d  may   be   chosen  wherever  convenient.   We  can 
even   avoid   using   any   particular  points;    for    instance,  in 
texting  x  =   /3  we  see  from  the   form  of   f'(x)   that    its  sign 
depends  only  on   the   factor  x^  -  3,   since         and   (x^   -  1)^ 
are  never  negative,   and   that  x^  -  3    is   negative    if   x  is 
slightly    less  than   /3  and   positive   if   x   is   slightly  more. 
Hence   /3   is  a    local    minimum  point. 
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3.      If  f  has  a  second  derivative  at  m  there   is  still 
another  test  that  tells   (in  most  cases)   whether  m  gives 
a  max? mum • 

Local    Maximum  Test  3.      Let  m  be  a  critical    point  of   f  at 
which   f"(m)   exists.   -  If   f"(m)    <  0   then  m   is   a    local  maximum 
point   (but  not  necessarily  conversely). 

f  '  (  x)   -   f '  (m)       PI     for  X 
Proof.     Since   f"(m)   =    l;m   ^—^   <  0,    for  x 


su 


fficiently   near  to  m  we  must. have 


fMx)   -   fMm)   _   f '  (x)    <  0. 
X  -  rn  X  -  m 

Taking  x   slightly    larger  than  m  gives  x  -  n  >   0  and  so 

fMx)    <  0.     Taking  X  slightly   smaller  than  m  gives   f'(x)   >  0 

By  Test  2,   m         then   a    local   max i mum- po i nt . 

,n  our  example  we  can   find   f(x)    by  writing   f'(x)  in 
the  form 


f'(x) 


-  3x2 


x"*  -2x2+1 


Then 

(^4   -   2x2        |)(4x3   -   6x)    -    (x-^    -  3x2)(4x3_-^4xl 
^"^^^    =  (x-*   -   2x2   +  ,)2 
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^  2x  (x^  -   l)C(x^  -   l)(2x^  -  3)'  -   (x^  -  3x^)2] 

(x^  -   I  )^ 

^  2x  (x^  3) 
(x^  -  1)3 

Indicating   the  signs  only,  we  have 

-   ( + ) 

at  X  =  -vo,       f"(x)   =  — ~        =  -   ,       therefore  a  maximum; 

at  X  =       ^       f"(x)   =  =  +   ,       therefore  a  minimum; 

at  X  =  0,       f"(x)   =  ^   =  0,       therefore  no  conclusion 

can  be  drawn. 

This  example   Illustrates  the  two  disadvantages  of  Test 
the   relative   difficulty   (In  some  cases)   of  getting  f"(x), 
and  the  fact  that  we  get  no   Information  at  all    If   f"(x)   =  0 
at  the   tested  point.   •  In   the    latter  case  the  function  may 
have  a  maximum,   a  minimum,  or  neither,   as   is  shown  by  the 
cases  -x^,   x^ ,   x^,     fgeve  rthe  I  ess ,    if  f"(x)    is  easy  to  find 
Test  3   is   usually  tried  first,   and  then  one  of  the  other  two 
In  case  of  failure, 

4,     To  graph  a  function   it   is   rarely  necessary  to  get 
all   the   information   that  we'  did   in  this  example.     On  the 
other  hand,   the  re  a  re  cases  where  additional    info rm at  ion 
may  be  needed.     How  much,   and  what  kind  of   information  is 
useful   depends  on  the  particular  function,  but  also  on  our 
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reason  for  drawing  the  grai5h.'    A  graph,   after  all.   is  simply 
a  method  of  describing  a  function  -  highly   inaccurate   in  a 
quantitative  sense  but  very  good  qualitatively  -  and  it 
should  teli    us  those  things  about  the  function  that  we  want 


-dx  we 


x2  + 


to  know.     For  example,   before  evaluating 
should  know  something  about  the  behavior  of  the  function. 
Where    is    it  negative;    is   i+  monotone;   does    it  have  extrema? 
However,   the   precise    location  of   a    local   extremum   is  of 
little    importance.     All    in   all.   considerable  practice  with 
a  wide   variety  of   functions   is   needed  before  one  acouires 
the  knack  of  quickly  sketching  a  given   function  with  a  de- 
gree of   roughness  appropriate  to  the  situation. 


PROBLEMS 

I.     Discuss  each  of   the   following   functions  with  regard 
to   iocai   extrema.   critical    points,   a  n  d -.doma-i-ns— o-t -.. - 
monoton i ci ty.     Sketch   the  graph  of  each  function. 

a)  f(x)   =  X  -  x2 

b)  f(x)   =     ^  -  ' 

x2  +  3 

c)  f(x)   =  /9  -  x^ 

d)  f(x)   =   (X  -  3)  /x 


r-i.  2: 

C-«.  +") 
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e) 


f  (x) 


3x  +  I 


[-4,  -1] 


f  ) 


f  (x) 


+  X  +  3 


f  (x) 


x^  +  6x^ 


h) 


f  (x) 


2  cos  X  +  cos  2x 


[0,  2irJ 


2.  Find  a!l    the  critical   points  of   f(x)   =  x  +  sin  x. 
Prove  that  this  curve   is  always   Increasing  and  hence 
has  neither  a    local   maximum  or  minimum.     Sketch  the 
cu  rve . 

3.  Find   constants  a,   b,   and  c,   so  that  the  curve 

y  =  ax^  +  bx  +  c  goes  through  the  point  (3,0)  and  has 
a    local   extremum  at  (1,2). 

4.  Show  that   (8,3)    is  the  point  of  the  curve  x^  -   8y  =  0 
closest  to  the  point  (2,11). 

5.  Graph  y   =   /x  +  •!    -   /x     (See  Problem  3  Section  4). 

6.  The  cost  of  manufacturing     x     articles  Is 

c(x)   =   a  +  bx.   And  they   can   be  sold  at  a   price  p(x), 
given  by   p(x)    =  m  -  nx.     Show  that  the  profit   is  a 
.   maximum  when     x  =   (m  -  b)/2n. 
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Exi  s fence  of  £  Maxlfnufn> 

Theorem^  On  a  closed  interval  a  continuous  function  has  a 
maxi  mum* 

Let  f   be   continuous  on  Ca,bD,     We  wish   to  show  the 
existence  of  a  point  m   in   Co,bD  such   that  f(m)   >^  f(x)  for 
any  x   in  Ca,bDt     Our  procedure  will    be  to  construct  an 
algorithm  to  determine  such  a  point  m   if  there   is  one,  and 
then  to  prove  that  the  determined  point  does  have  the  requ 
property.     The  continuitv  of   f  wi  I  I    be  used  only   in  the 
latter  step       the  algorithm  converges  whether  or  not  f  is 
con t  i  n  uous • 


The  a  I  gori  thm,  a  f I ow 


a,  ^  a 
L  <—  I 


chart  for  which   is  given  in 


Figure  7-1 


Is  a  V3  r i  a t  i  on 


C4-^a5+bO/2. 


of  the   familiar  bisection 


process,  the  criticQtl  step 
being  the  branch  condition 


C  sraTeMenT  M  J) 


which   tells  us  whetier  we 


choose  the   right  or  the 


left  half  of   the  b  i  sected 


segmen  t • 


Th  i  s  condi  t ion 


Is  the   fol lowing: 


F  \  gu  re  7-  I 
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statement  M  :   There   Is  an  x  In  L^.  ,  c]  such  that  f(x)  >,f(y) 


If  there  Is  such  an  x  we  choose  the  half-segment  containing 
that   Is,   the    left  half;    If   not  we  choose  the   ripht  half. 

Statement  M   Is   rather  complicated  and   deserves  some 
discussion.     But  for  the  present  we  make  only   two  comments: 
first,   at  each   step  statement  M   Is  either  true  or  false, 
that   Is,   either  there   Is  such  a  point  x  or  there  Isn't; 
second.    If  f   has  a  maximum  on  the   Interval   Statement  M  will 
select  the  h a  I f - I n te rva I    containing  the  maximum   (It  will 
select  the    left  h a  I f - I n te rva I    If  both   contain  a  maximum). 

The  proof  that  the   sequences   aj.  ...   and  bj,   b^ , 

satisfy  the  conditions  of  our  Axiom  of  Continuity  and  so 
converge  to  a  point  m  Is  the  same  as  In  earlier  applica- 
tions of  the  bisection  process  and  we  shall    not  repeat  It, 

We  have   now  to  prove  that  f(m)   >^  f(x)    for  any  x  in 
Ca,b].'    Let  x  =  Xj    be  any   such   point.      If  Xj   =  m  the 
Inequality    is   certainly  true,   so  suppose  Xj   ^  m.  There 
must  be  a  step   In  the  algorithm  at  which   Xjand  m  are 
separated,    i.e.,  one   In  a    left  h a  I f - 1 nts rva I    and  one   in  a 
right.     Now  at  this  point  the  algorithm  chose  the  half- 
interval    containing  m,   not  Xj,   and  so  there  must  be  an  X2 
In  the  same  ha  I f - I n te rva I    as  m  with   f(x2)  ^  f(X|). 


for  any  y   in   Cc ,  b . 3. 
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Now  we  proceed  with   ^2  Just  as  we  did  with  Xj,  If 
X2  =  m  then  we  have  f(m)       f(X|)   as  desired;    if  not  there 
is  some  further  step  at  which         and  m  are  separated  and 
there   is  an  x^   in  a  smaller  sub-interval   with  m  such  that 
fCx^)   >.f(x2).     Continuing  the  process  gives  us 

f  (X|  )       f  (X2)   1  f  (Xj)  1  ... 

If  the   process  stops  with   x^  =  m  we  have   f(X|)   <.  f(m)  as 
desired.      If   not  we  have  a   sequence  Xj,   X2,    ...  which 
converges  to  m  (details  of  proof   left  to  the  student). 
S I  nee   f    i  s  a   cont  i  n  uous   function   f(X|),   f(x2),    ...  £°!1~ 
verges  to  f(m).     Since  each   f(x^)   >_  f(x,)    it  follows 
(Section   2-4,   problem  5(a))   that  the    limit  f(m)  ^f(x,), 
as  was   to  be  proved. 

Note   that  continuity  of   the  function   comes    in  only  at 
the  very  end.      It   is  a   useful   exercise  to  carry  through 
the  steps  of  the  proof  up  to  this  point  for  Example  2-1 
and  for  Example  2-2  extended  to  the  closed    interval  by 
f (-1 )    =   f ( I )   =  0. 

We  have   said   that  Statement  M   Is  either  true  or  false, 
but  the  question   arises  "How  do  you  tell?"      In   some  special 
cases,    like  Examples   2-1    and   2-2,    it   is  easy  enough,   but  is 
there  a  general   method  that  will   work  for  any  function,  or 
at   least  any  continuous   function?     The  answer  is   "no,"  the 


basic  trouble  being  that  we  would  have  to  consider  an 
Infinite  number  of  x's  and  an   Infinite  number  of  y's 
and  this  can't  be  done   in  a  finite  time.     Because  of 
this  situation  this  proof  of  the  existence  of  a  maximum 
point  m  Is  said  to  be  "non-constructive."     It  has  been 
proved  that  this  state  of  affairs  cannot  be  avoided  - 
any  proof  of  the  existence  of  a  maximum  is  necessarily 
non-constructive.     This,  of  course,   does  not  prevent 
us  from  using  our  knowledge  of  the  exl stence  of  a 
maximum  to  help  us   in   finding  ways  to   locate  the  maximum 
which   is  exactly  what  we  did   In  Sections  2  to  5. 


Chapter  7 
THE   CHAIN  RULE 

I  .     PI f f erenti  at  ion  of  Compos  i  te  Funct Ions 

In  Chapter  5  we  developed  formulas   for  comp u 1 1 ng 
derivatives  of  certain  basic  functions,   notably  x",  sin 
and  cos  x.     Theorems  2  to  6  of  Sections  5-6  enable   us  to 
differentiate  complicated   functions   formed   from  these  by 
the  four  arithmetical   operations.     But  these  will  not 
even  enable   us   to  d I f f e re n 1 1  ate  the  simple  function 
f(x)   =  /4  -  x^  which  arose   In  Chapter  2   In  consideration  of 
a  circle.      Is   this  the  best  we  can  ever  hope  to  do?     No,  we 
can  certainly   derive  other  basic  formulas  as   is   done   in  the 
last  problem   In   the  Chapter  5,   by  clever  tricks;  or  we  can 
go  back  to  the   definition  of  a  derivative  and  try  to  derive 
other  formulas,   as  we  did   for  sin  x.     But  such  methods  turn 
out  to  be   unnecessary   unless  we  encounter  completely  ^ew 
types  of  functions. 

The  secret   lies   In   the  one  derivative  theorem  we  have 
not  yet  developed,  the   formula  for  the   derivative  of  a 
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composite  function.  Take  the  function  f(x)  = 
Introducing  the  functions 


g(x)   =  4  -  x^,       h(y)   =  *^  , 


enables  us  to  write  f(x)   =  h(g(x)).      If  we  can  express 
f*    in  terms  of  g'   and  h'   we  will   have  what  we  want,  for 
g'    and  h'   can  easily  be  calculated   (for  h'   see  Example  2, 
Section  5-4).     The  Chain  Rule  tells   us   how  to  do  this. 

How,    in  general,   would  we  go  about  getting  the 
derivative  of   f(x)   =  h(g(x))   at  the  point  a?     By  definition 

X  I  .    N        .  •      "f  (x)   -   f(a)        ,  .  „  h(q(x)  )   -  h(g(a)  ) 

f  M  a  )   =     I  m    =    I  I  m  — 2   ■  ^  

x^a         X  -  a  x^a  x  -  a 

Let  y  =  g(x)   and  b  =  g(a).     Then  we  are   tempted  to  say; 
since  certainly  y  ^  b  as  x  ^  a; 

X .  .    N        I  •     h(y)   "  h(b) 

f  »  (  a)   =   I  I  m   i—  

x^a        X  -  a 


hCy)   -  h(b)       g(x)   -  g(a) 
U§       \  -  b   X  -  a  


=   Mm  hty)   ■  h(b)  cfix)   -  g(a) 

x-^a         y  -  b  x^a         x  -  a 

=   no  hCy)  -  h(b)  c,(x)  -  g(a) 

y-^X)         y  -  b  x^a         x  -  a 

=  hMb)g'(a)   =  hMg(a))gMa). 

Unfortunately  this  "proof"   resembles  the  one   in  aerodynamics 

about  which    It  was  remarked  that  all   the  steps  were  wrong 


except  the   last  one.     The  trouble   Is  that  as  x  ^  but 

always  with  x  ?^  a,  we  do  have  y       b ,   but  not  necessari.ly 

with  y  ?^  b,      (If  you  want  an  example  consider  the  function 

g(x)   =  X  sln(l/x),)     This  makes   It  meaningless  to  write 

,  ,     h(y)   -  h(b) 
x-^-a         y  -  b 

since  the  denominator  may  be   zero  and  the  function  not 
defined  for  values  of  x  arbitrarily   close  to  a.     For  the 
same   reason  we  cannot  replace  J^^m  by  ^^rg. 

In  spite  of   Its   inaccuracy  this  "proof"   Indicates  why 
the  chain   rule  has  the  form   it  does,      (The  aerodynamics 
"proof"  has  the  same  virtue.)     Our  problem   Is  now  to  fix 
up  our  "proof"  by  finding  a  way  1o  eliminate  the  division 
by  y-b.     We  do  this  by  a  simple  trick  that  gives  a  formula 
that  will    be  useful    later  on. 

S I  nee  ,  by  def I n 1 1 1  on , 

f(x)   -  f(a)   ^  ,,(3) 
x->a         X  -  a 

If  we  define 

,      .  f(x)-f(a)  4:|/=»\ 

z(x)   =  f  '  (a) 

A  a 

then   ^I^m  z(x>   =  0.     z(x)    is  not  defined  at   x  =  a,   so.  In 
consideration  of  the    last  equation,  we  define  z(a)   =  0. 


Then  ..z,(x)  I  s,  cont  I  nuous  at  x  =  a.  This  result  is  Important 
enough  to  be  stated  formally. 


Lemma.     If   f   Is  d i f f e ren t i ab I e  at  a,  then  there   Is  a 
function         defined  and  continuous  wherever  f   Is,  and  with 
z(a)   =  0,   such  that 

f(x)   -  f(a)   =   (x  -  a)Cf»(a)   +  z(x)D, 

We  can  now  easi ly  prove  the  Chain  Rule, 

Theorem    I,     Let  f(x)   =  h(g(x)),  where    9    Is  dlffer- 
entlable  at  a  and  h    is  d i f f e ren t I ab I e  at  g(a).     Then   f  Is 
dif ferentlable  at  a  and   f»(a)   =  h » ( g ( a ) ) g » ( a )  , 

Proof ,     Apply  the  Lemma  to  the   function  h,  using 
b  =  g(a)    Instead  of  a  and  y  =  g(x)    Instead  of  x.     We  get 

h(y)   -  h(b)   =  (y  -  b)Ch»(b)  +  z(y)D, 
with   z(b)   =  0,  Then 

f(x)   -  f(a)   ^  h(y)   -  h(b) 
X  -  a         "         X  -  a 

=  Y  "      Ch»  (b)  +  z(y)D 
X  "  a 


=  g(x^  :  g^'^Ch'Ch)  +  z(y)D. 


X  -  a 
Now 

llmz(y)=z(limy)=z(b)=0, 
x->a       '  x-^a 

since  z(y)    Is  continuous   (see  page  388),  And 


g(x)  -  g(a)  ^  ,( 
x-Va         X  -  a  ^ 


x->a         X  -  a 
by  definition  of  g'(a)«  Hence 


M  m  liii2_I_iilL  =  h'(g(a))g'(a), 
x-Va         X  -  a  3         »  » 


which  proves   the  theorem. 

If  one  wishes  to  think   in  terms  of   functions  rather 
than  values  at  a  point,   the  following  formulation  Is 
conven I  en t • 

Chain  Rule>      If  f(x)   =  h(g(x))   then  f'(x)   =  h ' ( g ( x ) ) g ' ( x ) 

for  all   values  of   x  for  which   the   indicated  derivatives  exist< 

Examp I e    I >     Find  the  equation  of   the    line  tangent  to  the 
circle  at  the  point  (3,4). 


This  problem  can  be  done 
by  analytic  geometry,  since 
the  tangent  to  a  circle  has  a 
a  special   property.  The 
slope  of   the   radius   to  the 
point  (3,4)    is  4/3;  hence 
the  slope  of  the  tangent, 
perpendicular  to  this  radius, 
is  -3/4,   and  the  equation  of 
the  tangent  i  s 

3 


y  -  4  «  -^(x  -  3)  , 


o  r 
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2  2 
X  +Y  =2S 


F  I  g  u  re    I  -  I 


3    ^  25 


To  avoid  using  this  special   property  of  the  circle 
get  the  slope  of  the  tangent  as  a  derivative.     The  point 
(3,4)    lies  on  the  upper  semicircle,  which,  as  we  saw  in 
Chapter  3,    is  the  graph  of  the  function 

f(x)   =  /25  -         ,       X  in  C-5,53. 

Now  f(x)   can  be  thought  of  as  h(g(x)),  where  g(x)   =  25  - 

I  -1/2 

and  h(y)   =  /y  .     Then  g'(x)   =  -2x  and  h'(y)   =  ij-y 
Applying  the  chain  rule  gives 

f ' (X)   =  h' (g(x) )g' (x) 


=  ^(25  -  x2)"^/^(-2x)   =  -X//25  - 

For  X  =  3  this  gives  for  the  slope  of  the  tangent  line 
fi(3)   =  _  ^  ,   as  before. 


Example  2.  To  differentiate  sin  \  I  ^  we  consider  this 
function  as 

f    ^         I    -  X 
f(x)  =  h(y)  =  sin  y,      y   =  g(x)  =   |  +  ^  • 

It  is  convenient  to  use  y'  to  represent  g'(x).  Then  we 
w  r  i  t  e-— 

,    (I   +  X ) (-1)   -  (I   -  x)(l) 

f'(x)   =   (cos  y)y'   =   (cos  y)  

(I   +  x) 2 


-2  I  -  X 
  cos 


(I   ^-  x)^  '   "  ^  • 
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Example  3«     Differentiate  sin^  /x=^  +   I  .    Note  first  that 
f(j^)  =  y2   ^  y   ^  sin/x2  +   I    ^  so  that  f'(x)  =  2yy'.  Now 
y  =  g(x)   =  sin   z,   z  =  /x^  +   I    ,  and  so  y'   =   (cos  z)z'. 
Next  z  =  /w   ,  w  =  x2  +   I ,  so  z'   =  ^w"^^^w',   and,  finally, 
w'   =  2x.     Putting  all   this  together  gives 

f'Cx)   =  2y(cos  z)  (^"^^^)  (2x) 

=  2(sin  /x2  +   I ) (cos  /x^  +   I )  — „ '  (2x: 

2/x2  +  I 

=       ^  2 (sin  /x^  +   I ) ( cos  /x^  +  1) 

/x^  +  I 

^  sf n(2/x2  +   I ) . 

/x^  +  I 

The   last  two  steps  of   this  example  are  algebraic  sim- 
plification.     It  is  often   important  to  get  the  derivative, 
which  may  at  first   look  extremely  complicated,    into  a 
reasonably  compact  form  -   if,   indeed,  this  can  be  done  at 
all.     Simplification  of  the  answer  is  therefore  an  important 
part  of  any  differentiation  problem.      It  may  be  the  hardest 
part,   since  there  are  almost  no  rules  for  guidance  and  one 
must  rely  on  his  own  experience  and   ingenuity.     With  the 
chain   rule  and  the  theorems  of  Chapter  5  formal  differentia- 
tion becomes  a  straightforward  process  that  can  be  programmed 
for  a  computer  without  much   difficulty.     But  so  far  nobody 
has  come  up  with  an  effective  program  for  simplifying  the 
results. 


501 

510 


One  general   rule  that  Is  often  useful    Is  the  following: 
If  an  expression  appears  as  a  factor  of  two  or  more  terms, 
to  possibly  different  powers,   factor  It  out  of  these  terms 
to  the  smallest  power  to  which   It  appears. 


Example  4.     Find  the  critical   points  of  y  =     x^  /l -  x^ 
and  test  them  for  local  extrema. 

We  start  by  treating  this  as  a  product  of  two  functions, 
giving  us 


fUx)   =  3x2  /I   -  x2  +  x^D  /I   -  x2. 


X 


As   In  Example   I,  D  /I   -  x^  =  -x(  I   -  x^-)"  , 


so 


f'Cx)    =    3x2(1    «    x2)^/^    -    X**(l    -  x2)"^/^ 

—  1/2 

Our  rule  says  to  factor  out         and  (I   -  x^)         ;   this  gives 


f»(x)   =  x2(|   -  x2)"^/^C3(l   -  x2)  -  x2: 


x2(3  -  4x2) 


f'(x)  «  0  for  x=0  and  ±/T/2  ,  We  certainly  do  not  want 
to  find  the  second  derivative,  so  Test  2  seems  the  best. 


x^  and  /l -  x^  are  always  positive,  so  f*(x)  can  change 
sign  only  at  -/T/2  and  +/T/2.     Evidently  f»    Is  positive 
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If    |x|   <  •^/2  and  negative  if   |x|   >  /7/2  ,  so  -/T/2   Is  a  local 
minimum  point  and   /T/2  a    local   maximum  point.     x=0   is  neither, 
since  f(x)    increases  on  both  sides  of  it.      A  rough  sketch  of 
the  curve  is  given  in 
Figure  1-2. 


-1 

Figrre  1-2 


Let  us   return  for  a 
moment  to  the  statement 
of  the  Lemma,  Writing 
this  equation   in  terms  of 
Increments   (Chapter  6, 
Section  5)  we  have 
(  I  )  Af (a)   =  f * (a)Aa  +  z(x)Aa. 

Compared  with  the  approximation 
(2)  Af(a)   «  f»(a)Aa, 

we  see  that  the  error  in  the  approximation   is  Just  z(x)Aa. 
Since  z(x)       0  as  x      a  this  Justifies  our  use  of   (2)   as  an 
approximation   independently  of  the  complicated  machinery  of 
Chapter  6.     What  Chapter  6  does   is  to  give  us  expressions  for 
z(x)   that  can  be  estimated  quantitatively,  either 


by  the  MVT,  or 


by  the  EMVT. 


z(x)  =  f » (5)  -  f • (a)  , 


z(x)       ^f"  (5)Aa, 
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PROBLEMS 


I.     Differentiate  each  of  the  following  functions  and 
simplify  if  poss  i  b I e 


(a 
(b 
(c 
(  d 
(e 
(  f 

(g 

(  h 
(  i 

(J 
(  k 

(  I 
(m 


(I   -  X) 10 


(2  -  x-^-^ 


( x3   -  4)5 


(  X  +  I) 


5/2 


□    ,    (,    ,  ,2,5/23.3/2 


(3  -  2x) 5( 3x2  +  4)3 

.3 


(x3  +  2x  +  I  y 
x2    +    I  / 


/I    -  x2 

x/x 


+  4 


cos  3x  -  2  sin  x 
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(n>     (5  ,  x)   cos        +  2x2  sin  x** 


(o)  si^  (cos^x)  cosCsin^x) 
(P'  ls]n  (sin  x)] 


<i«  +  3)^(x2  +  2x  +   i  )  3(x2  +  4) 


( v)  I4 

(w)     X  s,n  X 

2,     Fif'^  ^'rst  a"^  second  derivative  of  each  of  the  following 
functio^g^ 


+  I) 


SOS 


erJc 


4. 

I 

5. 


6. 


( c)  (sin  X  +  cos  x) 2 

(d)  tan  3x 

(e)  x^  sin  2x 

( f )  /tan  X  +  cot  X 

Do  Problem   II,  Section  5-6,  by  using  the  chain  rule. 

If  f  is  an  even  function  (See  Problems  2  and  3,  Section 
3-8)   prove  that  f    is  an  odd  function,  and  vice  versa. 

Prove  that  if  f   is  d i f f e ren t i ab I e  at  0,  then  0   is  a 
critical   point  of  the  function  g(x)  =  f(x3). 

Find  the    local   extrema  and  draw  the  graphs  of  each  of 
the  following  equations. 

(a)     y  =  X  /I  -  x2 


(a)  A  ray  of  light,  passing  from  A  to  B  by  reflection 
In  a  mirror  at  some  point  C,   takes  the  path  that  makes 


^15 
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the  total    length  of  path, 
AC  +  CB,  as  short  as  possible. 
If  the  relative  positions  of 
A,  B  and  the  mirror  are  as 
Indicated   in  the  figure  show 
that  X  =    10,  and  that  a  =  3. 

(b)     Replacing  the  specific 
numbers   10,  5  and  30  by  a,  b 
and  c,  show  that  In  al !  cases 
we  have  a  =  e.     [ I t   i  s  not 
necessary  to  solve  for  x  to 
show  th  i  s • D 


lO 

N 

B  B 

c 


(Conceived  while  trying  to  cross  a  s  treet),Be  i  ng   late  for 
clas%  I   am   i n  a  tremendous  hurry  to  proceed  along  the 
path  W,   across  the  street,  and 
because  of  a  fence   I   must  go 
through  the  gate  G.     On  this  - 
side  there   is  no  such  re- 
striction.    Traffic   is  heavy, 
and   I   see  that  the  first  break 
will   come  when  the  right  rear 
corner  R  of  a  certain  car  moves  past.     I  therefore 
station  myself  slightly  "up-stream,"   ready  to  dash  to 
G  as  soon  as  R  passes  me.     If  my  velocity   is  v  and  the 


car's  Is  V,  with  V  >  v,  where  should  I  stand? 
Ans,    'so  that  sin  a  =  v/V. 


9.     What  Is  the   length  L  of  the 
longest  straight  horizontal 
rod  that  can  be  moved  around 
a  corner  In  a  passage-way  of 
width  w?     [Hint   I .  Find, 
1 nstead,   the  wl dth  w | , 
necessary  to  contain  a  rod 
of   fixed   length  L  moving 
around  the  corner.  Then 
determine  L  so  that  W|   =  w. 
Hint  2 •     You  may  find  it 
convenient  to  use  the  angle  e  as 
the   Independent  variable] 


yyyyyyyyyy /////////// 


10,     If  you  got  the  rod  around 
the  corner  you  might  try 
getting  a  desk  of  size  L  x  W 
around  the  same  corner, 
Formu I  a te  a  reasonab I e 
question  and  answer  it. 
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2.      I mp I  I cl t  Functions 

There  Is  an  easier  way  of  doing  Example  I  above. 
Instead  of  actually  solving  for  y  as  a  function  of  x  we 
merely  Imagine  that  y  has  been  solved  for,  writing 
y  =  f(x)   without  further  specification.     We  say  that  we 
are  treating  y  as  an   Imp  I  1 cl t  function  of  x.    In  contrast 
to  the  exDl  Id  t  function  »^25  -         that  was  used   in  Example 

On  the  upper  semicircle,  or,  more  particularly.  In 
the  neighborhood  of  x=3,  we  now  have 
( I )  x2  +  [f (x)n^  =  25 

identically   In  x,  with  f(3)  =  4. 


To  say  that  (I)    is  true  "identically"  means  that  for 
every  value  of  x  the   left  hand  side  of  the  equation  has 
the  same  value  as  the  right  hand  side.     Or,    In  other  words, 
the  function  g  defined  by  g(x)   =  x^  +  [fCx)]^   is  the  same 
function  as  the  one  defined  by  h(x)   =  25,    i.e.,  g=h. 
Hence  g'=h';   that  Is,  we  can  differentiate  both  sides  of 
(1)   and  obtain  another  Identity.     This   is  the  essence  of 
the  method  of  differentiating   Implicit  functions. 

Differentiating  (I),   using  the  chain   rule  to  handle 
Cf(x)Il^,  gives  the  Identity 

2x  +  2f (x)f ' (x)  =  0. 


509  ^ 


Now  putting  x«3  gives,  since  f(3)  «  4,  our  familiar  result 
f'(3)   »  -3/4, 

We  usually  abbreviate  this,  as   in  Example  2  above,  by 
using  y'   Instead  of  fMx),     Thus  from  x^  +  y^  «  25  we  get 
at  once  2x  +  2yy'   =  0,  and  so  in  general   y»   =  -  x/y.  Note 
that  this  form  applies  as  well   to  the   lower  semicircle  as 
to  the  upper;   for  example,  the  slope  at  ( 2 , -/2 I )  is 

«2/(-/7T)  =  2//rr  . 

Example   I,     The  graph  of  x^  +  y^   »  3xy  Is  shown  In 
Figure  2-1.     The  point  P:(l,.348)   was  found  by  solving 
I  +  y3  =  3y  by  an  approximation  method   like  that  of 
Chapter  3,  Section  2.     We  wish  to  find  the  slope  of  the 
curve  at  P. 


Y 


heavy  part  of  the  curve. 


for  all   X  In,  say 


f (  I  )  =  .348  and  such 


differentlable  function 


f(x)   such  that 


suggests  that  there  is  a 


The  f I gure  strong  I y 


I f  we   let  y  des I gnate 


Figure  2-1 


this  function  and  y'    Its  derivative  then  by  differentiating 
X*  +  y'  ■  3xy  we  get 

(2)  3x2  +  3y2y»  u  3(xy '  +  y) . 

The  expression   In  parentheses  comes  from  the  derivative  of 
the  product 

D  (xy)  =■  x(D^y)  +  (D  x)y  =  xy'  +  ly, 
or  more  precisely,  avoiding  abbreviations,  from 
D  (xfvx))  =  xf  (x)  +  f(x), 

X 

Solving  (2)   for  y'   then  gives  us 

(3)  yt   =  Y  "         =   .742  at  (l,.348), 

y^  -  X 

Having  turned  the  crank  to  get  the  answer  we  must  now 
be  critical   and  ask  whether  the  process  Is  actually 
Justified,     Is  there  really  such  a  function  as  f(x),  or 
are  we  being  misled  by  a  picture?     How  do  we  know  that  as 
X  changes  from  the  value   I   the  equation  y'   -  3xy  +  x  =0 
has  a  root  In  y  that  changes  continuously  and  d I f f e ren t I ab I y 
with  X?     The  answer  Is  that  there   Is  such  a  function, 
although   It  cannot  be  expressed  In  an  explicit  form  (Involv- 
ing real   numbers  only).     The  proof  of  the  existence  of  such 
a  function   Is  a  special   case  of  an   Implicit  Function 
Theorem  of  great  generality,  a  topic  for  Advanced  Calculus. 
In  this  book  we  shall   adopt  the  point  of  view  that  each  use 
of  Implicit  functions   Is  tacitly  preceded  by  a  remark  of 
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the  sort:     "From  graphical  cr  other  evidence  It   looks  as  If 
there  Is  an   Implicit  function  of  the  required  kind.  I 
shall   proceed  on  the  assumption  that  the  function  exists, 
knowing  that  my  results  are  dependent  on  the  truth  of  this 
assumpt I  on, " 

Example  2,     Find  the   local   maxima  of  the  curve  of  Examp I e   I . 

It  Is  fairly  obvious  how  we  want  to  define  a  local 
maximum  of  a  curve  given  by  an  equation   In  x  and  y;  namely, 
a   local   maximum  of  any   Implicit  function  of  x  defined  by  the 
curve.     If  f(x)    Is  any  such   function  then,   by  (3),  f'(x)   =  0 
only   if  y  =  x^.     Since  x  and  y  must  also  satisfy  x^  +  y3  «  3xy, 
we  get  the  possibilities  by  solving  these  two  equations 
simultaneously.     Eliminating  y  gives  x^(x^  -2)   =  0,or  x=0, 
and  correspondingly  y=0,   ?7  . 

(f7p   ^)    looks   like  a  reasonable  extremum-  we  shall 
test  for  a  maximum   later  -  but  (0,0)   certainly  does  not. 
For  one  thing,  although  the  numerator     of  f'(x)    Is  zero 
at  this  point  so   Is  the  denominator,  so  f^(0)    Is  not 
defined  by   (3).     You  might  maintain  that  there   Is  a  smooth 
piece  of  the  curve  that  goes  th rough  the  origin  tangent 
to  the  x-axIs  and  that  this  defines  an   Implicit  function 
having  x=0  as  a, local   minimum  point.     This,   In   fact.  Is 
the  point  of  view  of  the  branch  of  mathematics  known  as 
Algebraic  Geometry.     On  the  other  hand  the   Implicit  Function 
Theorem  mentioned  above  does  not  apply  to  a  point  like 


(0,0)  on  this  curve.  We  will  follow  this  track  and  exclude 
such  points  from  consideration. 

What  test  do  we  apply  to  (^7,  ^T)   to  see   if   it  Is  a 
maximum?     Because  of  the  difficulty  of  computing  values 
of  y.  Test   I    is  not  attractive.     Test  2  can  be  used  by 
showing  that  a  small    increase   in  x  will   make  y*<0  and  a 
small   decrease  will   make  y'>0,     (We   leave   it  to  the  student 
to  fill    In  the  details,)     Can  we  use  Test  3?     To  get  to 
the  heart  of  the  matter,   can  we  find  second  -  and  higher  - 
derivatives  of   Implicit  functions?     The  answer  is  yes,  of 
course;  we  simply  differentiate  equation   (2)   or  (3),  The 
latter   is  usually  the  most  convenient,   since  y'    is  not 
mixed  up  with  x  and  y.     Remembering  always  that  y   Is  simply 
a  substitute  for  f(x),  we  get  from  (3), 

„  ^  (y^       x)(y*   -  2x)   -  (y  -  x^)(2yy^   -  I) 

(y2  -  x)2 

(2x^y  -  y^  -  x)y*       ( x^  -  2xy^  y), 
(y2    .  x)2 

We  can  get  rid  of  the  y'   by  replacing   it  by   Its  value  from 
(3),     Doing  this,  the  result  simplifies  to 

II  -  2xy  ( 3xy  -  x^  -  y  ^  -   I  ) 
(y^  -  x)3 
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Now  remember  that  x  and  y(=f(x))   always  satisfy  the  identity 
x3  +  y3  =  3xy,  Hence 

(y^  -  x) 3 

Test  3  is  now  trivial;   since  x,  y,   and  y^  -  x,  which  equals 
^TST  -  ^  ,   are  all    positive,  y"    is  negative  and  we   have  a 
ma  X  i  mum • 

Another  application  of  the  differentiation  of  implicit 
functions    is  to  extremum  problems  of  the  type  of  Example  7  of 
Section  6-1.     Here  we  have  a  quantity  to*  be. maximized  that 
depends  on  two  variables,   r     and     h,   namely     A  =  27Trh.  We 
also  have  an   equation     r^  +  h^  =  relating  these  two 

variables.     The  technique  was  to  solve  the  equation   for  one 
of  the  variables   as   a   function  of  the  other  and  substitute  in 
the  expression   for     A,   thus  expressing     A     as  a  function  of 
one  va  r  i  ab I e : 

h(r)   =   /R^  -   r^   ,     A(r)   =  27Trh(r)   =  Znr/R^  -  h^  . 

Suppose  now  that  we  do  not  actually  solve  for  the  function 
h(r)     explicitly  but  regard   it  as   defined   implicitly  by  the 
equation     r^  +  h^  =  R^.     Then,    differentiating  with  respect 
to     r,   we  get 

(4)  2r  +  2hh^   =  0. 
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Similarly,    regarding  the     h      in     A  =  27rrh     as   this  same 
function,   we  get 

A'  (  r)   =   27rh  +  27rrh  '  . 

For  a  critical    value  of     r     we  must  have     A(r)   =  0,  or 

(5)  27rh  +  27rrh'    =  0. 

Between    (4)   and    (5)   we  can   eliminate  h',   getting     r^  =  h^, 
or,   since  neither     r     nor     h     can  be  negative,   r  =  h.  This 
result   in   itself   is   interesting,   telling  us  that  for  the 
maximum  area  the  altitude  of  the  cylinder  should  equal  its 
diameter.      If  we  want  the  actual    values  of     r     and     h  in 
terms  of     R     we  have  only  to  solve     r  =  h     and     r^  +  h^  = 
s I mu I taneous I y . 

Note  the  advantages  and   disadvantages  of  this  implicit 
method.      It  may   be  e.xt  reme  ly   difficult,   or  perhaps   even  im- 
possible,   to  solve  the  side  condition   for  one  variable  in 
•terms  of  the  other;    in  this   case  the   inplicit  method  is 
helpful.     On  the  other  hand,   this   method    leads  eventually  to 
the  solution  of  two  simultaneous  equations,   and  this   can  be 
a   difficult  job.      In   any   problem  one  must  use   his  judgement 
as  to  which  method  to  follow. 
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PROBLEMS 


Assuming  that  y  =  fCx)  and  that  y'   =  f'(x)  exists, 

find  y'    in  each  of  the  following. 

(a)  xy  =  I 

(b)  x3  +  6xy  +  5y3  =  3 


(c)       y  = 


( d)  y2  +  2x  =  y 

(e)  X  +     /xy  =  2y 

(f)  2X2     _     y2     =  I 

(g)  X^    +   x2y2    =    x  +   2y   -  I 

(h)  xl/2  +  yl/2  =  I 

(i)  xsiny=ysinx 


Find  y"    in  parts   (a),   (d),   (h),  and   (i)   of  Problem  I. 
Simplify  your  answers   if  possible. 

(a)  Find  the   local   extrema  of  the  curve 

y2  +  xy  +  x^  =  y  -  X. 

(b)  Now  think  of  this  equation  as  defining  x  as  one  o 

more  functions  of  y  and  find  the   local   extrema  of  these 

functions.     What  do  these  mean  geometrically? 

•3> 


(c)       use  the  results  of   (a)   and   (b)   to  graph  the  curve. 
4.       (a)       Find  the  equation  of  the   line  tangent  to  the  parabola 


y 


2  - 


=  ax  at  the  point  P  =  (c,  /ac) 


(b)       Find  the   point  0  where   this    line    intersects  the 


X-axis, 


(c)  If   F   is  the  point   (a/4,   0),   the   focus  of  the  para- 
bola,  show  that  PFO   is  an   isosceles  triangle. 

(d)  Show  that  rays  of   light  emitted  by  a  source  at  F 
will   be   reflected  by  the  parabola  parallel  to 

the  X-axis,  and,   reversely,   rays  entering  the  parabola 
parallel   to  the  axis  are  reflected  to  a  focus  at 
F.  These    properties  are  the   reason   for  the  use  cf 
parabolic  mirrors  for  searchlights  and  for 
astronomical  telescopes. 

5.       An  artist  has  a   1000    lb.    lump  of  clay.     He  wishes  to 

make  from   it  a  cube  and  a  sphere  and  paint  their  surfaces. 
In  order  to  maximize  the  total   surface  to  be  painted  (the 
cube  will,  of  course,   be  supported  on  one  corner)  how 
should  he  divide  his  clay? 


Ans.      In  the  ra 


tlo  6  to  TT,  or  656  and  344  lbs. 
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We  wish  to  find  the  point  (x,  y)  of  the  ellipse 


+  4y2  r:  4  nearest  to  the 
point  (2,1).     Show  that  x 
must  satisfy  the  equation 

-  48x3  +  32x2  +    |92x  -  256  =   "> . 


[2  <  P) 


This  equation  has  two  real    roots,  | 
about   1.637  and  -1.982.  Without 
using  the  picture  determine  which 
one  gives  the  desired  point. 

Use  Test  2  to  show  that  x  =  ^  is  a    local   maximum  point 
In  Exercise  2,     CHint:     Show  that  for  a  sufficiently 
small    change   in  x  from  x  =  ?7  the  change  In  Is 
larger  than  the  change   in  y.     Use  the   result  of  the  last 
part  of  Section  6-4.3 


3,     Jjvgrse^  Puncti2Ill« 

Th®  derj^gfjve  of  the  cube-root  function,  f(x)  =  ^ 
can  be  ^^'''^Iried,        "as  done  in  Chapter  5  for  /x  ,  by 
evaluating 


by  means  of        algebraic  trick.     The  same  method  can  be 

used  for  any   ^Qot  of  x,  but  a  much  easier  way  to  proceed 

is  to  use  iiijpiicit  differentiation.      If  y  =  ^  then 
y3  =  X,  3"<1 


3y2y.   =  I, 

3y2 


1-2/3 


More  generally*   let  y  =  x^^^,  where  p  and  q  are 


positive  Integers*     Then  y^  =  and 

qy^-'yi   =  pxP' ' , 


I       JO  P-  I   -ti+  • 

y    =  "Tx  y 


_  D  p-l  (p/q)(-q+l) 
-  q^ 
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£^p-l^-p+(p/q) 

q 

E^(p/q)-l 
q 


Thus  the  formula 

which  we  derived   in  Chapter  5  for  the  case  where  n   is  a 
positive   integer,  holds  also  If    n    Is  any  positive  rational 
number. 

Finally,    let  n  be  a  negative   rational   number,  and  let 
m=-n.  Then 

D  (x")   =  D  (JL.) 

^  x""  


x""  ( D  I )   -  I  fo;'  X 





0  -  mx 


X 

m-l 


^m 

X 


-m-l 

=  -mx 


=  nx"-' 


Hence   (I)   holds  for  all    rational   values  of  n. 

Returning  now  to  our  cube-root  function,   f(x)  = 
we  see  that  what  we  did  was  to  consider  another  function 
g(y)   =  y3^     f  gnd  Q  are  said  to  be   I  nve  rses  of  each  other 
since  each  "undoes"  what  the  other  does. 


Let  us  visualize  a  function  x  ^  y  as  a  machine  which 
operates  on  an  Input  x  to  give  an  output  y.     Two  functions 
are  then  said  to  be  Inverses  of  each  other  If  whenever  we 
put  a  number  In  the  Input  hopper  of  one  machine  and  then 
feed  the  output  Into  the  second  machine,  the  final  result 
Is  just  what  we  started  with.     This  Is   Illustrated  below 
with  the  cubing  function  and  the  cube-rooting  function. 


cuber 


]  64^ 


64 


z 


cube 
rooter 


125 


cube 
ro  oter 


5 


cuber 


125 


Figure  3-1 


If  we  hooked  these  two  machines  together  In  either 
order  to  form  a  composite  machine,  then  the  net  effect 
would  be  to  have  a  machine  for  which  the  output  Is  the 
same  as  the  Input  -  not  a  particularly  useful   piece  of 
mach I nery • 
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cuber 


cube 
rooter 


125 


cube 
rooter 


cuber 


125 


Figure  3-2 


It  is  ve  ry  he  I pf u I  In 
studying   Inverse  functions  to 
look  at  their  graphs  -  because 
the  same  graph  will   do  for 
both  functions.     Thus  in 
Figure  3-3  we  see  the  graph  of 

y  =  or        X  =  ^  . 

This  will   serve  as  the  graph  of 
f(x)  =  x^  an^l  also  as  the  graph 
of  g(y)  =  ^  provided  that  we 
lie  on  our  ear  and  regard  the 
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1  5/4  X 

Figure  3-3 
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X-axis  as  the  output  axis.     Thus  we  see  that 
f(5/4)   =   (5/4)3  =  125/64, 
g(l25/64)    =   ^125/64  =  5/4; 

so  that 

g( f (5/4) )   =  g( 125/64)   =  5/4, 

and 

f(g(125/64))   =   f(5/4)   =  125/64. 
And   In  general   we  will  have 

g( f (x) )   =  X  and  f (g(y ) )   =  y  . 
These  relations  characterize  Inverse  functions. 

Suppose  that  we  consider  the   inverse  of  the  function 

f (x)  =  x2 . 

If  g   Is  to  be  the   inverse  function  then,  since  g(f(l))   =  • 
and  f(l)  =   1,  we  must  apparently  have  g(l)   =   I.     But  we  also 
have  f(-l)  =   1,  and  since  necessarily  g(f(-l))=  -1,  we  get 
also  g(l)  =  -1.     This  contradiction   leads  to  the  Inescapable 
conclusion  that  this  function  f  has  no  Inverse. 

You  know  the  way  out  of  this   Impasse,  and  have  used 
It  for  years.     We  restrict  the  domain  of  f  to  non-negative 
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values  only,  to  give  us  the 
function   In  Figure  3-5,  Here 
there  Is  no  trouble,  for 
g(l)  »   I   without  question, 
g(x)   Is  denoted  by  /x,  and 
the  above  process   Is  usually 
exp ressed  in  high  schoo I  by 
some   less  sophisticated 
statement  I  I ke  "An   I ndl cated 
square  root  Is  always  assumed 
to  have  the  plus  sign," 

We  can  see  from  this 
example  that  in  order  for  a 
function,  f,  to  possess  an 
I n verse   it  Is  necessary  that 
f  be  one-to-one •     That  is, 
not  only  does  each   input  Figure  3^5 

value  determine  a  unique 
output,  but  also  different 

inputs  must  yield  different  outputs.     In  the  case  that  the 
function  f   Is  continuous  (the  only  case  we  will   be  Interested 
In)   this  means  that  f  must  be  strictly  monotone  (I.e.  either 
strictly  Increasing  or  strictly  decreasing.)     We   leave  It 
as  an  exercise  for  you  to  verify  the  truth  of  this  assertion. 


y 

I- 

-I- 

F  i  gure 

3- 

6 

A  more  difficult  case  than  the  square-root  function 
Is  the  sine  function.      If  g   Is  to  be  the   inverse  function 
then  what,   for  example.   Is  g(l/2)?     Is   It  -7^  #  J  »         ,  or 
what?     Here  again  we  must  make  a  drastic  reduction   in  the 
domain  of  the  function 
before  we  can  talk  about 
an   inverse.     Now  the 
va I ues  of  sin  x  run 
from  -I   to   I  inclusive; 
I.e.    the  range  of  f 
Is  C-l  JH.     This,  then, 

should  be  the  domain  of  g,   since   in  g(y)   we  should  allow  y 
to  assume  any  value  taken  by  f(x).      In  accordance  with  the 
previous  paragraph  we  therefore  want  a  monotone  piece  of 
the  y  =  sin  x  curve  running  from  y  =  -I   to  y  =   I.  There 
are  obviously  plenty  of  these  available;  over  the  invervals 
C.|;,.^],  C?.!^^^  general  C  (  n4)  ir,  ( n+|)  ir]  ,  where 

n   Is  any   Integer.      If  we  have  to  standardize  by  choosing  one 
of  these  the  most  reasonable  one  seems  to  be  C-^,^I]« 

Making  this  choice,  we  define 

g{x)  =  arcsfn  x,     - 1   <,  x  i  ' 

as  that   Inverse  of  the  sine 
function  that  satisfies 
<,  arcs  In  x  <,  . 
The  graph  of 

y  =  arcsin  x. 


Is  shown  In  Figure  3^7 
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Another  common  notation   for  the  function   Inverse  to  the 
sine  function   Is  sln"'x.     The  exponent  -I    Is   used  here  to 
designate  the  "Inverse  of  the  function  sin"    in  the  same  way 
as  2"*'.  designates  the  "inverse  of  the  number  2."     This    is  a 

reasonable  notation,   but  unfortunately   It  can  get  confused 

2  2 
with   the  common  notation  sin  x,  which  means   (sin  x)    .  One 

tends   to  think  that  sln^'x  means   (sin  x)"'   which    is  most 

definitely  not  the  case.      In  this  book  we  shall   stick  to 

the  "arcsin"  notation. 


In  a  similar  way  we  can  define  the   Inverses  of  the 
other  trigonometric  functions,  but  arccos  and   arctan  are  the 
only  others  that  are  ordinarily  used.     Arctan   is  easily 
handled  and  we   leave   It  as  an  exercise  to  show  by  a  graph 
that  for 


-"^  <  arctan  x  ^ 


and  all    values  of   x  we  have  an   Inverse  of  the  tangent 


function  over  the   domain  (- 


)  . 


7  '  7 


The  sine  and  cosine  curves  a  re 
very   similar  and  hence  the  inverse 
functions  are  much   alike.  The 
choice  of  a  monotone  piece  of  the 
cosine  curve   Is  perhaps  not  quite 
as  obvious  as  for  the  sine  but  still 
the  one  between  0  and  tt  seems   the  logica 
choice.     This  gives  the  restriction 
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rr 

y=5«rcco«X 

^!  ^ 

Tf/Z 

Figure  3-8 


0  <  arccos  x  <^ 

with  -I   <  X  <.  I   as  before.     The  graph   is  shown  in  Figure  3-8, 

Now  we  come  to  the  differentiation.  From 
y  =  a  res  i  n  x 

we  get 

s  I  n  y  =  X 

and  so 

(cos  y)y'  =  I 


t  = 


cos  y 


Now  since  y  satisfies  "J  <  Y  i  7  '  +  3"  angle  in  the  first 
or  fourth  quadrants  and  so  cos  y   is  positive.  Hence 


cos  y  =  /l   -  sin^y  =  /I   -  x^  , 
and  we  get  final  I y 


D     a  res  i  n  X  = 


In  a  similar  manner  we  derive 

I 


D     arccos  x  ='  -- 


I 

D     arctan  x  = 


X  '   +  x^ 


Consider,   In  general,  two  functions   f  and  g  that  are 
Inverses  of  each  other.     If  f(a)   =  b  we  must  have   g(b)   =  a, 


Or,    in  other  words.   If  the 
curve  y  =  f(x)  goes  through 
the  point  (a,b),  then  y  =  g(x) 
goes   through   (b,a)«  (Figure 
3-9)«     These  two  points  are 
symmetric  with   respect  to  the 
line  y=x,   and  hence  the  two 
curves  y  =  f(x)  and  y  =  g(x) 
are   likewise  symmetric  since 
their  points  can  be  pal  red 
off   In  this  symmetric 
fashion.     Also,  the  tangent 
lines  to  the   two  curves  at 
corresponding  points,  being 

the   limits  of  secant   lines  through   corresponding  points, 
are   symmetric.     We    leave   to  the   reader  the  proof  that  two 
lines,   symmetric  to  y=x,   have   reciprocal   slopes  unless 
one   is  vertical    and  the  other  horizontal.     Thus  g'(b)   =  ^  y  !  ^  ^ 


►  / 

// 

/ 1             X  N 

'/      X      ^  ^ — 
/      y         N  ^^^^ 

Figure  3-9 


An  analytic  proof  of  this   result  follows  at  once  from 
the  chain   rule.      For  we  have 

g( f ( x) )   =  X 
for  all   X   in  a   suitable   domain  and  so 

g'  (  f  (  x) ) f M  x)   =    I  . 
For  x=a,     f(x)   =  b;  hence 

g»  (b)f  Ma)   =  I 
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or 


g'(b)  = 


f  M  a) 


as  before. 


Bear   in  mind  that  the   results  of   this  section,  since 


are  subject  to  our  general    assumption   that  the  desired 
functions  exist  and  are  continous  and  d i v f e ren t I ab I e •  For 
the  special   case  of   inverse  functions   it   is   not  difficult 
to  prove   this,   and  a  p roof ,   togethe r  with  a  more  careful 
general    discussion  of   implicit  functions,    is  given  in 
Appendix  A  of  this  Chapter. 


they  are  based  on  the   differentiation  of    implicit  functions. 
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PROBLEMS 

1.  Derive  the  formulas  for  the  derivative  of  arccos  x 
and  arctan  x, 

2.  Prove  that  two  lines  symmetric  with   respect  to  the  line 
y  =  X  have  reciprocal   slopes   If  neither  of  them  Is 

hor  t  zon ta I , 

3.  Differentiate  the  following  and  simplify  the  result 


when 

pos  s 1 D 1 e • 

(a) 

arcsin  2x 

(b) 

arccos  5x 

(c) 

arctan  ^ 

(d) 

a  res  I n  /x 

(e) 

arcsin  /l   -  t** 

(f ) 

(  1   +  arcsin  3x)^ 

(g) 

x  arcs  I n  X  +  /I   -  x^ 

(h) 

arctan  /x^  -  1 

(  1  ) 

arcsin  x  -  x/l   -  x^ 

(J) 

/arcsin  3x 

(k) 

1  +  2x 
arctan  ^  ^  ^ 

(  1  ) 

x  arccos  x 

(id) 

arccos  ^ 

(n) 

y^  arccos  2y 

(o) 

arctan   (.3  tan  x) 

(p) 

r3  sin  X  -1 
L4  +  5  cos  x-^ 
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Are  sln(arcsin  x)   and  arcsin(sin  x)   always  equal   to  x? 


5,     Let  f(x)   =  arcsin  x  +  arccos  x  and  find  f'(x).  What 
can  you  conclude  about  f(x)?     Be  as  sped  f  i  c  as 
poss I b I e • 


6,     A  cathedral   window  8  ft 

high  has   Its  bottom  24  ft 
from  the  f  loor •     A  ta  i  i 
tourist  whose  eyes  are 
6  ft  from  the  fioor  wants 
to  view  the  window  so  that 

it  subtends  the  iargest  angie  to  his  eye.  How 
far  from  the  wall   should  he  stand? 


7.     (a)     Find  the  first  five  derivatives  of   arctan  x, 
(See  Problem  2(b)       Section  I), 
(b)     These  derivatives  sjggest  that  the  n-th  derivative 
of  arctan  x  is  of  the  form 


P. (x) (x^  +  I  ) 


if  this   is  tnuG  for  the  n-th  derivative  show  that 

it  will   be  true  of  the  (n  +   l)th  derivative  provided 

P  ^,(x)   =   (x'^  +   i)P'(x)   -  2nx  P„(X). 
n+  i  n  .  n 

< c)     Use  this  recursion  formula  to  find  two  more 

derivatives  of  arctan  x. 
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(d)     Use  your  results  to  write  out  Taylor's  Theorem  for 
arctan  x,  with  a  =  0  and  n  =  6. 
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4 .     Re  I ated  Rates , 

In  Chapter  5  we  spoke  of  the  velocity  of  a  moving 


acceleration  as  "rate  of  change  of  velocity."     In  general, 
when  any  quantity   Is  a  function  of  time  we  may   refer  to 
the  derivative  of  this  function  as  the  "rate  of  change" 
of  the  quantity.     Some  writers  even  extend  the  use  of  the 
phrase  to   include  any  derivative,   using  such  expressions 
as  "the   rate  of  change  of  the  area  of  a  circle  with  respect 
to   its   radius."     We  shall   not  do  this. 

If   two  related  quantities  are  changing  with   time,  we 
can  often  determine  the   rate  of  change  of  one   if  we  know 
that  of  the  other.     The  analytic  machinery  for  doing  this 
is  somewhat   I i ke  that  used   in  the  preceding  section,  but 
here  we  do  not  have  to  worry  about  the  existence  of  our 
functions  since  this   Is  presumably  assured  by  the  physical 
s  i  tuat I  on • 

Example   \.     A  point  Is  moving  on  the  curve  x^  +  y^  =  25 
In  such   a  way  that  when    it   is  y 
at  (3,4)    Its  projection  on  ^  "^^"^^ 


point  as  "rate  of  change  of  distance" 


and   I  ate  r  on  of 


towards  the  origin  at  the 


fast  and   In  what  direction 


the  x-ax  i  s   I s  mov  i  ng 


rate  of    12  units/sec.  How 


Is   I ts  projection  on  the 


y-axis  moving?   (Figure  4-1). 


Figure  4-1 


^42 


Here  we  have  x  =  f(t),  y  =  g(t),  such  that 
f(t)2  +  g(t)^  =  23,  and  for  some  tg  we  have  f^tg)   =  3> 
g(tQ)   =  4,   f  (tg)   =  We  want  to  get  g'ttg). 

Differentiating  the   identity   in  t  gives 

2f(t)f'(t)  +  2g(t)gMt)  =  0, 

and  putting  t=tQ  and  substituting  the  known  values  gives 
gMtg)   =  9,     That   is,  the  projection  on  the  y-axis  Is 
moving  upward  with  velocity  9  units/sec. 

As   in  Section  2,  we  usually  simplify  the  notation, 
writing  merely  x,  y,  x»,  y»    instead  of  f(t),  g(t),  f»(t), 
g'(t). 

Example  2,      In   Figure  4-2BAC  is 
a   link  belt  of    length    12   in.  that 
will   bend  a roun d  a  pulley  at  A 
but  will   not  compress  where  it 
lies  on  a  table  along  AC.     A  cord 
BCW,   tied  to  the  belt  at  B  and 
sliding  ove  r  the  end  at  C,  supports 
a  weight  W.     At  the  moment  when  B 
is  4"  above  the  table  and   is  being 
pulled  up  at  the   rate  of  2   in. /sec, 
does  W  go  up  or  down  and  how  fast? 
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Figure  4-2 


Letting         y,   z,   stand  for  the  values  of  AB,  AC,  CW 
we  have  the  equations 

X  +  y  =   12,         /x^  +  y^'  +  z  =  L , 

If   L   Is  the   length  of  the  string.     Here  we  have  three 
variables.     We  could  eliminate  y,   in  which  we  are  not 
Interested,   but   it   is  easier  Just  to  differentiate  both 
equations  and  then  eliminate  y'  .  Thus: 

x»   +  y«   =  0,     j(x^  +  y2)"^^^(2xx'   +  2yyM   +  z'   =  0. 

Now  putting   in  the  values  x=4,   x'=2  gives  at  once  y  =  8, 

2 

y»=-2,   and  then   z'   =  —  =  .894  .     Hence  W   is  falling  at 
about  0.9   In.  /sec . 

Radicals  are  always  annoying  to  differentiate,  so 
we  may  prefer  to  get*  rid  of   the  square   root  by  transposl 
z   in  the  second  equation  and  squaring.     This  gives 
+         =:   (L-z)^,  which   differentiates  to 

2xx'   +  2yy»   =  -2(L-z)z»   =  -2/x2  +  y^   z'  , 

and  the  solution  proceeds   as  before. 
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PROBLEMS 


1,  A  balloon   Is  being   Inflated  at  the   rate  of  8  In,3/sec, 
Find  the  rate  of  change  of  the  radius  of  the  balloon 
when  the  radius  of  the  balloon   Is  ^  ft, 

2,  Sand   Is  being  poured  onto  a  conical   pile  at  the  rate  of 
9  ft^/mln.     Due  to  the  friction   forces.    It   Is  known 
that  the  slope  of  the  sides  of  the  conical   pile  Is 
always  How  fast  Is  the  altitude   Increasing  when  the 
radius  of  the  base  of  the  pile   Is  6  ft? 

3,  A   ladder  25  ft,    long   Is   I  ean I ng  aga I ns t  a  wall,  with  the 
bottom  of  the   ladder  7  ft,   from  the  base  of  the  wall. 

If  the   lower  end   is  pulled  away  from  the  wall   at  the 
rate  of    I    ft, /sec,   find  the   rate  of  descent  of  the 
upper  end  along  the  wall.     Approximate  this  descent  at 
the  end  of  8  sec. 


EKLC 


4,     A  rope   35  ft,    long   runs  over 
the  top  of  a  wall    12  ft  high. 
Each  end   is  attached  to  a 
heavy  block  which  slides  on 
the  ground.     One  block  Is 
16   ft,  away  from  the  foot  of 


the  wall   and   Is  being  pulled  farther  away  at  the  rate 

s  the 
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of  30  ft./min.  How  fast  Is  the  other  block  approaching 
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the  wall,  assuming  the  rope   Is  taut? 


A  man  starts  walking  eastward  at  5ft/sec  from  a 
point  A,.     Ten  minutes   later  a  man  starts  walking 
west  at  the  same  rate  from  a  point  B,   3000  ft  north 
of  A.     How  fast  are  they  separating   10  min,   after  the 
secon d  man  starts? 


One  way  to   lean  a   long   light  ladder  against  a 
house   is  to  "wa I k- i t-up" .     Propping  the  foot  of  the 
ladder  against  the  house,  you  start  at  the  far  end, 
holding  the   rungs  above  your  head,   and  walk  towards 
the  house,  shifting  your  hands  from  rung  to  rung  as 
you  do  so.     When  the   ladder  is  against  the  eaves  you 
steady   it  with  one  hand        •  with   the  other   lift  It 
slightly  and  move  the  other  end  a  suitable  distance 
away  f  rom  the  house • 

Amanraisingaladder 

30  ft.    long   is  holding  the 

rungs  6  ft.  above  the  ground 

and   is  walking  towards  the 

house  at  the   rate  of  2  ft/sec. 

At  the  moment  that  he   Is  8  ft. 

from  the  house,   how  fast  is  the 

high  end  of  the   ladder  rising? 


7*     A  rope  ABC  passes  over  a 

pulley  at        thereby  enabling 
a  man  at  end  A  to  s  I  I de  a 
weight  at  end  C  along  a  hori- 
zontal elevated  platform. 
If  A  moves  to  the  right  with 
velocity  V,  express  the  speed  of  C  and  the  rate  of  change 
of  the  distance  AC  in  terms  of  v  and  the  angles  ABC  and  A' 

Ans,     (BC)»   =  -V  cos^iABC 

(AC)»   =  -V  cos-^^iACB  (I   +  cos-tiABC). 

8,     (a)     A  weight  Is  hung  on  a  rope 
and  pulleys  as  shown.  If 
the  free  end  of  the  rope  Is 
pulled  down  at  3  ft/sec, 
how  fast  Is  the  weight 
rising  when  the   lower  pulley 
Is    12  ft.   be  I ow  the   I  eve  I  of 
the  upper  one? 

(b)     What  answer  do  you  get  if  you  replace  the   12  ft. 
in   (a)   by         inch?     Does  this  sound  reasonable? 
What  i  s  wrong? 


////////////// 
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5.     Some  Notation. 

Since  elementary  school   you  have  been  familiar  with 
the  use  of   letters  to  represent  physical   quantities.  For 
example,   if  a  body  is  falling  we  may  use  t  to  represent 
the  time  since   it  was  dropped,  s   its  height  above  ground, 
and  V   its  downward  velocity,  all   expressed   in  appropriate 
units.      In  a  specific  case  these  three  quantities  are  not 
independent;   in  fact,  any  one  of  them  determines  the  other 
two.     There  are  therefore  six  functional    relations  of  the 
type 

(I)  s  =  f(t),     V  =  g(s),     V  =  h(t),  etc., 

these  are   illustrated   in  Figure  5-1.     The  functions  are 
not  independent  either,  but  satisfy  such   relations  as 

h (t)   =  g( f (t) ) ,  etc. 

To  avoid  too  much  notation   it   is  customary  to  use 
one  symbol    for  each  quantity,   regardless  of  whether  we 
are  considering  that  quantity  to  be  an  independent 
variable,   a  function  of  some  other  quantity,  or  a  particular 
value  of  one  of  these.     Thus   instead  of  giving  names  to  the 
functions  as   in  (I)   and  writing  the  chain  rule  as 

h'(t)  =  g'(s)f'(t) 
we  can  merely  write  directly 
D^v  =  D^v  D^s 

the  subscripts  telling  us  which   function  we  are  using  in 
each  differentiation^;- 
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If  one  wishes     at  some 
stage  to  emphasi ze  that  at 
that  moment  v   is  being  con- 
sidered as  a  function  of  s 
one  can  write  v(s).  Using 
th { s  nota t  i  on  the  cha  i  n 
rule  could  be  wri  tten   i  n 
still   anothe  r  f orm : 

v» ( t)  =  v» (s)   s  M t) . 

Remember  that  notation 
I s   i  ntroduced  for 
convenience,   and   it's  up  to 
you  to  pick  the  type  that 
you  regard  as  most 
convenient.     Remember  also 
that  compact  notation  often 
conceals  the  true  state  of 
affairs;    If  you  are   in  any 
doubt  about   its  meaning,  go 
back  to  the  exact  notation 
In  terms  of  separately 
defined  and  designated 
f  unct I ons • 
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Figure  5-1 


6.  Differentials. 


Much  of   the  common   notation   in  calculus   is  related  to 
the  notion  of  a  "differential,"  and  we  start  the  study  of 
t.his  concept  by   introducing  some  of  this  notation. 


If   f    is   d i f f erent i ab I e  at  x  the  Lemma  of  Section  I 
can   be  written,    in   terms  of  "increment"   notation,  as 

Af(x)   =   f'(x)Ax  +  z(x  +  Ax)Ax, 
where  z(x)   =  0.     This   is  essentially  the  same  form  as 
Equation   (I)   at  the  end  of   Section    I.      In   Figure  6-1 
(which   pictures   two  cases, 
one  for  positive  Ax  and  one 
for  negative)   Af(x)    is  the 
signed   distance  AQ .  The 

signed  distance  AT   is  the  ' 

linear  approximation  to 

Af (x)   gi  ven   by  the  f  i  rst 

term  on  the   right-hand  side, 

f'(x)Ax.     This  approxima- 
tion  Is   I  i  near  in  Ax  and 

is,  moreover,  def  i  ned  for  all 

values  of  Ax,  whereas  the 

exact  express  5  on  i  s 

defined' only  when  x  ^  Ax   lies  within  the  range  of  definition 
of  f(x).     The  concept  of  a  differential    is  suggested  by  these 
properties  of  the   linear  approximation. 
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Figure  6-1 


Def I n  i  t i  on .  If  f  is  d I f f e ren 1 1 ab I e  at  x,  the  d I f ferenti  al 
of  f  aj;  X   I  s  the   function   df  defined  by 

h->f'(x)h,         hin   (-~,~)  . 

!f  f  and  g  are  functions  of  the  same  variable  x,  and 

if  gMx)   f  0,   then  the  quotient  of  the  two  differentials, 
df  . 

^  ,    IS  the  mapping 

f ' (x)h  „   f ' (x) 
^       g'(x5h  '  gTTTT  • 

That   Is.  ~  Is  a  constant  function.    Its  value  not  depending 
*  dg   

on   h.     We  find   it   Is  convenient,  and    leads  to  no  confusion. 
If  we  me  re  I y  wr  I  te 

df  f'(x) 


(  I  ) 


Now  consider  the  special  case  g(x)  =  x,  that  is,  g(x) 
Is  the  Identity  function  that  maps  x  x.  Then  dg  Is  also 
the  Identity  function  mapping  h  ■>  h .  By  rights  we  should 
have  a  special  symbol,  say  I,  for  this  function  and  write 
dl  as  Its  differential.  However,  It  turns  out  to  be  much 
more  useful  to  use  dx  as  the  differential  of  the  Identity 
function  of  the  variable  x.  Then  (I)  becomes  the  Important 
re  I  at  I  on 

(2)  ^  -  f  (X)  , 
which   can  also  be  written  as 

(3)  df  =  f ' ( x)dx  . 
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We  are  now  ready  to  tackle  the  more  complicated  case 
of  three   related  variables  and  to   introduce  the  notation 
of  Section  5.     Consider  the  velocity  v,  which  may  be 
considered  a  function  of  either  s  or  t.     As   long  as  functional 
notation    is  used,   as   in   (2)   or  (3),  we  have  no  trouble,  for 
if  we  write,  say,   dv  =  v'(s)ds  we  know  what  function  of  v 
we  are   using  and  no  confusion  arises.     But  suppose  the 
symbol    dv  appears   in  an  equation  with   no   indication  of  what 
visa   function  of  -  what  are  we  to  assume?     The  interesting 
thing  about  differentials,   the  property  that  makes  them  so 
handy  to  manipulate,    is  that   it  doesn't  matter.     Whether  v 
is  considered  a  function  of  s  or  a  function  of  t,  or  of  any 
other  related  variable,   dv   is  the  same. 

Proof.     Let  v  =  v(s)   and  s  =  s(t).     Then  v   is  a  function  of 
t,   which  we  call    V|(t),   and  V|(t)   =  v(s(t)).  Then 

dV|   =   vj(t)dt  =  v'(s)s'(t)dt  =  v'(s)ds  =  dv 

by  the  chain   rule  and  repeated  use  of  (3). 

Equation   (2)   gives  us  another  notation  for  the  derivative 
If  y  =   f(x)  then 

df 

f  I  (X)   =  y '   =  D^f  (X)   =  D^y  =  -j^  , 

to  wh  I  ch  we  add 

X  f  ^    %  df  (x)   .   d   ,  .  . 

The   last  one   is  purely  for  convenience   in   Indicating  the 

derivative  of  a  complicated  function.      The    symbol  ^  is 

the  one   In  most  ieoiifimon  use,  since  its  relation  to 
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differentials  gives  It  a  flexibility  that  the  others  lack. 
As  one  example  consider  the  expression  for  the  chain  rule: 
It  Is  mere  I y 

dx      az  ax  ' 

a  triviality,     (Of  course  this   Is  not  a  p roof  of  the  chain 

rule,  since  the  chain  rule  was  used  In  proving  the  property 

of  differentials  that  enables  this  equation  to  hold,)  On 

the  other  hand,  the  4^  notation   Is  awkward  If  one  wants  to 
'           d  X 

specify  a  particular  value  for  x.  Thus  y'(2)  must  be 

written   In  some  such  form  as  I'j^j  •     0"®  can,  of  course, 

switch   from  one  notation  to  another,  as  convenient,  but 
this   Is  apt  to  confuse  the  reader  and  should  be  done  only 
In  moderation. 

The  basic  formulas  and  the  technique  of  differentiation 
can  be  reconsidered  from  the  point  of  view  of  differentials. 
For  example.  Theorem  4  of  Section  5-6, 

D^Cf(x)g(x)n  =  f'(x)g(x)  +  f(x)g»(x), 

can  first  be  rewritten  as 


and  then,  on  multiplying  by  dx, 

d(fg)  =  gd.  +  fdg  . 

The  other  theorems  In  this  group  can  be  reformulated  similarly 
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As  an  I  I  lusti-.itlon  of  tho  application  of  these  formulas 
consMer  Example   I   of  Section  2.      Instead  of  differentiating 
y3  +  y3  =  3xv  with   respect  to  x  we  can  for  the  moment  ignore 
the  question  of  which   is  the   independent  variable  and  take 
differentials.     This  gives 

Sx^dx  +  3y2dy  =  3(xdy  +  ydx)  . 
Now  dividing  by  dx  and  solving  for  ^  gives  the  same  equation, 

dx  =  Y  -  , 

y2  .._..xJ_  

as  before. 

It   is  natural   now  to  ask  "What  about  second  derivatives?" 
Here,  alas,  the  differential   notation   fails  us.      It  is 
possible  to  define  something  called  the  "second  differential" 
but  it   lacks  the  one  property  that  makes  the  "first 
differential"  so  useful,  namely   its  constancy  under  change 
of   independent  variable.     Second  and  higher  differentials 
were  commonly  used   in  mathematics  about  eighty  years  ago 
but  today  they  are  almost  obsolete. 

However,  we   do  need  some  notation  for  higher  derivatives 
to  go  along  with  ^  .     Of  course 

fd> 


V"   =  =  iVp.  =   d  /d 

y         dx  3x^  dx\dx 


and 


^  dx 


-   d   /d  /dy\\ 


but  this  compounding  process  will   hardly  do  for,  say,  y 


symbol   that  Is  compact  but  suggests   its  origin.     For  y'"  we 
d  ^  V 

write   1-  ,   suggesting  the  three  d»s  upstairs  and  the  three 

dx3 

dx's  downstairs   In  the  expression  for  y"'  •     It   is  important 

d 

to  remember  that  — t-  is  a  s  i  ng  I  e  symbo  I   -   it   is  not  a 

dx3   

quotient  of  something  called  d^y  by  the  cube  of  the  differ- 
ential dx« 

If  you  need  to  handle  a   lot  of  higher  derivatives  (as^ 
for  example,    in  Taylor's  Theorem)    it  is  probably  best  to 
abandon  the  d-notation  and  use  primes,   or  perhaps  The 
latter  works  quite  well   since  we  can,   for  examp  I  e,  abb  rev  1  ate 


and  not  at  a  I  I   f  or  y 


(n) 


The  way  out  has  been  to   invent  a 


y'"    =  D  (D  (D  y)  )   to  D  3 

^  X       X      X  ^  X 


y  and  y 


(n) 


to  D/y  . 


PROBLEMS 


In  each  of  the  following  find  dy  in  terms  of  dx 
and  any  of  the  variables  that  appear. 


(a)  y  =  /I   -  x2, 

(b)  y  =   (x2  +   I )/(x  +   I  )  , 

(c)  x2  +  xy  +  y2  =   I , 

( d )  X  cos  y  =  y  s I n  X, 

(e)  z  =  cos   X,     y  =  si  n  z, 
Cf)x=tsint,     y=+  cos  t, 

(g)  x2  +  u2  =  4,     y3  +  u3  =  8, 

(h)  z2  +  xz  -  2x  =  0,     x3  +  y3  +  z3   =  24. 


Given  that  s   is  a  function  of  t,   and  v  =  ~,   show  that 


(a)     d^    =  V  —  , 
dt^  ds 


(b)     d3s     ^  vf^r     +     v2  ^ 


dt^  \ds/  ds 


u,   V,   and  w  are  three  functions  of  the  same  variable, 
having  the  property  that  their  product   is  constant. 
(IS)     Find  a   relation  between  the  differentials  of 

u,  V,   and  w.       [Hint.     First  consider  uvw  as  (uv) 
(b)      If  u   Is  taken  as  the   independent  variable  what  is 

D  V   in  terms  of  D  w? 

u  u 
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7*     Parametric  Equations, 


Having  found  the  tangent  to         +  y2  =  25  at  the  point 
(3^4)    in   three   different  ways  we  shall    now  do   it   in  a 
fourrth  way.     Associated  with  any  point  (x,y)   on  the  circle 
is  an  angle       formed  by  the  x-axis  and  the   radius  to 
(x^y ) ^  and  we  have 


(  I  ) 


X  =  5cos 
y  =  5s  i  n  e  , 


The  extra  variable  6  that 
we  have    introduced   is  ca I  led 
a  pa  rame  te  r  ^  and  equations 
like   (1)^  expressing  x  and 
y  as  functions  of  the 
parameter^  are  ca  I  led 
pa  rame tr I c  equa t  i  ons . 


Fi  gure  7-1 


We  now  have  a  situation  somewhat   like  the  one  discussed 
!n  Section  5.     From   (I)   we  get 

dx  =  -5s  in  6  de , 
dy  =  5cos   e  de  , 

an  d  so 


D  y  =  41  =  -JH^M-  = 
x'        dx         5s  i  n   6  y 


3 
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as  before^  The  division  by  dx  is  legitimate,  since  at 
(3,4)   we   have   dx  =  -4de  0. 

Many  curves  are  more  easily  handled   in  parametric 
form  than  otherwise.     Here   is  a  classic  case, 

y 


c     )  y 

o 

B  A 

Figure  7-2 


Examp I e    I ,     A  wheel   of   radius   a  is   rolling  without  slippi 
along  a  straight  road.     The  path  of  a  point  on  the   rim  of 
the  wheel    is  called  a  cycloi  d.     To  get  equations  for  the 
cycloid  we    let  the  wheel    roll    along  the  x-axis,  with  the 
origin  where   the  point  P  on  the   rim  touched  the  axis,  and 
take  as  parameter  the  angle   through  which   the^wheel  has 
rolled  from  this  point  (Figure  7-2),     Since   there   is  no 
si  i  pp  >  ng , 

OA  =  arc  AP  =  aG  , 
if  a   is   the   radius  of   the  wheel.  Then 

X  =  OB  =  OA  -  PM  =  ae  -  a  sin   6  , 
y  =  BP  =  AC  -  CM  =  a  -  a  cos  6 
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Th«  slope  of  the  tangent   line  at  P  is 

dy   ^       a  s  i  n   6  d6 
"dx  "   (a  -  a  cos  0}cJe 

sin  0 
I   -  cos  w  • 

If  we  want  we  simply  use 

dx2 


dx^  dx 


j-(  I  -  cos  e)cos  e  -  sin  6  sin  e^^-j  .    ^g(|   _  e)dell 
( I   -  cos  6)2 

cos  6  -  1 



a(  I   -   cos  6 ) 

-I   _  a 

a(  I   -  cos   9)2  y2 
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PROBLEMS 
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I.  Prove:  A  line  through  a  point  of  a  cycloid,  perpendi- 
cular to  the  tangent  at  that  point,  passes  through  the 
I  owest  point  of   the  wheel. 


2,     Find  D  y  and  D  ^y   In  each  of  the  following. 


(b)  X  =  sec  e,  y  =  tan  e. 

(c)  X  =  sin^  t,  y  =  cos^  t. 

iA^  t2   -    I  _  2t 

(d)  X  = 


+   I  +  I 

What  cu  rve    is   th  i  s? 
(e)     X  =  2  sfn   t  -  cos  2t,  Y  =  2  sin   t  -   sin  2t, 


3.      If  X  =  f (t) ,     y  =  g(t); 

(a)     Show  that  ^  =  frTTT 


cu               *   d2y        f  (t)q"(t)    -   q'  (t)f  "(t) 
(b)     Show  that   ^  =   ^  

dx2  Cf'(t)n3 


4.     Using  the   result  of   3(b)   find  ^ 

dx^ 
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(  I  )     for  the  cl rcle, 
(II)     for  the  eye  I  old. 

Compare  the  former  with   the   result  obtained  from 
Impllelt  differentiation. 

(a)  A  string,   wrapped  around 
a  ey  Under  of   radius  a,  Is 
held  at  a  point  P  and  unwound, 
being  kept  taut   In  the  proeess. 
Find  parametrie  equations  for 
the  path  of  P,   find  D^y  and 
D  ^y,   and  determine  any 
Interesting  geometrle  proper- 
tles  you  ean.     This  eurve  Is 
called   the    I nvo I ute  of  the 
cirele.     [Sugqestlon:     Use  the  angle  6   for  the  parameter. D 

(b)  Describe  the   Involute  of  a  square. 

(a)     The  equation  x^  +  y^  =   3xy  of  Example   I,   Section  2, 
can  be  parametrized  by  setting  y  =  tx.     Show  that  this 
leads  to 

3t              ^  ^  3t^ 
X  =   ,       y  =   . 

I    +    t^  I    +  t3 


(b)     Find  D  y  as  a  function  of  t. 


X 


(c)  By  setting  this  expression  for  D^y  equal  to  zero 
and  solving,  we  get  t  and       t  =  0.     The  forme  r 

agrees  with  the   result  of  Example  2,  Section  2,  but  the 
root     t  =  0     seems  to  give  us  something  new.  Explain 
why  we  get  this   solution   from  the  parametric  equations 
but  not  from  the   Implicit  function  approach. 

In   the  pa  rame tr  ic  equations  of  the  cycloid,   solve  for 
e   In  terms  of  y  and  substitute  to  get  x  as  a  function 
of  y.     Find  D^y  from  this  equation  and  show  that  It 
agrees  with  the   result  of  Example    1.     Which  method  do 
you  prefer  for  finding  D^y? 
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Theory  of   I n verse  Funct 1 ons 

Let  f  be  a  strictly  monotone  and  continuous  function 
defined  over  the   interval   Ca^bJ  and  g   its   inverse  function. 
According  to  the   intermediate  value  theorem  for  continuous 
functions  f(x)   assumes  all    values  between   f(a)   and  f(b),  so 
that  the  domain  of  the   inverse  function  g,    is  the  Interval 
between   f(a)   and  f(b).     Thus   for  any  pair  of    inverse  functions 
the   dorruln  of  one    Is  the   range  of  the  other.. 

It   is  also  easily  checked  that  g   Is  strictly  monotone 
in   the  same  sense  as  fCi.e,    increasing   if   f   Is  increasing, 
decreasing   if   f   Is  decreasing). 

Furthermore  we  can 
show  that  9   is  also 
continuous.      In  order 
to  show  this  we  must  be 
able,   for  every  number 
c  between  f(a)   and  f(b) 
and  every  number  e   >  0, 
to  find  a  number  6  so 
that  for  all   y  wi  th 1 n  a 
distance  6  of  c  we  have 
g(y)   within   e  of  g(c). 


g<c)  b 
Figure  A-l 


The  monotonlclty  o'f'  f  and  g  makes   It  very  simple  to  find 
what  Is  actual )v    the  best  possible  value  of  6.  The 
method  amounts  to  a   four  step  algorithm. 


I.     Select  a  r)\        r     c,   between   f(a)   and  f(b)   and  choose 
G  >  0.     Loca.^  g(c)  on  the  x-axis. 


I  I  .     Locate  g ( c)   -  e 
and  g ( c)   +  e 

on  the  X-axis. 
Ca I  I  these 
numbers  a  a n d  3 
for  short. 

III.     Locate   f (a)  and 
f(e)   on  the 
y-ax  i  s .     Ca  I  I 
them   r  and  s 
for  short. 
Note  that, 
owing  to  the 
monoton  i  c  i  ty  of 
the  function  g, 
all   n  umbe  rs 
between  rands 
w  t  M    be  mapped 
by  g  I n to  the 


Figure  A- 2 


Figure  A-3 


y 


i  nterva I  Ca^sU 


f(b) 


and  hen ce   I  1 e 


s 


w  1  th  i  n  z  of  g  (  c). 


IV. 


Letting  6  be 


the  smaller  of 


f(a) 


I  III 


Q 


the  d  i  stances 


f  rom  c  to  r  and 


Figure  A-4 


from  c  to  s  we 


now  see,   'n   Ugure  A-4  that  If  y   is  within  a  distance 
6  of  c  then  g(y)    is  within  a  distance  e  of  g<c).  This 
Is  what  was  to  be  proved, 

(Darl^ened   interval   on  x-axis   is   image  under  g  of 
i  nterva I    Cc-6 ,   c+6], ) 

[More  briefly  but  probabiy    less   clearly  we  could  have 
said:     "Let   6  =  m i n { I f ( g ( c) -e )   -  cl,    lf(g(c)+e)   -  cl}" 

Finally  we  can  establish  the  required  differentiation  theorem, 

Theorem.  If  f  is  strictly  monotone  and  f*<XQ)  exists  and 
Is  not  zero,    if  g   is  the   inverse  of   f,  and   if  yg  =  f^Xg^t 

then  gMyg)   exists  and   Is  equal    to  ^  y       y  • 


556 


Proof.     Since  f  and  g  are   inverse  functions 


 r^rir^          =  TTgTTTr^^-FTgTT^ 

g(y)  -  g(yo) 
Cg(y)  -  g^o^^  Cf'(g(yo>^  +  z(g(y))D 

by  the  Lemma  of  Section   I.     Now  for  y  ?^  yg  we  have  g(y)  ^  g(yQ), 
since  g   Is  strictly  monotonic.     Hence  as  y  ->  yg  the  quantities 
g(y)   -  gWg^   ^""^  never  zero  and  so  can  be   removed  as  factors 
from  the     numerator  and  denominator.     That  is, 

g(y)  -  g^o^  i 

y-Yo   ^^'^0          ^  V-VO  T^Tgly^-rTT^fTyTT 

=  TTTgTy^T 

since,  as  we  saw   In  an  earlier  proof. 

Mm  z(g(y))  =  z(\\fn  g(y))   =  zCg'.y.);  ^  0. 
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Crapter  •? 


THE  CONNECnON   BETWEEN  U  i  F  FERENT  I  AT  I  ON 
AND  INTEGRATION 


\.     An  1 1  ->de  r  I  va  1 1  ves  . 


A  rich  source  of  mathematical  problems  from  elementary 
physics  Is  related  to  "falling  body"  problems.  Consider  an 
object  or  "body"  dropped  from  a  height  and  allowed  to  fall  to 
the  ground  and  let  v(t)  represent  Its  velocity  at  time  t. 
As  you  are  aware  this  velocity  tonds  to  Increase  during  the 
time  of  fall^  which  Is  why  it  hurts  more  to  Jump  off  a  ten 
story  building   than  off   a  5-foot  *  i. 

The  acceleration  of   a  moving  object   is  defined  as  +he 
time   rate  of   change  of   velocity,   that  is 

a(t)   =   v' ( t)  . 


In  a  very  highly  simplified  model   of   Newton's  theory  of 
gravitation^   the  acceleration   due  to  gravity   Is   (for  objects 
falling  near  the  surface  of   the  earth)    the   same  for  all  objects 
and   is    independent  of   the  time  of   fall;   that   is  to  say.    It  is 
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constant.     When   distances  are  measured   in   feet  and  times  in 
seconds   the  value  of   this  constant   is  about  32;   at   least,  this 
Is   the  value  v^e  will    use   In  our  modeling  of  this  situation. 

We   find  then  that         vMt)   =  32   .     Now  the  question  arises, 
"Can  we,   from  this    Information,   find  the  vplocity  function 
1 tse  If?" 

This   Is  Just  one   Instance  of  the  more  general  problem: 
Given  a  formula   for  finding   the  values  of     f'(x),   say,  like 

f ' (x)   =  3x^  +  5  , 

can  one  find  a   formula   for  the  values  of  f(x)? 

At'flrst  the   situation  seems   somewhat   discouraging,  for 
both   the  functions 

g(x)   =  x"^  +  5x         and         h(x)   =  x"^  +  5x  ^  V 

have     3x^  +5     as  their  derivatives.      If  many  func-  j.j':>  car 
have  the  same  derivative  then  we  cannot  hope  to  doVerfn;ne  ^ 
function  completely  from  knowledge  of    its   derivatives  alone. 
TMj  next  two  theorems,   however,   show  that  the  Indeterminacy 
is  of  a   particularly  simple  kind. 

7..3orem   I,      If   f    if  continuous   in  [a,bl|  and   f'(x)   =  0  -^or  all 
X   In   (a,b)   then  f(x)    Is  constant   In  Ca,bl|. 


Proof .     Let  d  be  any  point  In   (a,b)   and   let  c  =  f(d).  For 
any  x  In  [a,bD,   x      d,  we  can  apply  the  MVT  to  either  Cd,xD 
or  Cx,d3,  depending  on  whether  x  >  d  or  x  <  d.      In  either 
case  we  get 

f  (x)  -  f (d)   =   (X  -  d)f ' (C)  , 

with  5  between  x  and  d.     Since  K   Is   In   (a,b),   fM^)   =  0, 
and  so 

f  (x)   =   f(d)   =  c 

f o  r  any  x   ' n  Ca  ,  bD . 

Theorem  2.      If   f  and  g  are  continuous    In   [a,bD  and   f'(x)   =  gMx) 
for  all    X  In   (a,b)   then  f(x)   and  g(x)    differ  by  a  constant  In 
Ca,bD. 

Proof.     Define  a   function   h  by 

h(x)   =  f(x)   -  g(x)         for  all   x  in  [a,bD. 

Then 

h^(x)   =  f»(x)   -  g*(x)   =  0         for  all   x  In  (a,b). 

Thus  according  to  Theorem   I   we  see  that  h(x)   =  c   In  Ca,bD, 
Since  h(x)   =  f(x)   -  g(x)   we  have 

f(x)   -  g(x)   =  c         for  all    x   In  Ca,bll, 
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We  see  then  that  f    really  does  determine  f  except  for 
an  additive     constant.       Suppose  we  want  to  find  the  most 
general   ant  I -de  r I  vat  I ve  of ,  say, 

3x^  +  5. 

2 

(By  an  anti -der I vati  ve  of   3x     +5  we  mean  a   function  whose 

2 

derivative    Is  3x     +  5),      In  order  to  solve  this  problem  we 
first  find  a  particular  an 1 1 -de r i vat  I ve  like 


X     +  5x 


and  then  tack  on  a  constant 


x"^  +         +  c  , 


In   particular,   for  the   falling  body  problem  where 

v' (t)   =  16 
we  see   that  v(t)   will    be  given  by 

v(t)   =    I6t  +  c  . 

The  value  of  c   i n  a  particular  case  can  be  found  by 
giving   the  velocity  at  a  particular  time,  most  often  when 
t  =  0.  Thus 

v(0)   =    16-0  +  c  =   c  . 
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If   the  body  drops  f  rom  rest  then  the   initial    velocity  at 
t  =  0   Is  0,  so  that  v(0)  =  c  =  0,     If  the  body   is  thrown  up 
or  down  then  c  will   have  some  other  value. 

Looking  at  the  sltuaMon  geometrically  we  see  that  the 
antl-derl  vati  ves  of  a  given  function  consist  of  a  family  of 
curves  obtained  by  graphing  one  an t i -de r i vat i ve  and  translati 
this  curve  up  and  down.     This   is   illustrated  for  f'(x)  -  i 
Figure   l-l,  where  f(x-i   has  the  form  f(x)   =  iUr  +  c. 


As   is  easily  checked  by  differentiation,  an     an t i -de r 1  vat f 

of 


n+  I 

n         ,  ^  X 


n  +  I 


for  any   rational    number  n  execpt  n  =  -I,     The  most  general 


anti-derivative  of  x*^  is 


^  ^   ,  •^  c. 
n  +  I 

This  observation  enables  us  to  find  very  easily  the  anti- 
derlvatlves  of   polynomials.     Fcr  example  the  most  general  anti 
de  r I va  ^  i  ve  of 

+  4x'^  -  7x  +  3  ♦ 

will  be 
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X     ^  -  -srx'    +  3x  +  c, 


In  fact,   every  differentiation  formula  can  be  reversed  to 
give  an  an t i -d i f f e re n t i at i on  formula.     For  examnle,  we  have 
seen  that  the  derivative  of     arcsln  x.    is   l/*^l   -         ;  hence 
the  anti-derivatives  of   I// 1   -  x-  are     arcsin  x  +  c. 


The  basic  theorems  on  differentiation  tell    us  that  if 
functions  are  added,   subtracted,  or  multiplied  by  constants 
their  ant i -deri vati ves  behave  the  same  way,  but  unfortunately 


there  are  no  formulas  for  products,  quotients,  or  composition 
of  functions.     Because  of   this  we  cannot   in  general  find 
simple  formulas  for  an t i -de r i va t i ve s ,   for   instance,  for 
sln(x^),   but  in  the  next  section  we  shall   see  that  an  anti- 
derivative  can  always  be  obtained  as  an   integral.  • 

We  can,   however,   use  the  chain   rule   in  a  reverse  way 
that  vastly  expands   the  set  of   functions  we  can  handle. 
I  f 

F(x)   =  G(  u(x)  )  , 

where  u   is  a  function  of  x,  we   know  from  the  chain   rule  that 

F'  (  x)   =  G'  (  u(  x)  )  u'  ( x) . 
Now,    if   f   is  a  function  that  can  be  written   in  the  form 

f  (  X)   =  g  (  u(  x)  )  u'  ( x)  , 
for  some  g<x)   and  u<x),  and   if  F  and  G  are  an t i -de r i vat i ves 
of  f  and  g,   then  we  must  have 

F(x)   =  G( u( x) )   +  c. 

Example   I.     Although  we  cannot  get  a  simple  formula  for  an 
anti -deri vati ve  of  sin(x2)   we  can  for  x  s\n(x^).     For  let 
u(x)   =  Tho.T   u'(x)   =  2x,  and 

X  sin(x2)   ^  J  sin(u(x))u'(x). 

Since  jsin  u  has  the  an t i -de r i vat i ve  -jcos  u,  we  get  the  anti 
derivatives  of  x  sin(x2)   to  be  -jcos(x^)   +  c. 
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This  so-called  "method  of  substitution"   Is  much  easier 
to  handle  In  terms  of   differentials.     Since  dF  =  FMx)dx  =  f  dx, 
to  find  the  an 1 1 - de r I va 1 1 ve  of  a  function  f  amounts  to  the 
same  thing  as  finding  the  " a n 1 1 - d I f f e ren 1 1  a  I "  of   dF,  From 
this  point  of  view  the  method  of  substitution  takes  the  form 

dF  =  f(x)dx  =  g(u)u'(x)dx  =  g(u)du; 

I»e»,   dF,    Instead  of  belnn  expressed   In  terms  of   x  and  dx.  Is 
expressed   \r   terms  of   u  and  du.     This  accounts   for  the  name  of 
the  method.    I.e.,   u   Is  substituted  for  x  as  the  Independent 
va  r I ab I e . 

Example   I   now  takes  the  shortened  form; 

dF  =  X  sin(x^)dx  ^       I  n  (  x^  )  d  (  x^  )   =  -js  I  n   u  du, 

F  =  -^cos  u  +  c  =  -jcos(x^)  +  c. 

In  a  simple  case    like  this  one   usually  omjts  all    reference  to 
u  and  Jumps  at  once  from  the  second  expression  for  dF  to  the 
finalanswer. 


PROBLEMS 

In  each  of  the  following  exercises 
derivative  of  the  given  expression 

(a)  f(x)   =   7  -  4x  +  3x2 

(b)  g(x)   =   2x3   -  3x2 

(c)  f(x)   =   3x5   _  25x3   +  60x 


9  3/2 

(d)  g(t)    =  yCt  +   2)    '      -  t 

/x"  2 

(e)  f (x)   =  ~  - 


(f)  f(x)  =   sin   X     cos  X 

,    ^  i ,    \       COS  2y 

(g)  f(y)  = 

(h)  f(<|i)  =  sin  2<|i  cos  2(t) 

( i )  dF  =  (4x3  -  5x  +  7)  dx 
( J )  dF  =  ( x3   +  2 ) 3  dx 

(k)  dF  =  x2(x3   +  2)3  dx 

(I)  dF   =  ^     ^   dx 

x2 

(m)  dF  =  (y/y  +  /y  -  5)  dy 
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(  n )     dF  =       •+    I  dx 

(o)   dF  =  iSIt^i  dx 

(p)     dF  =  +  2z^^^)  dz 

(q)     dF  =  5(y  -  d)""  dy 
(r)      dF  =  sin'^e   cosO  dO 

An  automobile   tire   rolls   down  an    Inclined  plane  200  ft. 
long  with  an   acceleration  of   8  ft/sec^.      Find  the 
position   function  of   the  tire   if    it   is  given   no  Initial 
velocity.     How   long   does    it  take  the   tire  to  reach  the 
end  of   the   p I ane? 


A   brick   is   thrown   directly   upward   from  the  ground  with 
initial    velocity  of  48  ft/sec.     Assuming  no  air  resistance 
how  high  will    the   brick  rise,   and  when  will    It  return  to 
the  ground? 


Starting  from  rest,  with  what  constant  acceleration  must 
a  car  move  to  go   120  ft   In  4  sec? 


A  curve  C  has  the   property  illustrated 
In   the  figure.     Here  P    is  any 
point  of   the   curve,   PB   is  per- 
pendicular to  the   tangent  PT, 
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PA  fs  parallel  to  the  x-axis,  and  a  Is  a  constant 
distance  between  A  and  B. 

(a)  What  are  the  possible  equations  of  C? 

(b)  If  C  goes  through  the  point  (-2,  -4)   what  are 
Its  possible  equations? 


2,     The  Fundamenta  i   Theorem  of  Ca I cu I  us 

Back  in  section  3-8  we  obtained  the  formulas: 

cos  t  dt  =  sin  X  and 
These  formulas  were  used  in  turn  to  derive   inequalities  such 


sin  t  dt  =   I   -  cos  X, 


as 


3  3  5 

X  -  ^  <  sin  X  <  X  -  ^  +  ^        for  X   >  0, 

by  means  of  which  we  were  able  to  tabulate  the  sine  and  cosine 
f  unct I ons  * 

This   is  Just  one  of  many  uses  of   Integrals  with  a  variable 
upper  limit  of  integration; 

•'a 


'X 

f (t)dt. 


Here   in  this  section  as  well   as  hereafter  we  will  have 
much  use  of  functions  defined  by  such  formulas  as 


F(x)   =  ,0 


sin  t  dt        or        F(x)  =    J^  -dt, 
or   in  gene ra I 

F(x)   =  ^^f(t)dt. 

In  the  case  that  the   integral,  f(t),    is  positive  and 
X  >  a  we  have  the  area   interpretation  at  our  disposal.  So 
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In  Figure  2-1  we  see  that  different  values  of  x  yield  different 
areas ,  F( x) . 


a 


b 


X  b 


Figure  2-1 


What  we  are  most  concerned  with   Is  the  derivative  of  the 
function  F.     Accordingly   let  c  be  some  number  between  a  and  b, 
and  then   from  the  definition  of  the  derivative 


Looking  at  the  numerator  of  this  difference  quotient  we  see 
that 


F(x)  -  F(c) 
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This  Is  depicted  In  Figure  2-2. 


The  entire  shaded  area   in   Figure  2-2(a)    represents   F(x)  while 
the  doubly  cross-hatched  area  represents  F(c).     Thus  the  singly 
shaded  area  seen,   in  this  figur-  and  again   in   Figure  2-2(b) 
rep  resents 


•X 

F(x)   -   F(c)   =     ./  f(t)dt. 


Let  us  now  engage   in  some   loose  talk   in  order  to  get  a 
feeling  for  what   is  going  on  here.     Think  of  the  area  in 
Figure  2-2(b)   as  a  sheet  of  "two  dimensional    ice"   confined  in 
a  two  dimensional    container  represented  by  the  sides  and  bottom 
of  this  region. 

Imagine  that  this  ice  is  allowed  to  melt  without  changing 
its  area  to  form  a  two  dimensional  liquid  with  the  top  surface 
hori  zonta I  - 


■  ti 

572 


5S0 


Thus  the   rectangle   In   Figure  2-.3(b)   has  the  same  area  as  the 
region   In   Figure  2-3(a).     Denoting  the  height  of  this  rectangle 
by  h(x)   we  see  that 

F(x)   -  F(c)   =  f(t)dt  =   (x  -  c)h(x). 

Next  we    look  at  what  happans  to  h(x)   as  x   is  taken  closer  and 
closer  to  c. 


before 
melting 


after 
melt  ing 


i 


h(x)K 


C  X 


I 

C  K 


r 


Figure  2-4 
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It  seems  evident  that  as  x  gets  close  to  c,  h(x)  gets 
close  to  f(c)   and  in  fact  that   Mm  h(x)   =  f(c), 

X-fC 


Armed  with  these   Intuitive  observations  we  return  to 
F' <  c)   as  g I ven   In  (  I )  , 

^             ^                 f  f<t)dt 
Ft(c)  =   Mm  ^^""^  "  ''^^^  =   Mm  ^  

X-fC  X   -    C  X-^C  X    -  c 


,.(X-C)h(x)  X.  t  \ 

I  I  m    =   Mm  h(x)   =  f(c), 

X-J-C  X    -    C  X-fC 


EKLC 


And  so  we  come  to  the  conclusion  that  the  relation 

F' (c)   =  f (c) 
ought  to  hold  true,  and   In  general  that 

F' (x)   =  f (X). 

And  thus  we  find  that  starting  with  a  function  f,  forming  Its 
I ntegra I , 

*x 


f (t)dt, 
a 


and  differentiating  this  Integral 

D     L  f(t)dt 
X  •'a 

gives  us  back  the  function  f  again.     Thus  the  operation  of 
"Integrating  from  a  to  x"     is  a  sort  of  inverse  of  the  operation 
of  differentiation.     Put  slightly  differently,  the  function 
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X 


F(x)   =  f(t)dt 

turns  out  to  be  an  an t 1 -de r i vat i ve  of  f.     This  theorem  is  so 
important  in  Calculus  that  it  is  called  "the  Fundamental  Theorem 
of  Calculus."     The  proof  of  this  theorem  is  quite  short  and 
follows  fairly  closely  the   lines  of  the  above  intuitive 
discussion,  but   it  does  use  e  and  6.     The   idea   is  to  show  that 
for  any  c  >  0  there   i s  a  6  >  0  so  that 

if  0  <   Ix-d    <  6         then         |  liil^-LLil  -  f(c)|   <  c, 

wh I ch   is  equi  va I ent  to 

, ,     F(x)   -  F(c)   _   , f _s  ' 

m   =  f  V  c  )  . 

x-vc        X  -  c 

Theorem  I.     (The  Fundamental  Theorem  of  Calculus.     First  Form.) 
Suppose  f   is  unicon   in  Ca,b:  and   let  F(x)   =         f(t)dt.  Then, 
for  each  c   in   (a,b),   F'(c)   exists  and  F'(c)   =  f(c). 

Proof;  Let  e  >  0.  Since  f  is  unicon  In  Ca,b:  there  i  s  a  6  >•  0 
so  that 

|f  (s)   -  f(t)  I    <  e 
whenever  s  and  t  are   in  Ca,bD  with   |s-t|    <  6. 

Now   if  0  <   |x  -  c|    <  6   ,  then  *or  allt  between  c  and  x 
we  have   | t  -  c|    <  6  so  that 
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or 


f (t)   -   f (c)     <  c 


f(C)    -    E    <    f(t)     <    f(c)    +    C  . 


Hence  f(c)  -  c  and  f(c)  +  c  are  respectively   lower  and  upper 
bounds  for  the  functional   values  over  the   interval   Cc,xll,  assum- 
ing X  >  c.  Hence 

(x  -  c)(f(c)   -  e) 


f ( t) dt 


<   (  X  -  c)  (  f  (  c)  +  e)  , 


f(c) 


and  therefore 


f(c)-E  < 


f (t)dt 


—       X  -  c 


<  f(c)+e 


Figure  2-5 


If  X  <  c  a  similar  treatment  of  f  ( t )  dt  p  reduces  the  serte 


result  if  this  integral  is  replaced  by  - 
e  i  the r  case ,   s I  nee 


f(t)dt.     Thus  in 


we  get 


f  ( t)dt  =  F(x)  -  F(c)  , 


f(c)  -  e  <  — — ^— <  f(c)  +  e, 
— '         X  -  c 


which  may  be  reexpressed   in  the  forms 


■5S 


,  ^  F(x)  -  F(c)  , 

-e  <    ■    -  f(c)   <  c 

X  *  c 


or 


F(x)  -  F(c)  , 
•  -  f  (  c ) 


X  -  c 


<  e  . 


This  shows  that 


I  1  m  F(  x)   -   F(  c  )        , .  . 
I  m  ■  =  f  (  c )  . 


which  was  to  be  proved. 

A  number  of   Instances  are  at  our  disposal   for  verifying 
this  theorem.     Thus  ,for  example: 

f(x)  =  sin  X,  F(x).  =  ^  sin  t  dt  =  l-cos  x,  F'(x)  =  sin  x  =  f(x); 
f(x)  -  x^,   F(x)   =  ^"^t^dt  =  F»(x)   =  x^  =  f(x). 

In  the  next  section  we  will   see  another  useful   form  of 
the  fundamental   theorem  and  some   Impressive  upp I  I  cat  I ons . 
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3,     Second  Form  of   Fundamenta I  Theorem 

The  Fundamental   Theorem  has  told  us  that   if  f   is  unicon 
on  Ca,b]  and   1 f  we  def I ne 

(I)  F(x)   =        f(t)dt        for  all   x  In  [a,bl], 

then 

FMx)   =  f(x)         for  all   x  in  (a,b)* 

As  has  alrt^ady  been  observed,   this  means  that  the   function  F 
Is  an  anti-der; vdti ve  of  f. 

According  to  Theorem  2  of  Section    I,  any  two  antl- 
derlvatives  of   f  differ  by  a  constant.     Thus,    if  G   is  another 
anti-derivative  of  f  we  have 

G(x)   -  F(x)   =  C         for  all   x   in  Ca,b], 
And  the  value  of  this  constant   is  seen  by  substitution  to  have 
^he  form 

C  =  G(a>   -  F(a) • 
The  value  of   F(a)    is  seen  from  the   definition   In  (I)   to  be 
F(a)   =  X^^(+)dt  =  0. 

» 

Hence  we  have 

G(x)   -  F(x)   =  C  =  G(a)   -  F(a)   =  G(a), 

whence 

F(x)   =  G(x)   -  G(a), 

■.^  571 


so  that 

G(x)   -  G(a)   -  F(x)   »     r  f(t)dt. 

a 

FInelly  we  may  state  the  second  form  of  the  Fundamental  Theorem 
of  Ca I cu I  us : 

Theorem   I »     Fund amenta  I   Theorem  (Second  Form ) .      If   f   Is  un I  con 
on  [a^bU  and  F   Is  an  an 1 1 -de r I  vat  I ve  of  f  on  this   Interval  then 

f(t)dt  =  F(x)   -  F(a)         for  x  in  [a,b]. 

The  content  of  this  theorem  can  be  m<  de  more  meaningful 
by  putting   I.t  In  slightly  different  terms.     The  hypothesis 
that  F   Is  an  ant  I -de  r  I  vat  I  ve  of  f  can  be  expressed  as 

F'  (x)   =  f (x)         for  X  In   (a,b)  , 

so  that  the  conclusion  of  the  theorem  may  be  phrased 

(t)dt  =  F(x)   -  F(a)  . 

•'a 

This  means  that  differentiating  the  function  F  and  then  Inte- 
grating this  derivative  gives  us  back  the   function  F  (minus  a 
suitable  constant).      In  other  words   (In  a  suitably  general  sense) 
Integration   Is  the   inverse  operation  of  differentiation.  The 
first  form  of  the  Fund amenta  I   Theorem  to  Id  us  that  dlfferentla- 
tlon   is  the   Inverse  operation  of   Integration.     Now  we  can  see 
why  we  regard  these  two  forms  of  the  theorem  as  two  faces  of  the 
same  coin;   the  two  forms  taken  together  tell   us  that  Integration 
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and  differentiation  are  Inverses  of  oach  other  (again.  In  a 
suitably  general  sense.) 


At  the  beginning  of  Section  3-4   It  was  promised  that  the 
seemingly  useless  dx  In 

^b 


f (x) dx 

a 


would  eventually  be  explained.     Now  the  reason  for  It  Is  almost 
obvious.     It  Is  evident  that  when  the  notation  was  Invented, 
Integration  was  thought  of  as  taking  an  an 1 1 -d I f f e ren 1 1  a  I  - 
that  f(x)dx  Is  the  differential   dF  of  the  function  F  that  we 
are  seeking.     Since,  as  we  saw  In  Section   I,  this  point  of  view 
Is  convenient  In  the  substitution  method  of  finding  antl- 
derlvatlves,  the  notation   Is  still   the  one  most  commonly  used, 
even  though  modern  mathematics  emphasizes  functions  and 
derlvatlvesa  rather  hhan  differentials. 

The  first  application  of  the  Fundamental   Theorem  Is  a 
powerful   method  for  evaluating  Integrals, 


rir/3 

Examp I e   I ,     Evaluate     J^^^    cos  x  dx. 


Noting  that        sin  x  =  cos  x    we  see  by  the  Fundamental 


Theorem  that 

/•ir/3 

/r/4  cos  X  dx  =  sin  ^  -  sin  J 


^  _,_  TT 


✓7  ✓? 
=  »   ,  159, 

5N  5b8 


To  appreciate  the  power  of  this  techni.que    for  evaluating 
integrals,   recall    the  tedious  process  by  which    it  was  shown 
in  Chapter  3  that 

L  cos  t  dt  =  sin  X. 

On  the  other  hand   it  was  quite  simple  to  see  that 

D^s  i  n   X  =  cos  X . 

And  from  this  easily  derived  derivative  formula  we  see  at 
once   from  the   Fundamental   Theorem  that 


cos   t  dt  =  sin   x  -  sin  0  =   sin  x. 
Further   recall    that   in   Chapter  2  we  proved   for  n   =  0,1,2 


that 

n+  I 


r  X 
/o  ^" 


fdt  ^ 


n  +  I 


and   then  "borrowed"   this   formula  for  n   =  3,4,5,...    .  This 
borrowed  formula   is  now  established  at  once  by  means  of  the 
Fundamental    Theorem,   since    in   a  much  more  general  form 

n+  I 


X  n 


whe n  ce 


^0 


D         ^    ,    =  X 
X  n   +  i 


x^^l  0^^'  x^ 
"   n  +    I    "   n  +    I    "   n  + 


for  any  rational   value  of  n  except  n  =  (This  mysterious 

exception   Is  the  subject  of  the  next  chapter.) 

This  technique  motivates  the  following  definition  of 
the  "Indefinite   Integral"  which    Is  really  nothing  more  than 
a  matter  of  nomenc I  at ure • 

Def I n 1 1 1  on .     If   F  Is  an  an 1 1 -de r I  vat  I ve  of   f  then  we 
define  the  "Indefinite   Integral"  of  f  as 


This   Indefinite   Integral   of   f   Is  nothing  more  than  the 
most  general    form  of  the  ant  I -de r I  vat  I ve  of   f.     The  familiar 
def I n I te   I n teg ra I 


/  f(x)dx 
*/a 

can  be  evaluated  by  the  process 

1)  evaluate  the   Indefinite   Integral   at  b; 

2)  evaluate  the   Indefinite   Integral   at  a; 

3)  subtract. 
That  Is 


f(x)dx  =   (F(b)   +  C)   -  (F(a)   +  C) 


=   F(b)   -  F(a), 


5Do 


We  see  that  the  "arbitrary  constant"  C  drops  out  so 
there   Is  no  need  to  write   it  in  this  evaluation  process. 


Example  2.     Evaluate    J  2 


/2  x^ 
X  dx  =  3-  +  c, 

we  have  J2  ^         '  3  3-  -  • 


A  further  notational   convention   is  the  writing  of 

F(x)|^  to  mean  F(b)  -  F(a). 
I  3 

With  this  notation  the  solution  in  Example  2  can  be  developed 
in  the  convenient  running  form 


X 


5  2. 


X  dx 


^  =  125  .  I  ^  =  39. 


Example  5.     Evaluate     ^""^^sin^x  cos  x  dx. 

Since  none  of  our  well-known  derivative  formulas  leads 
to     sin^x  cos  X,  w^  look  for  some  substitution  that  will 
simplify  the  function  to  be   integrated   (this   is  known  as  the 
Integrand) .     Since     cos  x  dx  is  the  differential   of     sin  x. 
If  we   let     u  =  sin  x     the   integrand   reduces  to  u^du.  So 


1 1  Y: 


/sin' 


X  COS  X  dx 


=  f u^du  =  ju^  =  -^sln^x. 


and 


X 


-^''^2  13 
Q       sin  xcos  X  dx  =  >ysin  x 


Tr/2 
0 


T  -  °  =  T 


Now  there   is  a  way  of  short-cutting  this.     Notice  that 

7r/2 


we  go  from  ^u*'  to  '^sin*'x  to  ^^sfn'^x 


Q       to  ^-s  I  n       -  -ys  i  n  0, 


Why  not  simply  say  that  when  x  =  0  and  7r/2,  u  =  0  and  I, 
correspondingly,   and  then  go  directly  from  -yu'^  to 

•  I  "  •0*'?  We  can  then  write  the  whole  process  as 
f o I  I ows 

u  =  s  i  n   X,     du   =  cos  x  dx. 


sin^   X   cos  X  dx  =  u  du  =  y 


I 

T 


The   inverse  trigonometric  functions  are  of  interest 
ma  inly  because  they  arise  naturally   In  the  evaluation  of  sone 
rather  simple   integrals.     From  the  derivatives  of     arcsin  and 
arctan  we  get  the  useful    indefinite  integrals. 

/         '         dx  =  arcsin  x  +  c,       -I   <  x  <  I, 
J   /I  . 


dx  =  arctan  x  +  c,       -»  <  x  < 


I  +  x2 
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The  substitution  u  =  ax^  a  >  0,  gives  the  somewhat  more 
genera  I  forms 


—  *  —  du  =  arcsin  ~  +  c.  -a  <  u  < 
Va^  -  ^ 


/■  '  *■  du  =  arctan  -ii  +  c.  -»  <  u  <  <»• 
a^  +  u^  ^  ^ 


In  the  first  of  each  pair  we  can   replace  arcsin  by 
-arccos,  but  this   is  rarely  preferable. 

dx 

Examp  I  e  4,     To  evaluate      /  „  —  we    let  u  =  2x.  This 

  /25  -  4x2 

gives  us 


4 
-4 


=  2  (arcsin  |  -  arcsin(-|)). 

Since  sin   is  an  odd  function   (sin(-x)   =  -sin  x>   It  follows 
from  the  definition  of     arcsin  x     that  arcsin   is  also  an  odd 
function;   hen ce 

4  4 
arcsInC— ^)   =  -arcsin  ^  • 

Thus  our  integral   has  the  value 


^2  arcsin  ^1  =  arcslt.  0.8  =  0.92727522  , 
f  roiti  tab  I  es  . 

(Tan  and  arctan  are  also  odd  functions.  On  the  other  hand, 
although  cos   is  an  even  function  arccos   is  not.     In  fact,  no 
even   function  can  have  an  even   inverse  function.  Why?) 


Example  5.     To  evaluate 


Q  -de 


I  +  cos^e 


we  notice  that  sin  6  de  =  -d(cos  e).  Hence  for  u  =  cos  6 
the   integral  becomes 

f    =  -arctan   u  +  c 

I    +  u2 

=  -arctanCcos  6)   +  c. 


Examp I e  6. 


dx     -  r  - 

''O     x2  -  2x  +  4  ( 


Letting  u  =  x  -   I  gives 
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7. 


 J.  arctan 

u2  +  3       /3"  /T 


— I-  arctan  arctan  — 

rs  ^  ^ 


2  I 
—  arctan 


/7 


✓7 


2     TT    _  TT 

/S  6  3/T 


=  .59453. 
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PROBLEMS 


Evaluate  each  of  the  following  Integra 


(a)     F(x)   =  /! 


X 

0         ^  + 


(b) 


F(x)   =     Jq   (4t3  -  2t8   +  t)  dt 


/t 

(c)      F(x)   =     .4     ^  dt 


(d)     F(t)   =  /x"  dx 


(e)  F(y)   =  x3  dx 

(f)  G(u)   =^     7_|  dx 


ri-z 


(g)     H(2)   =  (x^   -    1)^  dx 

Evaluate  the  given  definite  integrals 


(a)     j[| (X  +  4)  dx 


(b)  J|*^(u2-2u  +  3)du 

(c)  ^'  (       +    I  )2  dx 
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(d)     J3  (x  -  2)  ^  dx 


(e)     J  -p 


(g)  '  (4x3   -  3x2  +  2)  dx 


(h)  sin  4x  dx 

/•ir/3 

(  1 )    J„      si  n^e  cose  de 


r  25^2  +  2 


(!)     f_.  —  dz 


z2  - 


(m)     /^-i!^  dt 


3.     Evaluate  the  following  definite  integrals. 


I 


(a)  /2  -  X  dx 


(b)     ^'y/l  -  dy 


(c)     ^'2x(x2  +  2)^  dx 

^   (u  -  1)2 
(e)  (2x  +   I ) /x^  +  X  +   I  dx 

r '    (x'^  +  2x)dx 
-^0  +  3x^+1 

(h)     J|/3  /I   +   (3/><)2  dx 


(  /  -  7  dx 

x2 


s  I  nx 


(J)    •'o  '''' 

cos '  X 


4.     Evaluate  the  following   indefinite  integrals, 
(a)    y3(2x  +   I ) 5  dx 


(b)     f    u  du 


(  c)         X  -    I  )  (  2x  +    I  )  dx 


(  d)     /  /F  cose^^^  de 
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J  v2 


(g)    r-7=^=  dy 


1  0 

dx 


(J)    y  X  si n(  I  +  x2)dx 


(k)    1-====  dt 


(m)   '   dx 

x2   -  4x  +  13 


/arctan  X 


(n)    f--^^"^-  -  dx 
1  + 


1    +  x2 


(O) 


r    sin  V  dy 
/lO  -  cos^  y 


'p'  /  r — 

8u  -  u2   -  25 


5.9 
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5. 


Let  R  be  the  reg ion  bounded 


by  the  axes  and  the  curve 
/x  +  /y  =  /a" 


(a) 


Find  the  area  of  R. 


a 


(b)     Find  the  volume  of  the 

solid  obtained  by  rotating  R  about  the  x-axis. 

6,     (a)     Find  the  area  bounded  by   the  axes,   the  line 

X  =  h,   where  h  >  0,   and  the  curve  y  =   (I   +  x^)"^ 

(b)     What  happens  to  this  area  as  h  gets   larger  and 

larger  without  bound?     Does  this  seem  reasonable? 
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ANSWERS 
Vo  I  ume  I 

Chapter  0 

»  page  24 

a)   X  <    I,     X  >  -I,       b)   X  <  5,     X  >  -I 

5-  I  #  page  30 

a)  -5  <^  X  <^  I,  b)  X  >  7,  X  <  -3,  c)  -I  <  x  <  5, 
d)   X  <  5,   X  >  -I,       e)    impossible,  f)    x  ^  "j* 

g)  0  <  X  <  5,   X  ?^  2,       h)   X  <  2,   X  ?^  0 
S'"^^  page  43 

a)  2x,       b)  2  +  X,       c)    |x|   -  2x,       d)   x^  +  |x| 

6-  3^  page  43 

a)   x2,       b)  2x,       c)  -2x  •    |x|,       d)   x^  .-4-x-|  


S'^A,  page  43  7*^6^  page  55 

Compare  2a  and  3b.  Identity  function 
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Chapter  0 

B'\,  page  61  8-2.  page  6  1 

Zeros  of  sine  are  mr  Zaros  are  —  ,  n  any  integer  0 

Zeros  of  cosine  are  (2n+l)j 

8-4,  page  6  1 

a)   /x  ,       b)   /x  -   I   ,       c)  -X 
8-7.  page  6 1 

f  and  Its  Inverse  are  the  reflection  of  each  other  on 
the   line  x  =  y . 


8-6,  page  61 
Yes 
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A-2 


Chapter  I 

3"! .  page  88 

The  effect  Is  the  adding  of  the   latest  SUM  twice. 
5-2.   page  88 

a)  A  =   13,     B  =   13;  A  =  7,     B  =  7,       b)  both,       c)  different 
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Chapter  2 


2^2,  page  141 


a)  X  «  -I.  I  17,  b)  X  =  -I  .  I  16 
c)   roots  are  ±  1,0,0 


2-3  ,  page    I  4  I 


a)   X  «   I  .414,       b)   X  «  5 


c)   X  «  ^.758 


3- I »  page  145 

a)   r**  -   I,       b)   (r**  -   l)/(r  -   I),       c)   ( r"  -   l)/(r  -  I) 
d)    1/(1   -  r),       e)   no,  you  cannot. 

3-2^  page  145 

a)  k(r**  -  I),  b)  k(r**  -  l)/(r  -  I),  c)  k(r"  -  l)/(r  -  I), 
d)  k/l  -  r,       e)   no,  you  cannot. 


3->3^  page  146 

a)  2,       b)    I,       c)  25/2,       d^  2 1 /5 


3-5,  page  147 


1200  knashes 


3-6,  page  147 


a)  ^  +  J  +  .  .  .  -^Tj-decays 


b)  3( J  +  J  +  • • •  + 


.40 


•)  decays 


3  -  3(j  +  J  +  •  •  •  + 


i*0 


.)  le 


c)  3(j  +  ^  +   ...  +  -^)decays         d)  j  decays,  j  left 

2 


3  -  3(j  +  J  +  ...  +  jTTo 


•)  left 


/A 


A-4 


Chapter  2 


3-6  f  page   1 47  -  con't. 


e)    I6(j  +  7  +  ...  decays 
16  -   I6{^  +  7  . ..  ^)    le^  + 


f)  '   +   '  +  ...   1        decays     g>  T  +  T  "77  decays 

2      4                iQio                              ^  2 

2 

I  -  (i-  +  ...  +   >  left        I  -  (7  +  7  ...  -[o"  ' 

5-  7.  page   148  4- I .  page  160 

2  min.                              a)  0,       b)  0,  c)  0,       d)  diverges, 

e)    I,       f)   A,  g)  5 

4-2,  page  160 

a)  yes,       b)  no,       c)  no,       d)  yes,  e)  no 

4-3.  pa'ge   16  1  4-7.  page  163 

a)  yes,       b)  yes,       c)  yes  Flow  chart 

6-  I  ,  page   I  84 

a)  2,       b)   8,       c)   4,       d)    I,       e)    1/2,       f)  3/4, 

g)  doesn't  exist,       h.),:t  I 


Chapter  2 

6--2,  page  184 


1-5,  page  192 

a)  Ar**  -  r3  -        -  r  -   I,       b)  nr"  -  r""'   -  ...  -  r  -  I, 

e)  l/(r  -  1)2 

8-  1,  page  197 

a)    I,       b)    1/2,       c)  0,       d)  0,  e)  0,       f)  k,       g)  1/2 

9-  I ,  page  205 

a)    /T,       b)   C|    =1,     C2  =  2.3333,  =  2.2307,  =  2.2363, 

c)   c  ^„  =   (9c     +  20)/(4c„  +  9),  d)   d„,,/d     =  -l/(4c     +  9), 

f)  n  >  7 

9-3,  page  204 

c)    l/2n,       d)  50  I ,       e)  .693 


eve 


ERIC 


Chapter  3 


2-3,  page  227 

Correct  analytical  answers: 
a)  I 


b)     y  (2/7  -  I) 


C) 


d) 


(2/?  -  I) 


I 


IT 

4 


e)  2 


f  ) 

g) 

h)  sin  I 
I  )  I 


5-  I .  page  25  I 

The  maxJmum  error: 

a)  .003 

b)  .002 

C)  .0014 

d)  .002 

e)  .005 


f  ) 

g) 

h  ) 
I  ) 

J> 


.002 
.002 
.00  I 
.002 
.004 


6-  I  .  page  259 
a)  .05 

b>  .005 

c)  .0005 


6-6,  page  259 
a)  6=1- 


b)     6  =  ^ 


c)     6  = 


2  max ( I  a  I ,    | b 


ERIC 


Chapter  3 

7-2,  page  268 

2- 


^,       b)  2/T  -  ^-/f,       c)  I  +  2   log  2,     d)  ^ 


a)  43 


8-  I  .  page  280 

a)  |1,  b)  25,  c)  40,  d)  10,  e)  55,  f) 
8-5.  page  282 

a)  4,  b)  0,  c)  18,  d)  64,  e)  I,  f)  -I 
h)  2,       1)  129. 

10-2.  page  297 
a)  b)  ^221,       c)    .0002,       d)  .0028, 

f)  .^(.00001),     g)  j(. 00001) 


,A-8 


608 


ERIC 
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5- I ^  page  35  I 

a)  45ir,  b)  6ir,  c)  ,  d )  ^ir,  e)  ^ir,  f)  fjj-w, 
g)   24ir,       h)    I8ir,       I)   ir,  J) 


2_  49.  i,.  ^ 


■i-  -  IT 


3-2 f  page  35  1 

No.     Translate  a  square  vertically. 


3-3.  page  35  1 

•b+h 


rb  /•D+n 

y2(x)dx  =    y^^,    y^Cx  -  h)dx. 


Yes.     Since  ,^ 


4- I ,  page  363 

a)   «792.5,       b)    15,850,       c)  $357 
4-2,  page  363 

a)  2000,       b)    117,       c)  2,       d)  ^ 

4-3^  page  364  4-4.  page  364 

^  b)  Al I  of  them,       c)  yes 

4-5.  page  365-366 

a)  14,000,  b)  24.5  x  10^,  c)  |0,  d)  1.5  x  lO"** 
e)  ^  ,       f )   8  ^  I09 


ERIC 


■ ~ ' Chapter  5   

I  -  I  ,  page  58  I  j^s^j^  page  38 

a)  ^,     b)    6   <   /247,     c)   4.2  x  |o"^  ,       '    '^^^  leoV^tn. 

1-4.   page  582 

a)   2280  ft.,     b)   2  ft/sec.   (For  fast^''  ^^^V^^gence 

~  In  place  of  c)   t,   =   12   5^^"       ^    -jS^  ^^/s^c 


2-1,  page  595 

a)    I,       b)  |,       c)   -I,       d)    I,     a:  un^^^'^'^cl,  *     g)  4, 


h)   undefined,       i)  0,       j)  — L.,       k)  T/k'  \) 

2/y  ^ 

m)  ^,       n)   4,       0)  X  -  tx  •■  2_>^  '   '    ^  t 


I 


I 


2-5,  page  596 

a)    I   for  all   values,       b)   6,  54,  -ZK ,  ^    \) , 


c)   48,  5,   5t2,       d)  +1, 


f+ 1  ^ 
undeflnV'       ^  o, 
-I,  r  ^ 


e)  — -,  — f)  — J,  — J,  -  sin  f 

2/T    2^  ^  ^ 


2-6,  page  597 

a)  x«  ±2,  b)  x  =  nj,  n  =  ±l,t2,  * 
c)   X  a  mr,   n  =  0,  ±1,  ±2, 

A-IO 


0 


Chapter  5 

3- I ,  page  405 

a)  II,  b)  8,  c)  4,  d)  3,  e)  0, 
3-2.  page  405 

a)  X  =  0,       b)   X,  =  -I,     X2  =  3,  c) 

3-  3.  pa(^e  405-406 

a)  0  for  all   n,       b)   not  defined 

4-  I ,  page  4  I  4 

I         ,  I 
a)   4,  -2,  6,   2tt,    10,       b)   -j  ,  -I, 

4-2.  page  414 
I 

4-3.  page  4  I  4 

a)  y  =  0,       b)  No 

4-4,  page  4  I  4 
0,  3c2 


A-ll  611 


Chapter  5 

4-5,  page  4  I  4-41 5 

a)  y  a  24x  -  48,  y  =  0,       b)  y  =  (14  +  8/T)x  -   III  -  64/T 

y  =  (  14  -  8»^)x  -111+  64/T 

c)  There  Is  no   line  which  will   pass  through  the  point  (a,b) 


5-  I ,  page  42  I 

a)    I,       b)  2x,       c)   3x2,       ^)  .gj^  g)  _L_ 

2/x 


5-2,  page  421 


<7  ,  6) 


5-5,  page  42  I 

a)   d,       b)   c,       c)  -32,       d)   S(t)   =  -I6t2  +  20t  +  200 

5-6,   page  422  5-7,  page  422 

192  ft.  96  ft/sec. 

5-8,  page  422 

a)  25  s\n  <j>  sec.,  b)    10000  cos  ♦  sin  ^  ft,       c)  i 


A-  I  2 

O 

ERIC 


Chapter  5 


6-i,  page  434 


a)  X  =  0,     D^x|  x|   =  0 
X  >  0,     D^x| x|   =  2x 
X  <  0,     D^x| x|   =  -2x 


b)    X  >  0,     D^l x|   =  I 
X  <  0,     D^lxl   =  -I 
X  =  0,     l^x'  ^'    '  ^  undef  Ined 


c)  Yes,  No 


6-2,  page  434 


a)     D^y  =  Sx**  +  48x3  -9x2  +  2 


b)     D^y  «  42x5  +  I2x' 


I)  D^y 


m)  D^y 


/x ( X  +  4)   -  4x 
6x 


(x2    +  1)2 


c)  D^y 


n)     D^y  =  I8x' 


d)     D  y  =   l-I^ — 

^       2/x(x  +  2)2 


e)     D^y  »  -csc^x 


f )     D^y  =  Sx**  +    1 8x2  +  2x  +  8 


g)     D^y  ■  X  sec2x  +  tan  x 


0)     Dy=-(slnx+  cos  x) 


p)     D^y  =  sec2x  -  3x2 


q)  n^y 


r)  D^y 


8x  -  3x2 


(x3   -   4x2   +  1)2 

128x3 
(x'«  +  16)2 


h)     D^y  «  3x2  +  4x  -  23 


s)  D^y 


■x2    "  7^ 


I)     D  y  -  

^         (x  +  4)2 

J  )     D  y  ■  s I n  X  ( sec2x  +   I ) 


t)     D^y  =  36x3  +  |2x 


u)     D^y  =  2x  -  ^ 


l^)     D^y  «  -cos  X  (csc2x  +  I) 


v)     D^y  =  -lOx'^  +  3x 


ERIC 


A-  I  3 


Chapter  5 


ERIC 


w)   D^y  B 


+    lOx  -  18 


x)    D  y 


1-  +  -1 


2x/x  \8/>i 


6-3,  page  455 

P|(x,y)  =  (-3,  -57) 
P^lx,y)    =   (-4,  -56) 

6-4,  page  435 

X  =  0,  2n,  2kn,  where  k  =  Integers 

6-5,  page  436 
b)  No 


6-6,  page  436 
b)   6  »  3 


6-9 ,  page  437 


a)  f 

b)  f 

c)  f 

d)  f 

e)  f 


I,   f"  =  f"   =  f 


( •♦) 


=  0 


=  2x,   f"  =  2,   f"    =  f 


(«♦) 


=  0 


ttt  - 


6,  f 


( «♦) 


4x3,    f"   =    12x2,  f 


111  _ 


24x,  f 


=  0 
(«♦) 

(  «4) 


=  24 


=  5x*',   f"  =  20x3,   f"    =  60x2,   f'^'   =  I20x 


A- I  4 


Chapter  5 

f)  f»   -  20     ,   f"  =   80x3,   f"    »  240x2,   f  <  *♦  >   =  480x 

( ) 

g)  f  «  cos  X,  f"  «  -sin  x,  f"    =  -cos  x,   f        =  sin  x 

( ) 

h)  f»  »  -sin  X,   f"  =  -cos  X,   f"   =  sin  x,  f        =  cos  x 

I)   f   »  2  cos  X  +  3  sin  x,   f"  =  -2  sin  x  +  3  cos  x, 

(  u ) 

f"    »  -2  cos  x-3slnx,   f         =2slnx-3  cos  x 
6-tO,  page  437 

a)   3  ft,       b)   3  ft/sec,       c)   tt  sec,       d)   3  ft/sec, 
e)  0, 


ERIC 


6  i  6' 

A- I  5 


Chapter  6 

2-  I  B   page  449 

a)  Loca I :     Max  at  x  =  0 . 

b )  Loca I :     M  i  n  at  x  =   I ,  x 

c)  No  extrema. 

d)  Loca I   extrema :     Max  at 

M  i  n  at 

e)  Local   extrema:     Max  at 

M  i  n  at 

f)  Local   extrema:     Max  at 

M  i  n  at 

g )  Loca I :     M I n  at  x  =  3 . 

Sir 

h)  Local:     Max  at  x  =  — 


Chapter  6 

1)  Local  extrema:     Max  at  x  =  .46,  x  =  .  46  -  2ir,  x  = 

MIn  at  X  =   .46  +  ir,  X  =  .46  -  ir , 


J)   Local  extrema:     Max  at  x  =  0,  x  =  2ir, 

3 
2 


MIn  at  X  =  jTt,  X  =  -J  ,  X  =  -2ir. 


2-2f  page  450 

Length  =  50  ft,      Width  =  25  ft 

2-5.  page  450 

Length:  22.5  Inch. 
Width:       22.5  Inch. 

2-4.  page  450 

X  =  ^  ,     y  =  7  »     ""a^*   area  of  the  rectangle:  ^ 


A«H 


2-5.  cage  45  1  ^-6,   pac^e  4^  | 

•7  a  w  -  ^ 


2-7.  page  451  2-9.  page  451 

8,   8        ■  X  .  6  -  2/3 


Chapter  5 


2-10^  page  452  2>  M ,  page  452 

X  «   13^  ,     y  =  26|  ,     z  =  si  h  =  r/? 

2-12,   page  452 
r  =  h 


2^\5,   page  455 


2-14^  page  455 


2-15,  page  453 


e  =  30 


Mln  at  X  =  4.913 
Max  at  X  =  2.029 


2-16,  page  454 


4^  t ,   page  468 


b)   X  has  to  be  in   [b-a,  b+a]. 


a)  C  =  J  ,     b)  c 


A-18 


6 18 


Chapter  6 

4- I .  page  468  (cont.) 

c)  5  =  /?  '     cl)  5  =   I,     e)   5  =  5  . 

5>lr  page  477  5-2^  page  477 

a)  7  03     IeI    <  .00064 
.81   cu.   Inch.                           3'   ^.^:>»   I    I  _  • 

b)  1.070,    lEj    <.  .00244 

c)  .5407,    |e1   ^  .001  I 

5-5 f  page  477 
2.2361,    lEl   <_  .00004 


6- I .  page  488-489 

a)  Local  extrema:     MIn  at  x  =  -I.  MJn  at  x  =  2, 

I 

Max  at  X  =  -j 
CrI tl ca 1   pol nt :   x  =  J 

f(x)    is   increasing  on  C- 1  ,^3  and  decreasing  on  {.1,21. 

b)  Local  extrema:     Max  at  x  =  3 

Mln  at  X  =  -I 

Critical  points:     x  =  3,     x  =  -I 

f(x)    is  decreasing  on  Increasing  on  C-1,3:  and 

decreasing  on  C3,<»)« 

A-  19 


Chapter  6 

c)  Local   extrema:     Mln  at  x  =  -3,     x  =  3 

Max  at  X  =  0 

Cri  tl ca I   pol nt :  X  =  0 

f(x)  has  to  be   restricted  to  the   Interval  C-3,3]. 
f(x)    Is   increasing  on  [-3,0]  and  decreasing  on  C0,3]< 

d)  Local   extrema:     Max  at  x  =  0 

Min  at  X  =  I 

Cri  tl ca I   poi  nt :  x  =  I 

f(x)  has  to  be   restricted  to  the   interval  CO,")* 
f(x)    is  decreasing  on  [O^l]  and   increasing  on 

e)  Local   extrema:     Max  at  x  =  -4,     x  =  -I 

Mi  n  at  X  =  -2 

Cr i  1 1 ca  I   poi  nt :   x  =  -2 

f(x)    is  decreasing  on  [-4,-2]  and   increasing  on  [-2,-11 

f)  Critical   point:     Min  at  x  =  0 

f(x)    is  decreasing  on   (-«,0D  and   increasing  on  C0,«), 

g)  Critical   points     =     end  points. 
Max  at  X  =  -4,     Min  at  x  =  0 
f(x)    Is  decreasing  on  C-4,0D,  . 

^  A-20 

•  ,620 


Chapter  6 


h)   Loca I  extrema     =     crl tl ca I   poi  nts. 

Max  at  X  =  0,   -n ,  Z-n ,       Min  at  x  =         ,  • 

f(x)    is  decreasing  on  CC  ,  j^U,    increasing  on  C^^ttU, 

decreasing  on  CTr^jiH  and   increasing  on  C^,27rl], 


6^2,  page  489 

Critical  points  x  =  ir  +  2ni^,  n  =  0,1,2,3,... 
no  extrema. 


6*"3,  page  489 

y  =  -yx^  +  X  +  J 


EKLC 


Chapter  7 


ERIC 


I  " I ,  page  504 

a)  -10(1  -  x)\  b)  '5x-\2  -  x-3)"S  c)  I5x2(x3  -  4)- 
d)  |(x  .  n^/S  e)  -lix[(.  .  x^)^/^  C-  -  □  -  ^'^''') 
f)   2(3  -  2x)'»(3x2  +  4)2(.33x2  +  27x  -  20) 

3(x3  .  2x  .    ■)2(x'-  .  x2  -  2x  .  2)    ^  2^^^-J  -jjj 

9  (X2    +    I)-  X^^^d    -  X) 


/T.  4 

'^TTTTIT^'  4/x(/^  ^-   !)  "   '2x\  8x2 


in)   -3  sin  3x  -  2  cos  x 
page  505 

n)    (2x2  -  4x)sln  x2  +  4x  sin  x*»  -  cos  x2  +  8x5  cos  x*» , 

o)  -sin  2x  cosCcos  2x). 

p)   cosCsln(sln  x)I]Ccos(sln  x)I](cos  x), 

q)    (X  +  3)(x2  +  2x  +    I)2(x2  +  4)3[2(x2  +  2x  +    I)(x2  +  4) 
+  3(2x  +  2)(x  +  3)(x2  +  4)   +  8x(x  +  3)(x2  +  2x  +  I)], 

2       o                            tX**  -  3x2  +  8x 
,   x2  -  8x  -  33  ,  2  

(X  -  4)2  (x3  +  4)'- 


62'"^ 


4/  .'J 

>     A-2  2 


t) 


Chapter  7 

(x^  +  5x  -  4)(-x5  +  2x'*  +  5x^  +         +    I6x  -  II) 

2(x  +  3)3 


u)   3(x     +  5x  -  6x'M    (4x^  +  5  +  6x"^),       v)  0, 

\  1  J.  \  cos  X  ,  .  /— 
w)   sin  X  +  X  cos  X,       x)  — ^^^^  ,       y)    cos/x, 

2  /s  i  n  X  2/x 

z )   -2  cos  X 
s  i  n^x 


1-2,   page  505 

,2  .   ,,-1/2         y^,         _  -(3x2  -   I)  _   I2x(x2  -  I) 


a)   f   =  x(x'^  +   I)     '  b)   f   =   —  ,  f 


f"  =  <x2  +   I  )"3/2 


(x2    +     I  )3  (x2    +    I  )' 


c)   f   =  2  cos  2x        d)   f   =  3  sec23x 

f"  =  -4  sin  2x  f"  =    18  sec23x  tan  3x 


e) f   =  2x(sin  2x  +  x  cos  2x),     f"  =  2(1  -  2x'=)sin  2x  +  8x  cos  2x 

7T  o   ;  ^5—  (2  +  4"  Sin24x) 

,  .    ,  ,   _     /2  cot  2x  „  _   /2  sin  2 x  2  

(sin  2x) ^  (sin  2x)3 

1-6,  page  506 

a)   Local  extrema;     Max  at  x  =  /I /2 ,     x  =  -I 

Min  at  X  =  -/T72,     x  =  I 
f(x)   restricted  on  C- I  ,  I  D 
Critical  points  x  =  /FT?,  x  =  -/T77. 


6 ' 

A-23 


Chapter  7 


b)  Critica I  point  x  =  2 


2-ly  page  5  16 

V         ...         (2y  +  x2> 
a)  y'  =  b)  y'  =  ^  — 


d)  y' 

g)  y* 


c)  y » 


-I 


■=-77' 


e)  y' 


2x 


.  -  -V  -  ^  T  » 


X  - 


3x^  +  2xy^  -  I 
2  -  2x2y 


2-2,  page  516 

a)  y"  =  d)  y"  = 


-8 


CI   -  2y)3 


^3/2 


I)  [Cx  cos  y  -  sin  x)C-y  sin  x  ^  y 

.(y  cos  X-  sIn  yX-xy.   sin  "  -  ""^'x  cO'- 


2-3f  page  516 

-3  ± 
a)  X  =  w  


b)  y 


—3—' 


A-24 


Chapter  7 


2-4.  page  5|7 


a)  y  =  —  X  +  k,      b)  Q(x,y)  =  (-c,0) 


ac 


3-3.  page  530 

a)        ^  ,       b)  ^       ,  ,       c)  -— i   , 

/I   -  4x2  /I  -  25x^  x2  +  I 

I  .  2t  6(1  +  arcsin  5x) 

2/x<l   -  x)  /I   -  v'l  -  9x2 

I  2x2 
g)  arcsin  x,       h)  —  _  »  ,  ,z  # 

^  x/x2  -   I  /I  -  x2 

3  ..^         I  M         -  arccos 


2/arcsln  3x(  I  -  9x2)  x2  +   I  /l   -  x2 


,     /yi I   -  y)  ,   2v(/l   -  4v2  arccos  2v  -  y) 

-  ;)   '   /TTTy- 

,       3  sec^x  „^   3  

',   ^  Q  ^     2     '       ^     5  +  4  cos  X  • 
I   +  9  tarr^x 

3-4.  page  531  3-5,  page  531 

yes  =  0 

3-6.  page  531  4- I .   page  536  4-2.  page  536 

X  =  6/73  ft.  in. /sec.  ^ 


A-25 


Chapter  7 


ERIC 


4-3.   page  .5.36  4-4,   page  536 

-J  ft/sec.  5    ft./ml n. 


4-5,  page  537 

3/To  ft. /sec. 

4-6,  page  537  4-8,   page  53R 

— ^  ft/sec.  a)  -'"I  ft/sec. 


^209 


6- I , . page  547 

a)  dy  =   -  dx.       b)   dy  =  "   '  dx, 

/I   -  x2  (X  +    I  )  2 


,    .        -2x  +  y.  J  ^   J        cos  y  -  y  cos  x^.. 

)   d  V   =   ;r^d  X  .       d  )   d  V  =  — :  — ; —  :  d  x  , 

'  -x+2y     '       "'^y  sin.x+xsiny 


^    J  -J  ^  ^    J         cos  t  -  t  sin  t^ 

e)   dy   =  -cos  z  sin   x  dx,        f)   dy  =   ^.^  t  +  t  cos  t"*^' 


g)   dy   =  ^dx,        h)    dy   =   -i^Cx^  +  'xVzf^^^ 


6-3>    page  547 

a)  dw  =  -J  du  -  ^  dv  b)   D^v  =  -^^w  -  ^ 

du   =  —  dw       —  dv 


dv   =  —  dw  -  7"  du 
w  u 
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1^2^  page  55  1 

a)   D  y  =         ,     dS  =  —  »       b)   D  v  -  esc  8,     D^y  »  -cot^e 

c)   D^y  =  -cot  t,     D^y  =  icsc**t  sec  t 


,  COS  t  -  COS  2t 

=  stn  +  -  cos  ' 

„2  2  +  2  cos  t[sin  2t  -  cos  2t]  -  sin  t(sfn  2t  +     ■■  -  ?t)^ 

JJ^y  _   1  -  ^ 

^  2(cos  t  +  sin  2t)3 


7-5,  page  552 

a)   X  =  a  cos  8  +  a  6  s  i  n  8 
y=asin8-a8  cos  8 


6^7 
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Chapter  8 


l-l ,  page  567 


a)  x3  -  2x2  +  7v  -r  c,       b)  ^x**  -  x^  +  c. 


c)  ^x6  -  ^Ix**  +  30x2  +  c,       d)  ^(t  +  2)^/^  -  +i  +  c 

e)  jx^^^  -  4x^^^  +  c,       f)  ^in^x  +  c,       g)    (sin  2y)^^^  +  c, 

h)  ysin2  2  +  c,       i  )  x**  -  Jx^  +  7x  +  c, 

J)  -[^x^O  +  yx^  +  Sx**  +  8x  +  c,       k)  IjCx^  +  2)'»  +  c, 

, ,    x2    ^    -  3    ^                  ,2    5/2    ^    2    3/2        _  ^ 

1)  ^  +  2x  -  -  +  c,       m)              +  -jV        -  5y  +  c, 

n)  ^(x  +  +  c,       o)  ^x'/^  +  ^x'/**  +  c, 

p)   3,-/3  ^  4^5/2  ^                       _          ^                  sinle.  ^  ^ 


l«>2^  page  568  1-3,   page  568 

5/7  sec  The  brick  rises  36  ft  and  returns  after 

3  sec  to  the  ground. 

1-4^  page  568  1-5,  page  553 

c  =   15  a)   y  =  -75—  +  c,       b)  y  =  yr-'  -  —  -  4  +  c 

'       2a         '  '       2a  a 
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3-1,  page  588 

a)  ^x6,       b)  x'*  -  |x9  +  ^x2,       c)  2(/7  -  /a),  d)|x^/^ 

e)  jCy**  -   lO**),       f)  ^(u**  +  2u3  +  |), 

g)  75-C3(l  -  z)5  -   10(1  -  z)3  +   15(1  -  z)  +  8] 


3-2,  page  588-589 

a )    1 35.  ,  b )    1 5 ,  c)  ^  ,    d)   Aj  ,       6)2,       f )  3^  , 

g)   -102,  )  'J  »  function  not  continuous   at  zero 

k)    lo|,  1  )  m)   2(1  - 

3-3,  page  589-590 


-T  '  ^  '  Z^^"*  -  2^,       d)  ^  ,       e)  ^  /7  -  2/3" 


*^   3^       I         «\   o  X  3^7  .  .    112  ,  >  ,,3 

3-4,  page  590-59  I 

a)  j(2x  +   1)6  +  c,       b)  /u2  -   I  +  c,       c)  jx^  -  jx^  -  x  +  c, 

2    ,    „3/2   ^  ,    2   5/2        4   3/2        ^    1/2  . 

d)  jslne        +  c,      e)  ^        +  ju  '     -  2u  '     +  c, 

f)  jx2  -  X  -  I  +  c,       g)  |/y5  +  2  +  c,       h)  -jjl-^  -  +  c. 
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1)  -js"'  +  |-s"^  +  +  c,       J)  same  as  d,       k)  arcsin  j  +  c, 

I)  ^  arcsin        +  c,       m)  jarctan  — ^ —  +  c, 

n)  |.(arctan  y.)^^^  +  c,       o)  -arcsin  /         V  )   +  c, 

5  V  /nr  / 

p)  ^  arctan  "  ^  ^  +  c,      <^  ^       arctan  Sr^  +  c. 

5-5.  page  592  5-6.  page  592 

a)  b)  j^a^  a)   arctan  h 

b )  Jim  a  rctan  h  =  ^  • 
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Chapter  9 


THE   LOGARITHMIC  AND  EXPONENTIAL  FUNCTIONS 

I  ,     Logar \ thms  and  Exponent  I  a  I s 

rb 

We  have  Just  seen  that  t"dt  is  easy  to  evaluate 

for  all    rational   values  of  n  except  n  =  -I,     Obviously  the 
f ormu I  a 

fb  ^n+l  b 

cannot  be  used  when  n  =  -I.     On  the  other  hand,  since  t  ' 
Is  a  continuous  function   if  the    interval   fa^bH  does  not 
contain  zero,   the  first  form  of   the  Fund amenta  I  Theorem  te I  I s 
us  that  there   is  a  continuous  function 

L(x)   =  f  t"'dt 
*^a 

-I 

with   L(a)   =  0  and  L(b)   =  •     ^^^^         ^^'^  function 

L(x)?     Do  we  already  know   it  or   is   it  something  entirely  new? 
To  answer  these  questions  we  shall   start  by  developing  properties 
of  L(x)   directly   from   its  definition.     To  be  entirely  unambiguous 
we  def  i  ne 


L(x)  = 


X  >  0. 
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The  first  obvious   things  to 
notice  about  this  function  are: 

( i )  L( I )  =  0; 

(  i  i )  I f   X  >    I  ,   then   L( x)    >  0 ; 

(ili)  If0<x<l,   then   L( x)    <  0 ; 

(  i  v)  I  f   X  >  0  then   L' ( x)   =  ^  . 

Property   (I)    is  the  simple  computa- 
t  i  on 

L(  I  )    =      /'rfdt  =  0. 
For   ( i  1 ) ,   the   i  ntegra I 

A- 

can  be   represented  by   the  shaded 
area   in  Figure    l-l(a)   which   is  of 
course  positive.      If  0  <  x  <  I, 
then  the  shaded  area    in   Figure    I I  ( b ) 
is   represented  by 

so 

/'idt  >  0. 
•^x  t 

Therefore,    in     this  case 


makfng  (MI)  true.  Finally,  (Iv)  follows  at  once  from  the 
first  form  of  the  Fundamental  Theorem, 


With  this   Information  we  can  estimate  the  shape  of  the 
curve  y  =  L(x),      It  goes  through   (1,0),    Is  strictly  Increasing 
since  LMx)   >  0,   but  the  rate  of   Increase   decreases  since 
L"(x)   =  -l/x2  <  0,     This  gives 
us  a  shape  somewhat   like  that 
shown    In  Figure    1-2  but  we  need 
more   Information  before  we  can 
settle  such    Items  as  asymptotes. 

The  next  properties  of 
L(x)   are  not  as  obvious   as  the 
first  four 


(v)      Foranya>0,  b>0, 
L(ab)   =  L(a)   +  L(b)  . 


Figure  1-2 


(vl)     For  any  a  >  0  and  any  rational   number  n, 
L(a")   =  nL(a)  , 

Proof  ,  (  v)  Cons  I  der  the  derl  vati  ve  of  the  f  un<:t  J  cn  L(  ax) 
By  the  cha In  rule 
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since  L(ax)  and  L(x)  have  the  same  derivative,  by  Theorem  2 
of  Section  8-1     they  must  differ  only  by  a  constant.  I.e. 


(  I  ) 


L(ax)   =   L(x)   +  C. 


The  constant  can  be  determined  by  putting  x  =  K  This  gives 
from   (  I)  , 

L(a)    =  0  +  C,         or         C  =   L(a)  . 

Putting  this  value  for  C   in   (I)   and  setting  x  =  b  gives  the 
desired  result. 

(vi)    is  proved  similarly.     We  have 

D  L(x")   =  i-  nx"-'    =   ni  =  D^(nL(x)). 
X  j^n 

Hence 

L(x")   =   nL(x)   +  C, 
and  setting  x  =    I  gives 
0  =  0  +  C, 

so  that  the  result  follows  on  putting  x  =  a. 
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Properties   (v)   and  (vl)   are  the  one  we  commonly  associate 
with    logarithms,  and  so  the  suspicion  arises:      Is  L(x),  after 
all,   the  same  as   log  x,  or  perhaps  closely  associated  to  It? 
To  show  that  the  answer   Is  "yes"  we  must   Investigate  the 
Inverse   function  of   L(x),   since    log  x   Is   defined   In   terms  of 

y 

Its   Inverse  function:      I.e.     y  =   log^x   If  x  =  a'. 

a 

We  have  seen   that  L   Is   strictly   Increasing  on   (0,<»)  and 
so   It  has   an    Inverse   function  which   we  call    the  exponen  1 1  a  I 
function,   abbreviated  by  exp.     That   Is,   exp(L(x))   =  x.  Now 
the   domain  of  exp    Is  the   range  of   L,   and  we  should  first  of 
all    de  te  rm I ne  this. 

Let  a  be  any  number  greater  than    1.     Then   by  (II), 
L(a)  >   0.     Now  Ka*^)   =  nL(a),   and  slnce'n   can   be  arbitrarily 
large  we  see   that  L(x),   for  x  =  a*^,   can   be  arbitrarily  large. 
Similarly  L(x)   can   be  arbitrarily  small.     Thus  the   range  of 
L,   and  the   domain  of  exp.    Is   ( ,  «).     The   range  of  exp, 
being  the   domain  of   L,    Is   ( 0 ) , 

Each  of  the  properties   (I)   to   (vl)   of  L  can   be  trans- 
lated  Into  a  property  of  exp,   as  follows: 

( I ' )     exp  0=1; 
(MM      I  f   X  >   0  then  exp   x  >    I  ; 
(  I  I  I  M      I f   X  <  0  then  exp  x  <    I  ; 
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( I v' )  exp  X  =  exp 

(vM     exp   (a  +  b)   =   (exp  a)(exp  b) 
(vi')     exp   (na)   =   (exp  a)'^   for  any   rational  n* 

We  shall  prove  (iv')  and  (vM  as  s  mples,  leaving  the  rest 
to  the  reader^ 


Proof.  (iv')  Since  L  and  exp  are  inverse  functions 
have  L(exp  x)   =  x.     Differentiating  gives 

L* (exp   x)    D^(exp   x)   =    I . 
S  i  nee  ,   by   ( i  v)  , 

this  gives  D^(exp  x)   =  exp  x. 

(v*)      Let  exp   a  =  A,     exp  b  =  B.  Then 
a  =   L(A)  ,   b  =   L(B)   and,   by   ( v) , 

L(AB)   =   L(A)   +  L(B)   =  a  +  b 
This,    in  turn   is  equivalent  to 

exp   (a  +  b)   =  AB  =   (exp  a)(exp  b). 

Def  i  ne 

e  =  exp    I • 
Then   If  x  is  a  rational  number 

X  X 

(I)  exp   X  =  exp   (x*l)   =   (exp    I)     =  e  • 


we 


Now  if  X  =  £•  Is   rational, has  a  daflnl^e  meaning,  namely 
7eP   ,   (we  -^an  assume;  q  >  C)  .     For  irrational   values  of  x, 
e.g.   X  -■  vf,ir,  etc.,  e^  has  not  been  defined.     We  now  take 
equation  (I)   to  be  the  definition   in  this  case,  so  that  for 
all   v?ilues  of  x  we  have  axp  x  =  e   .     Thus  exp  x  and  e  are 
simply   two  ways  of  writing  the   same   function.     e^   is  the 
more  common,   and  maizes   it  easier  to  apply  properties  (i') 
to  (viM.     Exp  X  Is  common   in  computer  work,   and  is 
convenient  when  x   is  a  complicated  expression,  e.g. 

(I  -  exp  /I  -  x^  ,  \ 
I   +  exp  /I   -  x^  / 

Now  since  y  =  L(x)    Is  the  same  as  x  =  e^  we  see  that 

L(x)   =   log  X.   the  natural    logarithm  of  x.     Hence  we  will 
e 

abandon  the  notation  L(x)    In   favor  of   log  x,   the  base  e 

being  understood.     The   Important  new  property  of  log  x  is 

( i v)  D^l og  X  =  ^  . 

Note  also  that  from  the  definition  of  e, 

I og  e  =    I  . 
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How   large   Is  e? 
From  Figure   1-3  we  can 
see  that  e  <  4.  For 
the  shaded  area   i  s 
larger  than  the  sum  of 
the  areas  of  the 
rectang I es , 

log  4  =     7,  ~ 

>  J> 

Hence,   since  exp   is  an    Increasing  function, 
exp(log4)   =  4  >  exp   I   =  e. 

We   now  apply  Taylor^s  Theorem  (Section  6-3),  If 
f(x)   =  e^  then  f»(x)   =  e^,   f"(x)   =  e^,   etc.     Putting  a  =  0 
and  b  -   I    in  Taylor^s  Theorem  gives   us,   since  e^  =  I, 

where 

=  TTrhrr     >  o  <  ?  <  i . 

since  e     Is   increasing  we  therefore  have,   from  the  above 
bound  on  e , 
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0  <  Rn  "   (n  t  1)1 
Taking  n  =   10,   for  example,  gives 

,    ^    ,   ^  1^+   ...   +  ^+  2.71828185, 

with  an  error  of  at  most  -jjr  <  5  x  10  ®  . 

We  can  now  make  a  careful  graph  of  log  x  and  e  ,  a 
In  Figure  1-4.  The  two  curves,  being  graphs  of  Inverse 
functions,  are  symmetric  with   respect  to  the   line  y  =  x. 


The  negative  x-axis   is  an  asymptote  to  y  =  e   ,   and  the 
negative  y-axis  to  y  =   log  x,   but  there  are  no  other 
asymptotes;   and,  of   course,   no  extrema  since  both  functions 
are  strictly  increasing, 

Examp I e   ! .     A  fun ct ion  of  the  form 

y  =  Ae"^"**  sln(a)t  +  6), 

where  A,   h,  w  ,   and  e    are  constants,    is  said  to  define 
damped  ha  rmon  i  c  mot !  on ,     A   is  the   initicil    amplitude,   h  the 

0) 

damping  factor,         the   frequency,   and  e    the  phase  angle. 
The  graph  of   such   a   function   is  shown   in   Figure  1-5. 
Evidently   the  graph   crosses   the  x-axis  when   sln(a)t  +  6)   =  0, 
and   it   is  easy  to  show  that   it   is   tangent  to  one  of  the 
curves 

A   -ht  ^  .  -ht 

y=Ae  and  y=  -Ae 


at  each  critical 
This  Information 


point  of  y  =  sInCwt  +  6),   (Problem  17), 
makes   It  relatively  easy  to  draw  the  curve. 


The  method  of  defining  e^  for  Irrational  values  of  x 
can  be  extended  to  a^  for  any  positive  number  a.  If  x  is 
ra t I ona I  then 

log  a^  =  X  log  a 

and  hence 

X        X   I  og  a 
a     =  e  ^ 

We  therefore  take  th  I  s,  equat  i  on  as  the  definition  of  a 
for  Irrational   values  of  x*     It  then  follows   (Problem  2) 
that 

log  a*^  =  b   I  og  a 


and 


/  b . c  _  ^bc 
( a  )     =  a 


for  any  positive  a  and  any  values  of  b  and  c. 

Now  we  finally  complete  our  formula  for  the  derivative 


of   X  • 


Theorem   I.     D  x"  =  nx"""'    for  any  n  and  any  positive  x. 
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Proof.     Let  y  =  x   •  Then 


and 


I  og  y  =  n  log 


yf   =  n  ^  =  nx 


We  have  already  proved  that  this  formula  also  holds 
for  al I   values  of  x         n  =  ^  where  p   Is  any   Integer  and  q 
1  s  an  odd   i  nteger • 


The  corresponding  ant  I -de r I  vat  I ve ,  or  Indefinite 
I ntegra I    f ormu la  Is: 

all    X,   If  n 
p  and  q   I  n  t< 
q  odd ; 


n  +  I 


'       x"^'   +  c.   If  n  ^  -I,  for 


=      I  yx  >  0  othen 

og  X  +         I f  n  =  - 1 ,   for  x  >  0 
V  log(-x)  +  c.    If  n  =  -I,   for  x  <  0. 


The   last  case   Is  easily  checked.     Some  writers  combine 
the   last  two  cases   In  the  form 

I  og   I  X  I   +  c  ,     for  a  I  I   x  ?^  0  . 


This   Is  convenient  to  use  but   is  subject  to  the  danger 
that  one  may  forget  the   restriction  x  ^  0  and  Jump  from 
positive  to  negative  values  of  x  with   disastrous  results. 
It   is  safer,  and  often  more   illuminating,   to  consider  what 
the  sign  of  x   is  and   use   the  appropriate  formula  for  the 
integral.     We   shall    see  some  examples  of  this   in   the  next 
sect  i  on . 


We  can   add   here  another  basic   indefinite  integral, 


y^e^'dx  = 


e     +  c 


This   follows   from  the   fact  that  D  e^  =  e^, 

X 


Our  method  of  getting   D^x*^    is  of  enough  general  use 
to  be  given  a  name,  "logarithmic     differentiation,"      It  is 
particularly   useful    for  functions  expressed  as  products, 
quotients,  and  powers. 


Example  2,     Differentiate  e'^^ 


2x 


og  X 

Setting  y  equal    to  the  given  expression  and  taking 
I ogs  g  i  ves 

I og  y  =  2x  +  ^ I og  s i n  2x  -   log  x  -   log   I og  xD , 
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Hence 


and  so 

n  «         I    ,  .    .        I  2x  /sin  2 x 

=  [2  4-  cot  2x  -  ^(  I   +  T^r-^^^^      /x   log  x  • 


Example  5.     Differentiate  x^.      I f  y  =  x^  then 

log  y  =  X   log  X 

V '  I 
J —  =    I og  X  +  X.— ■ 

y  ^  X 

=   I  og  X  +  I 
y  '   =  x^( log  X  +   I  )  . 
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PROBLEMS 


1  .     Prove   (  M  )  ,   (MM,    (MM),  and  (vP  )  • 


2,  Prove: 


(a)      1  og  a  ^  =  b   I og  a  , 


/  u  \      /   b  ^  c  be 
( b )      ( a   )     =  a  • 


T        n  I  I oq  X 

3,     Prove:      log^x  = 


A.  Derive: 

X  X 

( a )      D     a     =  a      I og  a , 
X  ^ 


(b)     D     log  X  = 


X       ^a         X   log  a 
5.     Are  2   log  x  and   log  x^    identical  functions? 


6.     Show  that   if  f(x)   =  Ae"^^  Then  f'(x)   =  kf(x) 


7.     Prove   that   if  0  <   a  <   b  then 


a^  <   b^      if     X  >  0, 


a^  >   b^     if     X  <  0, 


8.     Differentiate  each  of   the   following  and  simplify 
poss  i  b I e : 

(a)     e^^,  a  constant 
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(b)     (  I   +  e'^)^ 


/      N  2 

(c)  x-^e 


(e) 


(h) 


(d)     Jog   (x  +  3) 


X. 

e 

e  + 


(f)  1^ 


og  t 


(g)      exp   ✓z'^   +  I 
3x 


 e 

log"7e+l) 


( i )     e"^^  sin  2x 


(J)  3     •  x3 

(  k)  x(  I  og  X  -   I  ) 

(  I )  log  si  n  X 

(m)  I og   ( sec  x  +  tan  x) 

(n)  log   (X  +  /x^  +   I ) 


X  -X 

(o)     arctan  (       ^  ^ 


<r>)      log    log   (  I   +  x2) 


(q)     (x2  -  2x  +  2)  e 


(r)     e^^  sin  bx 


X 


(s)     e^^   (4  sin  4x  +  3  cos  4x)  ^ 

608  "^'9 


pipd  ^  In  each  or  the  following  and  simplify  if 
pos  s  I  b  i  e : 

(a)  y  =         /I   +  e"^^ 

(b)  y  =   (X  +    I) (  )^(x  +  3)3(x  +  4)^ 

/    .  e"^  sin   2x 

(c)  y  =  —  

sin   3x  cos  4x 

(d)  xV  =  y^ 


(e)      log  /x^  +  y^  +  arctan  ^  =  10, 


Ans . 


y  +  X 


Find  the  local  maximum  and  minimum  points  of  each 
the  following   functions,  and  draw  their  graphs: 


/     X  X 

(a)     y  =  xe 


(b)     y  =  x^e""^ 


-x^ /2 

(c)     y  =    10  e 


X    .  -X 
/  ^  e     +  e 

y  =  —  17 

e     -  e 


(e)     y  =  X   log  X 


(f)  y=-^ 


Evaluate  the  following  integrals: 


(a)/e"^'^  Ox 
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(b: 


(c; 


(d 


(e: 


( f 


(h 


V  I 


(J 


(k] 


(  I 


(ml 


(n: 


2e^  dx 


f— 

r 

J    X  , 
e  + 

I 
I 


dt 


dt 


6 -A 


 l_ 

I   +  e 

dx 


-X 


dx 


2  +  3e 
z 


4x 


I   +  e 


2z 


dz 


/cos 
s  i  n 

/tan 

r^du 

Jo  u 


dx 


X  dx 


dx 


xe  dx 
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(o) 


(p) 


(  r) 


/' 

r 

^0 


-)  dx 


;2    +    I         x2  + 


dx 

X  - 


(  s) 


X  dx 


12,     Show  from  a  graph  that 

I  og  X 


log  t  dt 


Jo 


(x  -  e  ) 


and  evaluate  the  latter  integral  thereby  getting  t.  n- 
definite   integral   of    log  x. 

13.      It   is  convenient  to   introduce  some  c  binations 
the  exponential    function  as  special  functions: 


s  i  n  h   X  = 


X  ^-x 
e     ~  e 


^hyperbolic  sine) 


cos h  X 


e     +  e 


(hyperbol  i  c  cos  f  ne) 


tanh  X  = 


coth  X  = 


X  ^-x 
e  "6 

X  -X 
e     +  e 


e     +  e 

X  ^-x 
e     -  e 


(hyoerboi  Ic  tanc^snt) 


(hyperbol  ic   :c  ^en^ienf ) 
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(a)  Find  the  derivatives  of  these  four  hyperbolic 
f unct  i  ons . 

(b)  Find  the   indefinite   integrals  of  these  four  functic 
CHInt.     tanh  x  and  coth  x  are  of  the  form 

f ' (x) /f (x) .D 

(c)  Prove  the  identities: 

( I )  cosh^  X  -  s  inh2  x  =  I 

(II)  sinh  (x  +  y)  =  sinh  x  cosh  y  cosh  x  sinh  y 
(ill)    cosh^  X  +   sinh^  x  =   cosh  2x. 

-2 

14.  Use  Taylor's  Theorem  to  compute         and  e       to  3 
decimal    place  accuracy  (i.e.,  with  error   less  than 
.0005).      Is  their  product   I,   as   it  should  be? 

15.  (a)     Show  that 


\ 

(b) 


d"   ( loq( I   +  X) .   -  (n  ^    I ) !( I   +  x)""(-l • 

X 

Use  Taylor's  Theorem,  with  a  =  G ,  to  compute 
log   1.2  to  four  decimal  places. 


(c)     Make  a  flow  chart  for  a  computer  program  to 
compute   log   (I   +  x)  with  error  at  most  e  for 
0   <^  X  <_  .  5 . 

<d)     Write  the  program  and  make  a  table  of    log(x  +   I)  ^ 
X  =  0<.0I).5  to  5D,    (i.e.    from  x  =  0  to   .5,  at 
intervals  of   .01,  with  error  at  most  5  x   IC"  ). 

612 


16.  (a)  -log  2  +  2   log  3  -   loo  5  =   log        =   log  (I  -  .1), 

3    log  2  +   log  3  -  2   log  5  =    log  75-  =    log  (I   -  .04), 

2  7 

3   log  3-2   log  5=   ^og        =   log  (I  + 
Compute  the    logs  on  the   right  hand  side  to  40  by 
hand  and  solve   the  three  simultaneous  equations  for 
I  og  ? ,    I og  3,   and    log  5 . 

(b)  Use  49/50,  99/100,   and    lOOI/IOOO  to  get   log  7, 
I  og   II,   and    log  13. 

This  method  has  been  used  to  get  the   logs  of 
prime  numbers,   and   from  them   the   (ogs  of  other 
integers,   to  very  many   (e.g.,   50)    decimal  places. 

17.  Given   the  curve  C: 

-ht 


Y 


=  Ae  sin(a)t+e). 


(a)     Show  that  C    is   tcngent  to  one  of 


A   -ht  _  A^-ht 

y   =  Ae        ,        y  =   -Ae  , 


at  any  critical    point  of 

y  =   s  i  n  (  0)  t       G  )  . 

(b)      Find  the    local    maximum  ano  minimum  points  of  C. 
In  particular,   find   them   to  two  decimal  places 
for  the  extrema   in  Figure  1-5. 

Ans.      t  =  cD^^C-e  +  arctan(a)/h)   +   n-rr),   n,   an  integer 
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(c)  If  h    Is  very  small   compared  with  to,   (this  condition 
is  often  written  h  <<  u)   a  critical   point  t^ 

of  C   is  close  to  a  critical   point  t^  of  y  =  sin(tof 
Show  that  to  a  first  approximation     ^  ~     s  "  -h/w^. 
CHint.      In   the   answer  to   (b)    change  arctan 
(to/h)    to  Tr/2  -  arctan   (h/u),    (Justify  this)  and 
get  the   linear  approximation  to  t  as  a  function 
of   z,   where  z  =  h/u.n 

(d)  Show  that  y  satisfies  the  relation 
y"  +  2hy'  +  (h^  +  (li^)y  =  0. 
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2.     Pi  f f erenti a  I    Equat  i  on  s . 


Example    I.     Many   savings   accounts   today  pay   5%,  compounded 
quarterly.     This  means   that  one's  balance    is    increased  by 
1,25$  every  three  months.     At  the  end  of   a  year  the  balance 
is   (1.0125)^    =   1.05095   times    Its  original    value;  the 
equivalent,   therefore,   of  5.095$   compounded  once  a  year.  A 
few  banks  try   to   impress   the  public  by  compounding 
monthly;    this    Increases  the  equivalent  yearly  compounding 
rate  only   1o  5.116$.     Probably   no  bank  has   advertized  co£- 
ti  nuoijs   compounding,   bi.it  we   can  easiiv   see   how   it  would  work. 

Suppose  B(t)    is  our  balance  at  ^'"V   time  t,   and  that  t 
and  t  +  At  are   two  consecutive   times  of   compounding.  Then 

B( t  +  At)    -   B( t)    =   B( t) ( .05)At, 


or 


B(t  +   At)    -   B(t)    ^    ^5  B(^)^ 
At 


Taking  the  limit  as  At  ->  0  gives 
(  I )  B' ( t)    =    .05  B( t) . 


.  05 1 

From  Problem  6  of  Section    I    we  see  that  B(t)   =  Ae' 
satisfies   this  eq. -r  ony  constant  A.     But  are  there 
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perhaps  other  solutions?     To  answer  this  we  write   (I)    in  the 


form 


(2) 


BMt)   =  .05. 


This,   of  course,   cannot  be   done   if  B(t)   =  0,   so  we  must* 
restrict  the  range  of  B(t)   either  to  (O,*)   or  (-«,0).  For 
the  present  we   use  0   <  B(t)    <  ^.      (This   is   the  only  one  that 
makes  sense   in  our   in te rest  problem.)     Now  the  left-hand 
side  of   <2)    is   the  derivative  of   log  B(t),   and  since  the 
right-hand  side   Is   the  derivative  of.05t,   the  basic  property 
of  ant i -der i va 1 1 ves   te I  Is   us  that 

log  B(t)   =   .05t  +  c. 

This  can   b-^  written    in  exponential  fom; 


where  A  =  e^  1  s  a  positive  cons-'rant.  Thus  we  get  nothing 
new  f  rom  this. 

For  the  case  "~  <  B(t)    <  0  we   use  the  fact  that 


B(  t) 


.05t  +  c 


=  e 


c  .05t 


=  e  e 


.05t 


end  up  with   the  same  result  except  that  In 

05 1 

is  negative*     Thus  B(t)   =  Ae*  Includes 
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all   solutions  for  positive  B  and  for  negative  B;   and  also  the 
solution  B(t)   =  0  for  all   t,   obtained  by  putting  A  =  0. 

It-   Is  now  easy  to  finish   our   Interest  problem.      For  we 

have 

B(0)    =   Ae°   =  A 
BCD    =  Ae'°^   =    I  .05 12927  A, 
corresponding   to  a  yearly   compounded   interest  rate  of   about  5^/,. 

Example  2.     "T.:e  earth's   population    is    increasing  2%  per  year." 
This  says 

AP   =   P(t  +   At)    -   P(t)    =  .02P(t) 
=    I   year.     We   cannot  assume  that   i f  At  =    I   month  we 

have 

for,   as  we   saw   In  Example    I,   this  would    lead  to  an  annua! 
increase  greater  than  2%.     We  ask  ourselves    the  question  : 
"What  rate  of   continuous    Increase  will    give  an  annual  increase 
of  2%1 

If   the   rate  of   continuous   increase   Is  k  then,  as  in 
Example    I,   we  are   led   to  the  equation 


P'(t)   =  kP(t) , 

with  the  general  solution 

k  t 

(3)  P(t)   =  Ae*"^. 

Our  opening  quotation  says  that 
P(  I )   =    I  .02  P(0)  , 

and  so 

Ae*^  =    I  .02A 
o*^  =    I  .02 

k  =    log   I  .02   =    .01980263        I  .98^ 

We  must  be  cautious    in  applying   formulas    like  (3). 
Suppose  we  ask  for  the  present-day   increase   In  population 
in  one- tenth  of   a  second.  Since 

P(0)   =  A  =   3.4   X   10^,     and     t  =^    .  I    x  (3.1    x   10^)""'    ^  3.1  x 

years^  we  get  using   the   values  of  A,    k,   t  and  P(0)   given  ab 

Q  -  9 

P(t)   -   P(0)    ^   3.4   X    10     [exp(.OI98  x   3.1    x    10      )   -  I] 

~    .21    peop I e 

Of   course  this    is  nonsense.      In   fact,    in  the  strlci  sense 
there    if   no   such  thing  as   "continuous    Increases'*  ot  a  quant 
whose   values   are   integers.     Our  model   of   population  growth 
is  therefore,    like  all    models,, an  approximation  that  is 


applicable  In  suitable  cl rcumstancesj  I n  this  case,  only 
when  we  are   dealing  with    large  numbers  of  people. 


Equations  like  (I)  are  often  more  easily  handled  In 
terms  of  differentials.  Using  simply  B  for  B(t),  we  can 
wr I te  ( I )    in  the  form 

.03  B. 

or,   using  differentials, 

dB  =   ,05  Bdt, 

The  solution   then  proceeds  as  follows: 

(4)  ^dB  =   .05  dt, 

and,   taking  an 1 1 -d I f f erent i a  I s , 

log  B  =   .OSt  +  c,       I f  B  >  0, 
log   (-B)   =   .05t  +  c,       i  f  B  <  0, 

as  before. 

The   use  of   differentials   is  particularly  convenient 
In   some   complicated  case?     since  they  enable   us   to  treat 
the   two  sides  of   the  equation  as   separate  problems    in  ant 
differentials,   or   In    indefinite   integration.     For  example 


becomes 


(6)   ^ — dy  =  --dx 


y2  +  I 


We  Integrate  the  left-hand  side  with  the  substitution 
u  +   I  ,  g  I  vl  ng 

— dy  =  idu  =  ^  log  u  =  I  log(y2  +  !)• 

Hence ,    3Ssum I ng   x  >  0 , 


^1  og(  y'^  +   I)   =   I  og  X  +  c. 


I og( y^  +   I )   =2   I og  X  +  2c 


2 

log  X     +  2c 


2  .  .  2  2c 
y^  +   I    =  X  e 


Ax^  , 


y    =   ±    /Ax^    -    I  . 

Note  that  since  +  I  >  0  for  all  y  we  need  not  worr 
about  logCy"^  +  I).  In  the  case  x  <  0 ,  log  x  is  replaced  t. 
log(-x)  In  the  first  two  lines  of  the  solution  but  the  res 
I  s   unchanged . 
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Because  of   this   Interpretation   and  technique  Involving 
differentials,  equations    like   (I),    (4),    (5)   and   (6)  were 
called   differential   equations^     The   name  has   nov/  been  ex- 
tended to  any  equation    Involving  a   function   and  one  or  more 
of    Its   derivatives,   even  though    In  manv   cases   It  would  he 
extremely  awkward,   to  say   the    least,  to  express    It   In  terms 
of   d I f f erent  I  a  I  s  . 

The    technique  we  have  been   using   for  these  "first  order" 
equati.    s   (i.e..    Involving  only   the    Independent  variable, 
the  jn,   and   Its  first   derivative)    Is  called  "separation 

of  VL ,  .  v.D  I  es''   for  the  obvious   reason.     Not  all    first  order 
equations   cnn   be  handled  this  way;    for  example,   the  simple 
ca   -y'or^  y^   -  X  +  y.      In   a    later  chapter  we   shall   make  a 
rr.ore  thorough   study  of   first  order  equations. 

You  have  probably   noti:^d  that  each  of  our  solutions 
Involved  an   arbitrary  constant,  C  or  A.     This  will  evidently 
be   the   case  whenever  we   use   the   sepa.'ation  of  variables 
technique,   since    It   involves   an   a n t i - d i  f f e re n t i a t I  on •  In 
most  applied  problems  this   constant   is   determined  by  some 
"side   condition",    usually   the   requirement   that   the  function 
have  a   specified   value  of   the    independent  variable 
for  a  given   value   of   the   dependent   variable;    in  symbols, 
we    require   that     y(x^)    -  where     Xq     and     )/ ^  are 

given   numbers.        Such     a     side  condition 
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will    usually  settle  any  other   Indeterminacy  that  may  arise 
in  the  solution  of  the  d  i  f  f  ere:,ti  a  I   equation.     Thus  the 
condition  y(2)   =  -3  on  Equation   (5)   gives   the  solution 

y  =  -/fx^  -  '  • 

Example  3,     A  body  moving  with  velocity  Vq  enters  a  reslstir 
medium  which   decelerates  the  body  at  a  rate  proportional  to 
v°^,   where  v  =  v(t)    is  the  velocity  at  time  t  and  a   is  a 
positive  constant.     When   and  where  does  the  body  stop? 

We  are  given 

dv         ,  a 
^  =  -kv  , 

where  k   Is  a  positive  constant.     (It   is  usually  preferable 
to  adjust  signs.    If  possible,  so  that  physical  quantities 
are  positive).     Sepa rat  1 ng  va r i ab I es  g i ves 

v''°^dv  =  -kdt 


Let  us  get  rid  of  the  C  at  once  by  putting  in  the  initial 
condition:     v  =  when     t  =  0. 
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Evidently  the  behavior  depends  on  the  sign  of  I  -  a. 
If  a  <    I  then 


l-a 

^0 


V  =  0         when         t  =  ((   ^  ocVk  ' 
But   If  a  >    I   we  have 


V 


■0 

and  no  value  of  t  makes  v  =  0.     We  can  only  say  that 

V  -»•  0     as  t 

So  much   for  the  time.     To  Investigate  the  distance 
traversed  we  have  two  choices.     Since  v  =  -gl"  we  can  integrate 

V  dt     to  get  the  change   In  s.     Considering  the  complexity  of 

V  as  a  function  of  t  this   is  not  appealing.     The  other 

choice   is  to  go  back  to  the  differential   equation  and  replace 

^  tw  .     (See  Problem  2   in  Section  7-6.)     This  gives  us 

&f     ^  OS 

v'"°dv  =  -k  ds, 
2-a 

=  C  -  ks. 
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Determining  C  from  v(0)   =  Vq,  as  before,  we  get 

v^'"^  -  Vq^"''  -  (2  -  a)ks. 

Here  a  =  2  is  the  dividing  line.  If  a  <  2  the  velocity 
becomes  zero   if  and  only  if 


If  a  >  2  the  body  moves  arbitrarily  far   into  the  resisting 
med I  urn. 

The  most   interesting  case   is    I   <  a  <  2.     The  body  never 

2 ot 

stops  but  It  never  ge;d  as  far  as  s  =  Vq       /(2  -  a).      It  is 
left  to  the  reader  (Problem   13)   to  show  that   it  gets 
arbitrarily  close  to  this  point.     The  two  critical  cases, 
a  =   I   and  a  =  2,  are  also   left  to  the  reader* 

S I  nee  ^  i  s  the  s 1  ope 
of  the  curve  y  =  f(x)  at 
the  point  (x,y),  a  property 
of  a  curve  involving  the 
tangent  line  can  lead  to 
a  differential  equation. 
Figure  2-1  shows  some  of 
the  geometric  quantities 
that  might  be  involved 


y 


y 

F 

=  f(x) 

y 

o 

M 

FI gure 

2- 

.  ::v^  624 


In  such  relations.     Note  that 

OM  =  X.     MP  =  y.     +a"  9  =  -g^  =  y'»  =  "f^"/'' 


Example  4.     A  curve  passing  through  the  point  (1,1)   has  the 
property  that  the  tangent   line  at  any  point  bisects  the 
segment  between  the  origin  and  the  foot  of  the  perpendicular 
to  the  X-axis  from  that  point.     What   is   Its  equation? 

At  first  we  Ignore  the  point  (1,1);  this   is  the  side 
condition  that  will   eventually  determine  the  constant. 
Referring  to  Figure  2-1,  the  condition  given   Is  that  OA  =  AM, 
or    OM  =  2AM,     or     x  =  2y/y',     or,  finally,   y'  =  2y/x.  We 
solve  this   In  the  successive  steps: 

dx       X  * 

y  X    '  . 

(7)  log  y  =  2   log  x  +  c  =   log  x^  +  c 

(8)  y  =  e*^x2  =  Ax^. 

In  (7)   we  use   log  y  and   log  x  as  the   Integrals  since  both 
y  and  x  are  positive  at  our  given  point  (1,1).     Putting  this 
point  In  (8)  gives,   finally,  A  =   I,  and  so  y  =         I s  our 
desired  curve , 
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PROBLEMS 


Solve  the  given  differential  equation,  subject  to  the 
given   Initial  condition, 

(a)  =  32t  +5  s  =    100         when  t  =  0 


(b)  ~  =  sine  ,  r  =   I         when  6    =  j 


(c)     yy^   =  X  +   I  y  =  3        when  x  -  0 


fH^     ^  =  -  V  =  5         when   x  =  2/6 

dx  y 


(e)     e^"^  y»   +    I    =  0  y  =  2         when  x  =  2 


(f)     IL  =  /7t  z  =   100         when  t  =  9 

d  t 


Find  the  general  solution  of 
where  a  and  b  are  constants, 

CHInt:     There  are  two  cases,   depending  on  the  value  of 
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(a)  Usfng  the  data  from  Example  2,  what  was  the  populati 
of  the  earth    In  895  AD? 

(b)  What  will    It  be  In  3569  AD?     If  the  average  mass  of 
a  person   Is    120  pounds  compare  the  total   mass  of 
people  with   that  of  the  earth   (=   1.2  x   10^5  |bs). 

The  population  of  the  United  States  was  approximately 
131,000,000    In    1940  and    179,000,000   in    I960.  Assuming 
that  the   rate  of   increase   Is  proportional   to  the 
population,    in  what  year  will   the  population  be 
250,000,000?     When  will    it  reach  300,000,000? 

Radioactive  elements  decay  at  a   rate  proportional 
to  the  amount  present.     The  rate  of  decay  Is  usually 
measured  by  the  "half-life",   that   is,  the  time 
required  for  an  amount  of  the  element  to  decay  to  half 
J  ts  p resent  value. 

(a)  Strontium  90,  one  of  today's  hazards, has  a 
half-life  of  5  years.     Of  an   initial    pound  of 
^°Sr  how  much  will    remain  after  t  years? 

(b)  Of  this   initial    pound  how  much  will   be   left  In 
500  years?     Be  careful! 

In  Figure  2-1,   If  the  triangle  AMP  has  constant  area 
6,  what  is  the  equation  of  the  curve   if   it  goes 
throuqh  the  point  (2,2)?     Sketch   the  curve. 


In  Figure  2-1,  the   line  through  P  perpendicular  to  the 
tangent   line   Is  called  the  norma  I    line.     If  the 
normal    line  meets   the   x-axis  at  N,   the   distance  MN  Is 
called  the  subnorma I .     Find  the  general   equation  of  a 
curve  whose  subnormal    Is  constant. 


The  setting  sun  casts  the 
little  moron's  shadow  on 
a   I ong  wall.     The  moron 
wants  to  get  ahead  of  his 
shadow,  so  he  walks  toward 
the  wall,  always  heading  for 


a  point  three   feet  ahead  of  his   shadow.     What  is  his  path? 


A  spherical    raindrop   is    losing  water  by  evaporation. 
Assuming  that  the  rate  of   I os     of  water  Is  proportional 
to  the  surface  area  find  an  expression   for  the  radius 
as  a   function  of  time. 

A   lOO-gallon  tank   is   full   of  a  solution  of  2  pounds  of 
salt  per  gallon  of  water.     To  flush  the  tank,   fresh  water 
is   run   in  at  5  gal/min  and  solution   is  run  out  at 
the  same  rate.     The  fluid  Sn  the  tank   is  stirred 
constantly,  so  that  the  salt  concentration  may  be  regarded 
as  uniform  throughout  the  tank  at  any  moment.     What  is 
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the  salt  concentration  at  the  end  of  one  hour?  How 

long  would   it  take  to  get  the  concentration   down  to 

,01    lb/gal?     [Hint,      If  s    Is   the  number  of   pounds  of 

d  S  n 

salt   in  the  tank,  what   Is  "grpTJ 

When  the  salt  concentration   In  the  tank   In  Problem  10 
has   been    lowered  to   ,01    lb/gal    the  process  is 
reversed;   brine  containing  2    lb /gal    is  pumped   in  at 
5  gal/min  and  the  mixture   runs  out  at  the  same  rate. 
How    long  will    it  take   for  the  concentration    in  the 
tank  to   reach    1,99  !b/ga!? 


(a)     When  water  spurts   from  an 
orifice   in  an  open  tank 
its  velocity   is  n ropo rt f ona I 
to  the  square   root  of  the 
distance  from  the  orifice 
to  the  surface  of   the  water. 
If    it   takes  one  hour  for 
half  the  water  to   run  out 
of  an   upright  cylindrical 

tank  how   long  will    it  take  for  ,9  of  the  water  to 
run  out?     For  a!!   of   it  to  run  out? 
Ans,     2,335  hours;    3,414  hours. 
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(b)     Answer  the  second  question 

for  an   Inverted  conical  tank. 

Ans.     2.279  hours. 

13.     (a)     In  example  3,  show  that  for 
I   <  a  <  2, 

2-a 
^0 

s       g  as     t  ». 

(b)      Investigate  the  cases  a  =   I     and     a  = 

14.     The  differential  equation 


has  four  solutions  on  (-»,  »>  that  satisfy 
Can  you  find  them? 
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Chapter  10 
TWO  APPLICATIONS  OF  DERIVATIVES 


I  ,     Convex  Sets  and  Functions, 


A  set  of   points   In  the  plane 
Is  said  to  be  convex  provided  that 
you  can  travel    from  any  point  of 
the  set  to  any  other  point  of  the 
set  In  a  straight   line  without 
leaving  the  set.     More  precisely: 
If   S   Is  such  a  set  of  points  that 
for  any  two  points  P,0  of  the 
segment         Is  also  contained  In 
then  we  say  that  S    Is  convex. 


F! gure   I  -  I 


We  show  some  examples  of   convex  and  non-convex  sets 
I n  Figure  i 

Convex 


One  of  the  basic  properties  of  convex  sets   Is  that 
the   Intersection  of  two  convex  sets   Is   In  turn  convex, 
see  this,   suppose  that  P  and  0 
are  points   in   the  intersection 
SnJ  of  the  convex  sets  S  and 
(Figure   l-3(a) ) .     That  P  and  0 
are   in  SnT  means   that  these 
points  are   in  S  and  also   In  T. 
Since   they  are  both    In   S  then 
the  segment  FOcS  and  since  they 
are  both    In  T  then  the  segment 
POcT,     FO,   being  contained   in  f 
both  S  and  T   Is  contained  in 
their   intersection.     [Note  that 
the  union  of  two  convex  sets   is  not 
necessarily  convex  as   i  I  I us- 

(b) 

trated   in  the  previous   figure. H.  Fi'jure  1-3 


(a) 


By  the  same   reasoning  we 
can   see   in  more  generality  that 
the   Intersection  of  any  number 
of   convex  sets   is  convex.  This 
IS   illustrated   in   Figure  l-3(b). 
where   the    intersection  RnSnT  is 
shown   in  b  I  ack . 


F  i  g  ure   i -4 
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Of  the  many  other  proper- 
ties of  convex  sets  we  shall 
mention  (but  not  prove)  only 
oPQ»     First  a  definition:  If 
P   Is  a  point  on  the  boundary 
of  a  convex  set        a  line 
through  P   \k  called  a  s  upport 
of  S   If  S   lies  entirely  on  one 
side  of  the   line.    Figure  1-4 
shows  some  supports  of  S  at 
various   boundary  points 

Theorem  I ,  A  convex  set  has 
at  (east  one  support  through 
every  boundary  point. 

This  seems  obvious,  but 
like  many  pbv I ous- I ook I ng 
geometric  theorems   Its  proof 
Is  complicated.     Since  we  do 
not  use  Theorem   I    In  later 
oroofs  we  shall   not  attempt 
to  give  a  proof  of   It  In  this 
genera  I  form. 


(a) 


not  convex 


(b) 

F  Igure  1-5 


A  function   is  said  to  be  convex 
provided  that  for  any  two  points  of 
Its  graph  the  arc  of  the  graph  Join- 
ing these  two  points    lies  below  the 
line  segment  (or  chord)   Joining  the 
points  (Figure   1-5),     Th I s   i s 
equivalent  to  saying  that  the  set 
of  points   lying  above  the  graph  is 
convex  (Figure    I-6),       CHere  we  use 
the  words  above  and  below   in  the 
sense  of   including  the  possibility 
of  points  £n  the  curve  or  line. 
Hence  by  "the  set  of  points  above 
the  graph  of   f"  we  mean  the  set  of 
(x,y)   for  which  y  >^  f(x).     We  will 
use  the  phrases  "strictly  above" 
or  "strictly  below"  when  we  wish 
to  exclude  the  possibility  of  a 
point  being  on  the  curve.Il 

A  function   is  said  to  be 
"concave"    if  the  graph    lies  above 
the  chord  (i.e.,   the  set  of  points 
below  the  graph   is  convex,)  The 


Figure  1-6 


corvcave 


F  i  qu  re  1-7 


negatrve  of   a   concave  function 
Is   convex;   since  the  properties 
of   concave   functions  mirror 
those  of   convex  fun ct Ions,  our 
study  here  will    largely  be  con- 
fined to  convex  functions. 


Figure  1-8 


We  speak  of  a   function  as 
convex  over  an    Interval    If  the 
function     Is   convex  when  its 
domain   is   restricted  to  that 
interval.      (Figure    1-8).  Thus 
a   function  may  be   convex  over 
some   intervals   and   concave  over 
other   Intervals.      (Figure  1-9). 
When  we  say  "the   domain  of  convex- 
ity of   a   function",   or  some  simi- 
lar phrase,   we  mean  an 

Interval   over  which   the  function    Is   convex.     The  function 
may  be   defined  over  a    larger  domain   and  may  even  be  convex 
over  some  other  intervals  but  this   does  not  concern  us. 


=sinx 


convex  concava 


F  i  g  ure  1-9 


To  pro    '   things  about  convex  functions  we  shall  use 
some  properties  of  chords  of  their  graphs.     Let  a  <  x ,    <  X2 
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be   In  the   domain  of  the  convex 


function   f,  and   let  /^,P^,^2 

the  corresponding  points  on  the 

graph  of   f.     Let  m|    and  be 

the   slopes  of  APj    and  AP2.  Then 

rF 

m  1  ^  • 

Proof,     Let  0:(X|,V|)   be  the 

$ 

point  on   the    line  AP^  with 
abscissa   X|,     Then,   by  the  con- 

Figure l-IO 

vexity  of   f,   f(X|)  ^y|.  Hence 

f (X| )   -   f (a)       y 1   -   f (a) 
"^1             X,   -  a         -  X,   -  a 

• 

This  property  can  be  expressed  by  saying  that  for  fixed 
a  and  variable  x  the  slope  of  the  line  Joining  (a,f(a))  and 
(x,f(x))  is  an  increasing  function  of  x  for  x  >  a.  It  Is 
not  hard  to  generalize  the  property  to  the  case  x  ?^  a  but 
we  shall  not  need  this.  One  can  also  prove  the  converse; 
if  f  is  a  curve  for  which  this  property  holds  for  every  a 
in  the  domain  then   f    is  convex. 

We  are  now  In  a  position  to  prove  a  special   case  of 
Theorem    I • 
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Theorem  2.  If  f  Is  convex  and  If  fMa)  oxists  then  the 
tangent   line   at  a   is   a  support  of  f. 


Proof.     We  wish   to  show   that   for   any   x  5^   a ,   tho  point 
(x,f(x))    is   above  the   tangent   line.     Since  the  eauation  of 
the  tangent    line  is 

Y  =   f(a)   +   (x  -  a)f'(a) 

this   amounts   to  proving  that 

f(x)        f(a)   +   (x  -  a)f'(a). 

Consider  first  the  case  x  >   a.      Let  x  =   x  j  ,  x^ ,  x-j ,  .  •  .   be  a 

decreasing   sequence  with    limit  a.     Then   the  slopes 

f(x   )   -  f(a> 
n 


also  form  a   decreasing  se- 
quence,  by   the   property  we 
just  proved.  Since 
llm  m     =   fMa),   we  therefore 

have   f'(a)    <  m     for  any 
—  n 

given  m   ;    in   particular  for 
»  n ' 

mj.     Since   X|   =   x  this  gl ves 


Figure    I  -  I  I 
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from  which 


f(x5  >.  f(a)  +  (x  -  a)f'(a), 
as  desired. 

For  the  case  x  <  a  the  easiest  procedure   is  Just  to 
replace  a  by  -a  and  x  by  -x.     The  function  g  defined,  by 
g(x)  =  f(-x)    is  convex,  being  Just  the  reflection  of   f  in 
the  y-axis,  and  the  above  argument  holds  for  -x   and  the 
tangent  at  -a.     Since  vertical    distances  are  unchanged  in 
the  reflection  this  gives   us  what  we  want. 

We  come   finally  to  the  more   useful    facts  concerning 
convex  functions. 

Theorem  3.      If   f   is  convex  and  d 1 f f e re nt 1 ab 1 e  then  f  is 
an   increasing  function. 


Proof .     Let  X|  <    X2 .  Since 
the  tangent  at  Xj    is  a  support 
we  have. 


f(x2)  1  f(x,)   +  (X2  -  x,)f'(X|) 


Since  the  tangent  at  X2   is  a 
support, 

f(x,)  >.  f(x2)   +  (X,   -  X2)f '(X2) 


Figure  1-12 
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since  X 


-  X,  >  0  the  first  Inequality  gives 


f ' (x. )  < 


f (X2)  -  f (X| ) 


and  the  second. 


fix^)    -  f(X|) 


X 


2 


X 


Hence   f'(X|)    <_f'(x2),   as  was  to  be  proved. 

Coro  I  I  ary   I  .      If  f   is  convex  and   if  f"(a)   exists  then 
f"(a)  0. 

Proof.     For  f"(a)  to  be  defined  f'(x)  must  exist  in  some 
neighborhood  of  a,  and  by  Theorem  3,   f    is  increasing. 
Hence   its  derivative   f"(a)  must  be  >^0. 

One  nice  thing  about  these   last  two  results   Is  that 
their  converses  are  true. 

Theorem  4.  If  f  is  increasing  in  the  domain  of  f  then  f 
Fs  convex. 

Proof.     Let  Pj   and  P2  be  any  two  points  on  the  graph  of  f 
and  Q  any  point  on  the  segment  ^1^2*     ^^'^  ^         '^^'^  point 
of  the  graph  with  the  same  abscissa,  a,  as  Q.     We  have  to 
show  that  Q   Is  above  A.     By  the  Mean  Value  Theorem  there 
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Is  a  value  C  strictly  between  a 
and  X|,  the  abscissa  of  P|,  such 
that 


f (a)  -  f  (x,  ) 


a  -  X 


Since  C  <  a  and  f ' I s  Increasing 
we  have 

f ' ( 1  f ' (a) , 
and  so 


f ( a)   -  f (X, ) 
fMa)   >  —   . 


or 


f(x,/   >  f(a)   +  (X,   -  a)fMa). 


Figure  1-13 


That  Is,  P|    Is  above  the  tangent   lino  at  A.      In  the  same  way 
we  prove  that         Is  above  the  tangent   line  at  A.  Hence 
being  on  the  segment  P|P2  ^^^'^  also  be  above  this  tangent 
line;   which  means,   for  0»  above  A. 

Coro  I  I  ary  2.     If  f"(x)  ^0   In  the  domain  of   f  then  f   is  convex. 

Proof,  If  f"(x)  ^0  for  all  x  then  f*  is  an  Increasing  function 
for  all  X, 
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It  is  convenient  to  combine  Corrollaries  I  and  2  Into 
a  sLigle  statement ,  wh  i  ch  Is  important  enough  to  be  listed 
as  a  Separate  theorem* 

Theorem  5^      If   f  has  a  second  derivative  throughout  its 
domain  then  f   is  convex  if  and  only   if  this  second  derivative 
is  a  I  ways  >^  0  . 


PROBLEMS 


Which  of  these  functions  Is  convex  or  concave  over  the 
given   interval?     Justify  your  answer. 

(a)  y  =  e"'^,  l-<-,-») 

(b)  y  =  log  X,  (0,") 

(c)  y  =  X  e"^,  (-co, CO) 

( d)  y  =  2  -  3x,  [-2,2] 

(e)  y  =   |x  -   I  I ,  [0,2] 

(f)  y  =  /7,  [0,10] 

(g)  y   =    |x  -    l|    +    |x  +    l|,  [-2r2] 

(h)  y  =  x2  -  2,  [-2,2] 
(1)     y  =    |x2  -  2| ,  [-2,2] 

Suppose  f  and  g  are  each   convex  on  an   interval  [a,b]. 
each  of  the  following,  either  prove  the  statement  or  g 
an  example  contradicting   it.     [Assume  f"  and  g"  exist. 

(a)  h(x)  =  f(x)  +  g(x)   is  convex. 

(b)  h(x)  =  f(x)  -  g(x)    is  convex, 

(c)  h(x)  =  f(x)g(x)    is  convex. 


3.     Suppose  f   Is  convex  on  Ca^bU  and  g   is   linear,  I.e. 
g(x)   =  cx  +  d. 

(a)  Is  f(g(x))   necessarl ly  convex? 

(b)  Is  g(f(x))   necessarily  convex? 


4.  (a)     Prove  that  e^  >^  x  +   I    for  any  x.     CHint;  Consider 

X  ~1 

the  tanqent  to  y  =  e     at   (0,1). J 
(b)     Prove  that   log  x  ^  x  -   I    for  any  x  >  0. 

5.  If  a   is  a  point   in  the  domain  of  f  at  which  f'(a)  exists 
and  such  that  f   is  convex  on  one  side  of  a  and  concave  on 
the  other,  then  the  point  (a,f(a))  of  the  graph  of  f  is 
cal  led  a  poi  nt  of_  i  nf  lection,  or  a  f  lex,  of  the  graph. 

(a)  Prove  that  if   (a,f(a))    is  a  flex  and   if  f"(a)  exists 
then  f"(a)   =  0.      Is  the  converse  true? 

(b)  Prove  that  the  tangent   line  crosses  the  curve  at  a 
flex. 

6.  Find  the  points  of   inflection  of  the  following  curves  and 
draw  the  curves. 

(a)  y  =  x3  +  3x2 

(b)  y  =  x**  -  3x3  +  4 

(c)  y  =  ' 


I   +  X' 
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(d)     y  = 


1   +  X' 


(e)     y  =   X  e 


-X 


( f  )      y  =   x^/T  -  x^ 


(g)      y  =   X  s  i  n   X  ^  C0,7t/2] 


(h)     y   =   x^  -  2   +  2   cos   x,    C-7r/2 ,  7r/2D. 


7.     Show   that   if   a  solution  of  the   differential  eouatlon 


=  X  -  y^ 

dx 


has   any  points  of   inflection  they  must   lie  on  the 

curve  X  =  y2  +  i-  .  Cuint:     When   is  ^  =  0?1 

•^Y  d  X 


2.     Convex  Funct I ons  and   I nteg rat  1  on , 


Back   in  Chapter  3,  working  with  monotone  functions,  we 
were  able  to  construct  algorithms  for  approximating  integrals 
by  means  of  the  trapezoid  rule  and  to  find  an  upper  bound 
for  the  error  In  our 


4?(X)  =  1/X^ 


approximation.     The  error 
estimate  was  based  on  the 
f o  I  I ow I ng  principle:  If 
A  represents  the  true 
value  of  the  integral, 
and  L  and  U  are  upper  and 
lower  sums  for  a  certain 
partition,  then  L  <_  A  £  U, 
Moreover  the  trapezoidal 
approximation  T  for  the 

same  partition  satisfies  T  =  (L  +  U)/2,  and  so  we  see  geomet- 
rically that  since  A    lies  between   L  and  U, 


■4- 
1. 


T  U 

Figure  2-2 


A  must   lie  within  a  distance       ^  ^  0"f  T.     Thus  the  error  T-A 


satisfies 


|T  -  A| 


U  -  L 
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In  Figure  2-1   we  have  graphed  f(x)   =  x"^  over  the 
Interval   Cl,23  with  4  partitions.     Here  the  shaded  area 
represents  U  -  L  so  that  our  bound  for  the  error  is  half 
the  shaded  area.     The  actual   error,   represented  by  the  sum 
of   the   four   little  areas  between  the  chords  and  the  curve, 
is  barely  visible  on  this  graph. 

It  is  clear  that  our  error  bounds  were  many  times  too 
large  and  this  effect   is  even  more  pronounced  when   the  number 
of  partitions   Is   large.      In  this  section  we  will   see  for 
convex  (or  concave)   functions  how  to  approximate  the  Integral 
with  very  much  smaller  bounds  on  the  error. 


It  will    be   reca I  I ed  that  in 
Chapter  3  we   discussed  a  second 
method  of  approximating  areas  in 
which  we  partitioned  the  inter- 
val,  chose  according  to  some  rule 
a   point  5k   In   the  subinterval 
for  k  =    I,   2,    ...,n   and  formed 
the  sum 


This  Is  illustrated  in  Figure  2-3 
where  we   have   used  the  same 


Figure  2-3 
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function  and  the  sa.e  partition  as   in  Figure  2-,.  the  shaded 
area  representing  the  value  of  the  approximating  sum  S  with 
C,VC2,V3.54  indicated   in  the  figure. 

,+  would  be  reasonably  natural   to  choose  the  points 
at  the  midpoints  of  the  subintervals  as  shown   In  Figure  2-4(a). 


a  ire  as 


we  find  that  this  choice  of  the  midpoint  is  quite  speclai  in 
,,,,        „e  pivot  the  top  edge  of  the  rectangie  in  Figure  2-4(a) 
about  its  midpoint  as   in  Figure  2-4<b)  the  area  of  the  result- 
ing trapezoid  is  the  same  as  the  area  of  the  original  rectangle 
<The  area  "gained"  on  the  right  is  equal   to  the  area  "lost"  on 
the   left.)     in  particular  we  can  rotate  this  top  edge  so  as  to 
he  tangent  to  the  graph  as  seen  in  Figure  2-.(c>.     And  now.  if 
the  function   is  convex,  as  depicted  in  Figure  2-4Cc).  the 


shaded  area   lies  entirely  below  the  curve . 


6!)  8 


And,  on  the  other  hand,  the  approximation  given  by  the 
trapezoid  rule   is  represented  by  an  area  which  entirely  con- 
tains the  area   under  the  curve  as   in  Figure  2-5, 


Figure  2-5 


Since  these  observations  apply   for  each   subinterval  in 
the  partition,  we  find  for  convex  functions  the  following  In- 
equalities between  the   integral.   A,  the  midpoint  approximating 
sum,  M,   and  the  trapezoidal   approximating  sum,  T: 


n  n   f  (x.  )  +  f  (x,    ,  ) 


Here  5^  =  ' 


k-l' 


■k  2 

This   i s   i I  I ustra ted   In  Figure  2-6  where  the  areas  repre- 
sening  M,  A,  and  T  are  successively  shaded.     Note  that  nowhere 
In  our  argument  was   it  required  that  f  should  be  monotone. 
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(b) 


(c) 


Figure  2-6 


S'^^ce  ^  <  K  ^'^  see  +hat  we  use  L_+Ji  as  an 
rO^'''^uS^°'  the   integral.  A,  we  obf^^^  the  error 


bound 


T  +  5  -  A 


^  M 


to 
in 
Fi9 


^^■^^•^hing*  contrast. 

(figure  see  ip 

I''®  i\,0^  error 

.,ffia1-6  i-Ji  Is  represented 


by 

IS 


wb 


h^'"^'V  visible.     We  can 

^   con'  I  e 

^^^^0m^nt  been  made  of^ 

^r^^"  ^"-^Imate  illustrate' 


i  ch 


the 


,^rf^"*"^1^^,,y   In  Figure  2-1  ' 


^   %  %  %  '/^  %  'A  ^ 


plgure  2-7 


Por  concave  functions  the  same  analysis  goes  through 
with   the   inequalities  reversed: 

T  <^  A  <^  M. 

The  error  estimate,  written   in  the  form. 


< 

T  -  M 

2 

will    hold   for  concave  as  well   as  convex  functions. 

Now  we  wish  to  present  an  algorithm  which   computes  in- 
tegrals of  convex  and   concave   functions  making   use  of  these 
improved  error  estimates.     We  give  the   flow  chart  along  with 
a  partial   explanation,    leaving  some  of   the  details   for  you 
to  work  out   in  the   following  problem  set. 

Each   time  th rough   the    loop  of  Boxes  3  th rough    10  this 
algorithm  successively  halves   the  subinterval   widths,   w,  and 
doubles   the  COUNT  of  the  number  of   intervals   (both    in  Box  8) 
and  outputs   (Box  7)   the  TRAPezoid  and  MIDpoint   rule  approxi- 
mations of  the   integral.     Boxes  3,4,   and  5   sum  up  the 
functional    values  going   into  the  midpoint   rule  calculation 
and  the   first   line   in  Box  6  computes  the  midpoint  approxima- 
tion by  multiplying   this   sum  by  the  common  width.     The  second 
assignment   in  Box  6  calculates   the  error  estimate  derived 
above. 
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Flow  Chart 


r^a.b,  s.MAX 

1 


rr-Y  — 1 

4- 

k>  COUNT 

T 

->- 

K<— K+1 

Fi 

MID< — ^A-SUM 

ERR^  |TRAP-MID|/2 

^  7 


<^A< — MA/2 
COUNT<— —  C0UNTX2 
TRAP  <  (TRAP   M\D)  A 


C  COUNT   >    MAX  ^ 


12 


•EXCESSIVE 
ROUNDOFF' 
COUNT, 
TRAP.  ERB- 


Figure  2-8 
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TJie_vaim„P.f..  T^^^^^     i  s  J  n  It  I  a  I  I  zed   in  Box.  2_.wlth  .the 
appropriate  value  before  the   Interval   Ca^bD  has  been  sub- 
divided at  all.     We    leave   It  to  you  to  work  out  how   It  Is 
that  the   later  values  assigned  to  TRAP   In  Box  8  turn  out  to 
be  correct. 

The  test   In  Box  9    Is  for   roundoff  effects.      If  COUNT  Is 
going  torun   Into  the  high  thousands  or  the  millions  one  must 
worry  about  the  accumulation  of  the  errors  that  arise   In  the 
additions  and  the  function  evaluations   In  Box  5.     The  cumula- 
tive effect  of   these  errors   depends   upon  the  kind  of  arithme- 
tic used   In  the  machine  (fixed  point  or  floating  point  -  see 
Chapter   I),   upon  the  behavior  of  the  function   f  and  the 
method  of  evaluating   It,   and  possibly  other  factors.  Knowing 
all   these  one  can     usually  estimate  an  upper  bound,  MAX,  to 
the  number  of  terms  that  can  be   used   In  the  summation  without 
the  total    roundoff  error  exceeding  £.      If  ERR  gets   below  e 
before  COUNT  reaches  MAX  then  the  output   Is   In  error  by  at 
most  2e.      If  COUNT  exceeds  MAX  first  then  the  roundoff  error 
has  possibly   reached  £,   and  the  possible  error   In  the  answer 
at  this   point   Is  ERR  +  t   for  the  current  value  of  ERR, 
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PROBLEMS 


(a)  For  the  function  f(x)  =   l/x  and  the  Input 
a  =   I  ,     b  =  2,     e  =    \0-\     MAX  =  4, 

what  should  be  the  total   output  of  the  flow  chart 
of   Figure  2-8? 

(b)  Carry  through   In  detaH   all   the  steps  of  the  flow 
chart  for  this  case  and  see   If  you  get  what  you 
should. 

Write  a  program  based  on  the  flow  chart  of   Figure  2-8. 
Check   It  with  the  case  of  Problem   I.     Use   It  to  approxl 
mate  the  following  Integrals. 


(a)  dx,       c   =  2x,0-^ 


(b)  -   x^   dx,    e   =   2   X  10"** 


in   Figure  2-5   let  m  =  5^,     h  =  ^(  x^  -  , ) ,   so  that 
x^_,   =  m  -  h,     x,^  =  m  +  h. 

(a)     Use  Taylor's  Theorem  to  approximate  f(x)   to  terms 

fourth  degree,  with  a  =  m,     b  =  m  +  t,     to  get 


i—  ■ 
•  ■,-1 
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(I)     f(m  +  t)   «  f(m)  +  f'(m)t  +  ^f"(in)t2  +  ^f"'(m)t3 

(b)  The  contribution  of  this  one  strip  to  the  midpoint 
sum  is     AM  =  2h   f(m)»     Show  that  the  contribution  to 
the  trapezoidal   sum  is 

AT  =  hCf(m  +  h)  +  f(m  -  h)] 

«  2h  f(m)  +  h3f"(m)  +  j^h  5f  ^ ^  (m)  , 

(c)  Show  that  the  approximation  to  the  area  of  the  strip 
obtained  by   integrating  (I)  is 


h 

AA  =     /   ^f(m  +  t)dt 


«  2h   f(in)   +  -jhSfdn)  + 


(d)     Show  that 


Is  good  to  terms  of   fourth  degree   in  h,  whereas 

AA  =  jUl  +  AM) 
is  good  only  to  terms  of  second  degree. 
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Using  the  subdivision  of  Figure  2-7  for  the  f^^^+'on 
x"^,  tabulated  here,   compute  the  follov^'^g  to 


f  (x) 


four  decimal  places: 


(a)  The  exact  area   under  the 
curve.  A; 

(b)  The  trapezoidal  approxi- 
mation, T; 

(c)  The  midpoint  approximation, 


X 

x-3 

1 

1  .OOOoo 

9/8 

.70233 

5/4 

•51200 

1  1  /8 

.38467 

3/2 

•29630 

13/8 

.23305 

7/4 

. 1 8659 

15/8 

.15  170 

2 

.12500 

(d)     A     =  i  (T  +  M) ; 


(e)     A2  =       T  +  I  M. 


Discuss  the  advantages  and  disadvantages  of  \  A 
as  an  approximation  to     /  f(x)dx. 

Can  you  think  of  any  way  of  applying  the  resu'''"s  Of 


this  section  to  functions  which  are  not  conv©'*  °^  c( 
cave?     For  example,   could  they  be  applied  to  Jq 


3.     Newton^  s  Method, 


Back   in  Chapter  2  we  encountered   the  "bisection  algorithm" 
for  the  approximation  of  zeros  of  a  function.     We  are  going 
to  develop    In  this   section  another  algorithm,  "Newton's  method" 
for  carrying  out  this  task. 

Newton's  method   Is  not  so  generally  applicable  as  the 
bisection  method.     The  bisection  method   required  only  that 
the  function  be  continuous  and  assume  opposite  signs  at  thfi 
ends  of  our  given    Interval,     Newton's  method   requires  both  these 
conditions     and     as  well    that  the  function  be  strictly  monotone 
and  either  convex  or  concave.     Such   conditions  may   be  difficult 
to  verify,  even  though   they  are  generally  satisfied   In  a 
sufficiently   small    neighborhood  of  the   root.     Weighed  against 
these  considerable  disadvantages    is   the  fantastically  rapid 
convergence  of  Newton's  Method  when  the  favorable  conditions 
ob  ta I n  • 

There  are   four  cases   to  be  con  s  I  de  re  d ,  a  s  shown   In  Figure  3-1 


We  will 
and  observe 


confine  our  attention  to  Case  I  (Figure  1(a)) 
that  the  other  cases  are  handled  similarly* 


Suppose  then  that  f   Is  convex.    Increasing  and  dlfferen- 
tlable   In  Ca,bD  with   f(a)   <  0  <  f(b).     Note  that  these  con- 
ditions  Imply  that  f  will   assume  the  value  0  at  Just  one 
point  of  Ca^bU  which  we  call  r. 


It  will   be  convenient  to  rename  b  as  Xq .     Draw  the 
tangent  to  the  graph  of   f  at  the  point   ( Xq ,   f ( Xq ) )   and  note 
s I  nee    It   Is  a    line  of 
support,   that  this  tangent 
line  will    Intersect  the 
x-axIs  at  a  point,   Xj ,  to 
the  rl gh t  of   r  as  In 
Figure  3-2. 


S I  nee  the  s  I  ope  of 
this  tangent    line   Is  ^(Xq) 


Figure  3-2 


and  can  also  be  rep  resented,  as  seen   in  Figure  3-2,  as  - — 


'0 


we  can  quickly  solve  for  x^: 


  =  f  '  (x^) 

x„  -  X.  0 


0 


I 


fCXg) 

^0  "  ""l  "  TTITT  ' 


''i  =  ""o  "  rr-nrr 
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Now  we  can   Iterate  this  process  using  Xj    In  place  of  Xq . 


Figure  3-3 

And  so  on. 

As  seen   In  Figure  3-3,   these  points  seem  to  converge  to 
r  quite  rapidly.     Before  considering  how  rapidly,    let  us  see 
how  to  flow  chart  this  process.     We  won't  need  successive 
names  for  the  x^,  x^,   x^,   ...    •     We  w M  I   Just  create  one 
variable  XO  which  we  allow  to 


take  on  different  values  as 

r  ^ 

seen   In   the  flow  chart  frag- 

> 

ment  In  Figure  3-4, 

XO  <-  XO 

ffxo) 

Of  course  we  need  to  In- 

clude a  test  for  branching  out 

of  this    loop  to  a  stop.  And 
that  Is  where  the  error 

Figure  3 

-4 
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analysis  comes  Jn.     Let  us   look  first  at  the  degree  of 
reduction  of  the  error  after  the  first  step.     That   Is,  let 
us  compare 


X ,   -  r 


with 


Xq  -  r^ 


Let   us  now  ass ume   that  the  second  derivative  of   f  Is 
bounded  by  a  number  M  on  the   Interval   Ca,bll   and  also  that 
f'(a)   >  0,     Consider  now  Figure  3-5   In  which   the  tangent 
line  at   (xQ^fCXg))   has  been  extended  somewhat.     The  distance  D 
Is  the    deviation    of  the 

function   f   from  the  tangent 
line  and  so  according  to 
the   Extended  Mean  Value 
Th  eo  rem , 

(2)  D<^^(r-x^)2. 


0 


And   since   the  slope  of  the 
tangent   line   is   f M Xq )  we 
see  that 


D 


X,  -  r 


=  f  Mx^)  • 


Figure  3-5 


Using  this   together  with   (2)  yields 


(x,   -  r)   •   fMxg)   <^  ^  (x^  -  r)2. 


or 

M 


And  siace  f    is  an   increasing  function 
f  '  (a)   <.  f  '  (X(,)  , 

so  that 
Letting 

2f ' (a) 


0  = 


this   is  most  usefully  written  as 

,2 


X     -  r 
(3)   ^ 


Similarly,    letting  X|   play  the  role  of  x^, 

.2  /v  - 


X2  -  r 


and   in  genera 


X     -  r 
(4)  -H-T^ 


To  get  an   idea  of  what  this  means  take  a   rather  bad  case, 
when  f'(a)    is  small   but  f'(x)    increases  rapidly,  so  that  M  is 
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large.     Suooose  that  0  =   l/IO.     For  formula   (4)   to  Insure 

convergence  we  would  have  to  havo   ( -   r)/0  <    I,  i.e., 

( Xq  -   r)    <  0.     Suppose  we  take         -   r  =   .05.     Then   from  (4) 


we  get: 


X,  -  r  <  (  .5)2/10  =  2.5  X  10'^ 


x^  -  r  <.  (  .5)      10  »  6.2  X  10'^ 


^3 


^5 


-  r  <_  (  .5)  9/  10  =   3.9   X  10"** 

-  r  <   (.5)16/10  =    1.5   X  10"^ 


r  <   (  .5) 32/10  =  2.3  X  in"^^ 


X,  -   r  <   (  .5)^'*/IO   =  5.4   X  10"^^ 

O 


One  thus  gets  some   idea  of  the  fantastic  convergence. 
After  only  six   iterations  of  the  orocoss  we  have  an  answer 
correct  to  20  decimal  places. 

The  above  computation  assumes  exact  arithmetic  at  each 
stage.     On  a  computer  accurate  to,  say,    15  places,  the  last 
step  would  certainly  not  hold,  since  the  best  we  could  ever 
hope  for  would  be  Xg  -  r  <^  5  ^   lO"*^^.     The  earlier  steps,  how- 
ever, would  still   be  valid,  the  computation  being  too  short 
for  the  accumulated  roundoff  errors  to  affect  significantly, 
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A  I  though  the   1 nequa I  I ty 

(4)   te I  Is  us  the  rate  at  which 

Newton's  Method  converges  it 

does   not  tell   us  the  actual 

accuracy  at  any  step,   since  we 

don't  know  Xq  "       "^^  start 

with.     However,   we  can  very 

easily  get  a  usable  error 

bound  from  Figure  3-6.  Here 

we  have  (again  using  convexity), 

MN  <  MP  or 


f ' (r)(x^  -  r)  <  f (^n' • 


Hence 

(5)        -  r  <  jr^FT  -  THTT  ' 


since,   f'   being  increasing, 
f  '  (a)   <_  f  '  (r)  . 

The   flow  chart   is  shown  In 
in  Figure  3-7.      Its  simp  I i- 
ci  ty   Is  stri  l<i  ng  .  The 
absolute  values  are  used  in 
Boxes  2  and  4  to  take  care 
of   the  other  three  cases  In 
Figure  3- I . 


Figure  3-6 


^TART 


ra,  b,  t 


xo-« — b  .  ^ 


FX<  f  (XO) 


XO'<  XO-FX/P'(X0) 


Figure  3-7 
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PROBLEMS 


C^'"'^V  Q^j^.  the  following  steps   for  ^ase   |V,  ^  concave 
^^'^   'f^^reasing*   Fig^^e  3-l(d). 

Star+  ^''"'"^         =  3'  tuat  (|)   holds  unchanged. 

^'^^       Assuf"^"9  ^'(b)  <  0'   s^^ow  that  (3)   and   (4)   hold  if 
replace  e^ch  side  of  +he   IneqijaHtY  by  its 

^bsol^"'"®  ^3lue,  '®+  0  *  2f'(b)/M. 

Show  ^5)   holds   if  each  side  of  +be  inequality 

jg  replaced  by   its  absolute  va I and  f'(a)  is 
^gp|3ce  by  f  ,  (t,)  . 

®^^h  of  following  ^^Ty  oU+  +wo  steps  of  Newton's 

M^+Hoq  get  9  bound  the  accuracy  of  Yo^r  result. 

f(.)   =         -  X  -   l»       Xo  =  2- 


Show  +hat  Newton's  Method,  ^PPMed  +o  +he  function 
f(x)   =  x^  -  c,  c  ^  0»   reduces  to  the  recursion 

form" 
'^n+l 

use  formula  +°  "^Ind        accurate  to  3  decimal 

places.     Use  an  error  bound  to  prove  you  have 
the  desired  accuracy. 
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(a)  In  using  the  above  recursion  formula  show  that 
one  can   restrict  the   range  of  c  to  •  I    <^  c  <   I  , 

as  the  square  root  of  any  other  number  can  easily 
be  computed  from  that  of  a  number   In  this  range, 

(b)  For  a  value  of  c   In  this  range,  starting  with 

I  c 

Xq  =  "J      7*  many   Iterations  of  the  recursion 

formula  will    Insure  that  the  computed  approximation 
to  the  square   root  will   be  accurate  to   15  decimal 
places,  neglecting  roundoff?     CHint.  Which 
value  of  c  re qui  res  the  most  computation?] 

(c)  Is   It  safe  to  neglect  roundoff   In  this  case? 
Discuss  the  question. 


How  to  divide  by  multiplication!     Show  that  using 

Newton's  Method  on   f(x)   "   ^  "  gives 

X     .        =  X  ( 2  -  cx  ) • 
r>f  I  n  n 

This  method  has  been  used  to  do  division  on  computers. 


The  flow  chart   In  Figure  3-7  takes  no  account  of  roundoff 
errors.     Where  could  such  errors  appear  In  a  way  to 
Invalidate  the  output  of  the  program?     Modify  the  flow 
chart  so  as  to  correct  this  defect. 

Write  a  program  for  the  corrected  flow  chart,   check  It 

with  the  special    cases  of  Problems  3  and  5,  and  use  ft 

to  solve  the  following  to  as  much  accuracy  as  your 

computer  permits,   '■  '  ^ 
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(a)  =  X  +  I 

(b)  cos  X  =  X  . 

It  3 

(c)  X    -  3x    +  7  =  0     (2  roots) 

(d)  i"^  (3  roots) 
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4 •       Eva  I uat Ion  of   LIm I ts 

In  earlier  chapters  we  have  had  to  evaluate  certain 
limits   In  order  to  derive     ntegratlon  and  differentiation 
formulas.     The  two  ba^Ic   limits  are 

,.l                       -J         ,,slnx  , 
lim^=0  and         Mm   ~ —    =   I  ; 

n->-oo  x-^O 
from  these,  others  were  obtained  by  using  the  properties  of 
limits  with   respect  to  sums,   products,  etc. 

We  shall   soon  encounter   limits  arising  from  other 
processes,   and  also  some  extended  versions  of   limits,  for 
which   these  simple  methods   do  not  suffice  to  determine  the 
value.      In  this   section  we  shall    see  how  some  of  the  properties 
of  the  derivative,   arising  from  the  Mean  Value  Theorem,  enable 
us  to  evaluate    limits   In  a  great  many  cases. 

The  most  useful   single  technique   Is  known  as  L'Hospltal's 
(or  L'Hopltal 's)  Rule, 

Theo rem    I .        In  the  neighborhood  of   x  =  a    let  f  and  g 

be  continuous  and  d I f f e rent  I ab I e ,    let  f(a)   =  g(a)   =  0,  and 

let  g( x)   ^  0  for  x  ^  a.  If 


then 
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The  proof  of  this  theorem  Is  somewhat   I ong  and  is 
deferred  to  the  end  of  the  section. 


Examp  I  e   I  »       Mm   *  ^9  ^  . 
 ^   x2-| 

We  note  that  f(x)  =  log  x  and  g(x)  =  x^  -  I  satisfy  the 
conditions  of  L'HospitaMs  Rule,  so  we  consider 


,  f J_(x)  ,  .  I  /x  _  I 
x-^  I  gHx )  I  2 X  2 


Hence  the  original    limit  is 

o         II      X  -  s  i  n  X 
Ex^"^P'^  ^'       Us   I   ^  cos  X  • 

The  conditions  are  satisfied,   so  consider 

,  .      I   -  cos  X 
Us       stn  X  • 

Here  again  both  numerator  and  denominator  are  zero  at  x  =  0, 
so  we  apply  L'HospitaMs  Rule  once  more,  to  get 

,  J     s  i  n  X 
I  I  m 


x-0  ^ 


Here  sin  0  =  0  but  cos  0  ?^  0.     We  cannot  apply  L^Hospftal's 
Rule  but  It   is  not  needed.     Since  the   limit  of  the  denominator 
Is  not  zero  the    limit  of  the  quotient  Is  the  quotient  of  the 
limits,   and  our  answer   is  zero. 
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!i<2i2Ei^-     UT  arccos^'x 


Since  neither  arccos  x  nor  /I   -  x  are  defined  for  x  >  I, 
Th'eorem   I    as  stated   does   not  apply  here.     However,  the 
conditions  are  satisfied   In  a  doma  In  of  the  type : 
0   <   I   -  X  <  6,     A   limit  defined  for  this    Jnd  of  domain 
Is  ca  I  led  a    left-hand    limit  and  designated  by   Mm   ,  Similarly 
we  have   right-hand   limits  J^ji.§+ •     The  proof  for  L'HospItal's 
rule  applies  equally  well    to  these  one-sided  limits. 

Applying  L'HospItal's   rule  to  our  problem   leads  us  to 


I  I  m  ■  -  ,  '  ■  =  Mm  —  ■- 
x->|-         -  '  x->l-  2>/|   -  X 

✓  I   -  x^ 


I  I  m  4-/  I  +  X 
x->  I  -  ^ 


Another  type  of  limit  to  which  we  can  apply  L'HospItal's 
Rule  Is  Mm.  The  definition  of  this  type  of  functional  limit 
Is  essentially  the  same  as  that  of  the  sequential  limit. 


Definition    I.     Let  f(x)   be   defined   In  a   domain  of  the 
type:     x      R     for  some  R,   (such  a  domain   Is  called  a 
neighborhood  of    infinity).     Then    I^I.m  f(x)   =  L   If  for 
every  e  >  0  there    I  s  an  N  >^  R  such   that   |f{x)    -  Lj    <  e 
whenever  x  >  N.''';V^ 

7 1 9 


A  definition  of  Mm  f(x)  is  left  as  an  exercise,  for  I  i  rt)  i  fs 
as  X       ±«  L'HospItal's  Rule  needs  a  restatement. 

Theorem  2,      In  a   neighborhood  of    infinity    let  f   and  9  be 
continuous  and  d  I  f  f  erent  I  ab  I  e  ,   and  g(x)   ^  0,  Let 


,  .      f  Mx)    _  , 
I  m     ■  i    I    -  L 
x-^»  g  ( xT 

then 

x->»  g(  xT 

Example  4,     j^j^m  xiir/l  -  arctan  x)  •     Here   x  ->  <»  and 

-  arctan  x)  0,  so  we  cannot  say  what  the  produC^'^  wi||  do- 
To  use   L'Hospital's  Rule  write   it  as 

,  ,     7t/2  -  arctan  x 

Im  —  1-7   : 

x-*^"  TTx  ' 

then   both   numerator  and   denominator       0,     V/e  consid^'^'  "^^en* 
the  limit 

I 

I im      '  t         =  iim  , 

X-^«  I  X->-oo  +  I 

since    I Im   i/x^  =  0, 

X-+-0O 
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Just  as  we  have  given  a  meaning  to  the  replacement  of  a 

bv  «»   In    Mm  f(x)   =  L,   so  also  we  can  give  a  meaning  to  the 
'  x-*-a 

replacement  of   L  by 

Definition  2.      If   f(x)    is   defined   in  0   <   Ix  -  al    <  R, 
for  some  R  >  0,   then    li_m  f(x)   =  »  if   for  every  M  there 
Is  a  6  >  0  such  that  f(x)   >  M  whenever  0  <   |x  -  a|   <  6. 


Il„  f(x)   =  -«  can  be  defined  similarly,  as  also  can 
x-»-a 

Mm  f(x)  =  ».  Mm  f(x)  =  »,  etc.  L'Hospltal's  Rule  holds 
x-»-a+  x-»-oo 

for  all   of  these   if  L   is  replaced  by  «  or  by 


One  must  be  careful   with  these   Infinite    limits.  Since 
CO   and  -co  are  not  numbers  they  cannot  be  combined  with  each 
other  or  with   numbers  by  the   rules  of  arithmetic.     Even  some 
very  ob v 1 ous- I ook 1 ng  statements  are  not  true;   for  instance 
It  is  not  true  that  ^|m  7  =  ».     What   is  true   is  that 
nm^  1  =         and    l./i  =  and    Mm   |l|   =  One  useful 

property  of   infinite    limits   is  the  following  substitute  for 
Theorem  6  of  Section  2-6. 


Theo  rem 


3.      If    Mm  f(x)  =  »,  and   if  g(x)   has  a  positive  lower 


bound  then    Mm  f(x)g(x)  = 

The   limit  can  be  taken   in  any  one  of  the  types  we  have 
con  s  i  de  re  d  . 


The  proof   is   lef"^  as  an  exercise. 
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Example  5.      (a)     j^^m  x(2  -  cos   x)   =         since  2  -  cos  x  >^  I  , 

(b)      \^\^m  x(  I    -  cos   x)    does   not  exist,   x(l   -  cos 
oscillates   between  zero  values^   at  x  =  Zirn^   and  very  large 
values^   at  X  =  7T(2n  +   I),   and  so  cannot  have  either  «  or  a 


n  umbe  r  as  a  limit. 

The  final  form  of  L'Hospital's  Rule  handles  infinite 
limits  of  f  and  g.  Like  Theorem  3  it  applies  to  all  the 
different   types  of  limits. 

Theorem  4,  In  a  suitable  neighborhood  let  f  and  g  be  con- 
tinuous  and   d  i  f  f  e  re  n  t  i  ab  I  e  ,   and    let   Mm   |g(x)|    =  "o  If 


=  L 


then 


=  L, 


Here  L  may  be  a  number^ 


00 


or 


Note  that  the  theorem  puts   no     direct   requirement  on  f. 
Of   course    if   f(x)    is   bounded  and    Mm   |g(x)|    =  »  then 


I,n  =   Mm    -rrrr    f(x)   =  0. 


without  any  further  ado.     But  presumably  f(x)   could  oscillate 
wildly,   say   like  x( I   -  cos  x)    in  Example  5(b).     The  catch  is 
that   if   f(x)   behaved  too  badly  so  would  f'(x),  and 
Mm  f'(x)/g'(x)   would  not  exist.     It  turns  out  that  we  are 
essentially  restricted  to  the  case  when    Mm  |f(x)|   =  "  also. 

Example  6.  Mj^  x^og  x,  a  >  0.  To  bring  this  under  Theorem 
we  wrl  te   It  as 


.  •  og  X 
I  '  W  — 


To  apply  the  theorem  we  take 


-ax-^-'       ^"^^  ^ 


1  •  X 

Examp  I  e  7.     j^^m^  x  , 


,f  y  =         then   log  y  =  X   log  x.     By  Example  6,    Mm^   I  og  y  =  0 

and  so   Mm    y  =  e     "   "  • 

x^0  + 

Proof  of  I ^Hospital's  Rule. 

To  prove  L'HospitaMs  Rule   It   Is  convenient  first  to 
prove- a  generalization  of   the  Mean  Value  Theorem. 
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Generalized  Mean  Value  Theorem,      If  f  and  g  are  functions 
continuous    in  Ca,bl|  and   d  i  f  f  e  ren  t  i  a  b  I  e   in   (a,b)   then  there  is 
a  5  in   ( a ,b)   such  that 

(f(b)   -  f(a))gM5)       (g(b)  -  g(a))f'(5). 

Notice  that   if  g(x)   =   x  this  equation   reduces  to  the 
ordinary  MVT,     This    is  what  the  word  "generalized"  means;  the 
original    theorem   Is   a   special    case  of  this  one.     The  proof  is 
a  modification  of   the   proof  of   the  original  MVT, 

P roof ,     The  function 

h(x)   =  (f(b)   -  f(a))(g(x)   -  g(a))   -   (g(b)   -  g(a))(f(x)   -  f(a) 

has   the   following  properties: 

h    is  continuous    in  Ca,bl|, 
h'   exists    in  (a,b), 

=  0,       h(b)    =  0. 

Hence  by  Ro  I  I  e '  s  Theorem,   h'(5)   =  0   for  some    5  In  (a,b). 
That  is, 

h'(5)   =   (f(b)   -  f(a))g'(5)   -  (g(b)   -  g(a))f'(c)   =  0 
which  proves  the  theorem. 
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Figure  4-1 


Like  the  ordinary 
MVT,  the  GMVT  has  a  geometric 
mea  n  i  ng  .      I  "f 

X  =  f(t),     Y  =  g(t) 

is  a  parametric  representation  of 
a  curve  from  A:    (f(a),  g^a))  to 
B:   (f(b),  g(b)),  as   in  Figure  4-1, 
then  the  GMVT  says  that  at  some 
point  ii-here  may  be  several)  of  the  curve  between  A  and  B  the 
tangent   line   is  parallel   to  AB. 

Proof  of  Theorem    I.     Apply  the  GMVT  with  b  =   x.  Since 
f(a)   =  g(a)   =  0  we  have 

( I )  f (x)g' (5)   =  g(x)f ' (g) , 

with  K    between  a  and  x.     Since  we  are  assuming  that 


Us  g^TT 

exists  there  must  be  a  6 ,   .  0  such  that  for  0  <   |x  -  a|  < 
we  have  g'(x)   /  0.     Since   S   lies  between  a  and  x  we  have 
0  <   |5  -  a|    <   |x  -  a|    .  6,,  and  so  g'(5)   /  0.     We  are  given 
that  for  some  6^  >  0,  g(x)   ^  0  f or  0  <  I x  -  a |    <  Hence 
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if  we  take  R  =  min(6|,62)  we  have  that  for  0  <   |x  -  a|    <  R 
both  g(x)       0  and  g'(C)   *  0.     Equation   (I)   can  then  be  written 

f (x)   _  f (g) 

CComment.     Division  often  takes  a   lot  of  Justifying. 3 


Now,   given  e  >  0  there   is   a  6  >  0  such  that  if 


(2) 


0  <     X  -  a  I    <  6 


then 


f  '  (X) 
g'  (  X) 


-  L 


But,  as  we  have  seen,  if  x  satisfies  (2)  so  does  C,  and 
the  re  fo  re 


i^TTT  -Hie. 


Since  this   is  the  same  as 


f   (x)       ,  I  ^ 


our  theorem  is  proved. 
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For  the  case  L  =  -  s  Innl  V  ropl.ce  "<,iv„n  c  >  O"  by 
..gWen  H  >  0"  and   replace  all  ^-V  "t""-     ^'  - 

handled  s  imi  larl y. 

TMs   proof  wHI   apply  also  to  the   cas«   .  *  at  ahd 
,  .  a-,   slhce  the  essential    point,   that   f,  satisfies  the 
s,„e   inequality  as         is  assured  hern   also  Py   the   fact  that 
5   lies  between   a   and  x. 

^  „         V  -v  -«.  we   nfied   the  followinq 
For  the   case   x  ■>  "  or  x 

fairly  obv  ious   fact . 

R        1+    Mm  f(x)   =  L.   then    '  i  m   f(l/y)   =  L. 
Theorem  5.      It   j^J^m  r(X)       >- ,  y^o  + 

proof.     Given    11=  =  '         """^  ^°  ""^ 


e  >  0   there    is   a  6   >  0   such  that 

,f(,/y)    .   l\    <   e         Whenever         0   <   y   <  6. 

i!m   -ffx)   =   L.   there   is  an  N   such  that 
Now  for  the  given   e,   since    Ij^m   f(x)  L. 

I  f  (        _   L  I    <   e         whenever         x  >  N. 

Take  6   .    1/N   If   N  >  0,   otherwise  6  =    1.     Then  0  <  y   <  « 
Implies   that   1/y  >  N.   and  so   implies   that   |f<l/y)   -  L|    <  e. 
as  -as   to  Pe  proved.     The  converse   is  proved  similarly. 


p.^o>  of  Theorem  2.     Le tt i n g  y  =  ^  "e  def i ne 

,,C,/y,     if    y^o.  (^'"^'  " 


Then 

and  by  Theorem  3, 

Since  F  and  G  satisfy  the  conditions  of  Theorem  I  we  then 
h  a  ve 


I im      F(y )         , .        F' (y) 

Finally,   applying  Theorem  5  again, 

, f (x)        , .        F(y ) 

;i  m  -  I    ■    =      I  m     „  .  y  .    =  I 

Proof  of  Theorem  4.  We  do  the  case  for  lim  .  Give 
our  task   is   to   find  a  6   >  0   such  that 

f  (  x)       ,  I 

gTxT  "         <   e         whenever         0   <     x  -  a     <  6. 


Since  we  are  given  that 


,  ,        f  (x) 
Mm,      I  J    1    =   L  . 
x-*.a+  g  '  (  x)  ' 


it   follows   that  there   is  a  6,    >  0   such  that 
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(3) 


-  L 


whenever 


0   <     C  -  9 


<  6 


Now    let  X  be  any  po 
Mean   Value  Theorem 
such  that 


,,t  In  0  <  X  -  a  <  6,.  By  the  Generalized 
there   Is  a  point         between   x  and   a  +  6,, 


f(x)    -  f(a  +  6,)    _   f 1 ( g) 
g(y)    -  g(a  +   6  ,  T  "  * 


a  X 


Since  5   also  satisfies 
0<5-a<6,,we  have  ,   from   ( 3)  , 


Figure  4-2 


(4) 


f  (  x)  -  f  (  a  +  6  ,  ) 
-g(x)   -  g(a  + 


-  L 


<  2 


For  convenience  set 
(4)   can   be  written    in   the  form 


A=f(a+6,),  B=g 


(a  +  6  ■  )  .  Then 


f(x)  -  A  =  L  +  6, 
g(x)   -  b 


whe  re 


6  < 


Th  i  s  9  i  ves 


f  (  x) 


A  +  g(x)(L  +  6)   -  B(L  +  6) 


o  r 


(5) 


gTx) 


+  ^   -Igix)  1 
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Now  since  J^^g^   Iq^xH    =  ~  we   can   find  a   62  such  that 

|g(x)|    >  +   |B|(|l|    +  whenever     0  <  x  -  cs  < 

If  we  take  6   to  be  the   smaller  of   6|   and  62   it  then  follows 
from  (5)  that 


f  (x)  , 
gTTT  -  ^ 


<  e         whenever         0   <  x  -  a   <  6, 


which   is  what  we  wanted  to  prove. 

The  proofs   for  ^_j^m  and  the   cases  when   L   is  "  or  are 

much  the  same  as  the  one  given   for  A  similar  direct  proof 

for   Mm  does  not  work,   for  there   is  no  way  of   insuring  that 

5  /  a.     However,    it   is  easy  to  prove  that   if  ^m^f(x)   =  iig-"^^^^  ^ 

then    Mm  f(x)   exists  and  also  equals   L,   and   from  this  the 
x-va 

theorem  can  be  proved. 
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PROBLEMS 


2. 


3. 


Write  complete  definitions  for  the  following: 

(a)  Mm     f  (x)   =  L. 
x-»-a- 

(b)  Mm  f(x)=L. 


( c)      li  m  f ( x)  = 
x-»-a 

Prove  Theorem  3, 

Prove  the  following  properties  of   Infinite  limits 

(a)  If    Mm  f(x)   =  »     then     Mm   (-f(x))  = 

(b)  If    Mm  f(x)   =  A     and     Mm  g(x)   =  ±"  then 
Mm  (f  (x)  +  g(x)  )   =  ±». 

(c)  If    Mm  f(x)   =  »     and     Mm  g(x)   =  »  then 

Mm  (f(x)  +  g(x))   =  »     and     Mm  f(x)g(x)   =  " 

(d)  If    lim|f(x)|    ="     then      Mm  jjr^  =  0. 
Evaluate  each  of  the  following: 


(a) 


I  im 
x-^-O 


cos  2x  - 


cos  X 


(b) 


iclTt 


/x  -  I 
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CHInt.     Combine  to  make  a  single    fraction. D 


(e)      Mm    I        '  ^   ] 


{ f )      Mm,     (sec  x  -  tan  x) 
x-^Tr/2 


(  q)      M  m   (  I oq ( X  -    I )   -    I og  x) 


(  h )      M  m   (  /X  f    I   -   /x ) 


QHint.     Use  some  algebra  or  else  put  y  =  l/x.I] 


(i)      Mm  /7-/rT-T-  /x)  (j)      "i?  X  log(l-x) 


5,     Show  that  each  of   the  following   Mmlts   is  zero; 


't  a )      Mm  ~— *  ,         a  >  0 

e 


(b)      M  m  ,       a  >  0,       c  >  0, 

e 


CHint.     You  can  use  the   result  of   (a). 3 


(c)      I  Im  a  >  0. 


73, 

SI1 


These  three,   along  with  Example  6 


I  i  m  x""^  I  oq  X  =  0  , 
x-J^O 


a  >  0 


occur  frequently  and  are  worth  remembering. 

6,     Prove  that   If  P  and  0  are  polynomials,  of   degrees  p 
and  q   respectively,  then 


I  I  m 


P(  x) 


'0  I  f  p  <  q  , 
±«>  i  f  p  >  q , 
c  ^  0 ,    I  f   p  =  q . 


7,     Prove:      If  g  and  h   are  d  I  f  f  erenti  ab  I  e   In  the  nelghb 
hood  of   0  and   If  g(0)   =  h(0)   =  0,  then 


■  T      /I    .      /    X  .  I  /h ( X  ) 
llm(l+g(x))  = 


If  the  latter  limit  exists., 
Evaluate  the  special  cases 


exp 


(a)      I i  m  ( I   +  h ) 


/h 


(b)      I im  (  I   +  -)  " 
n->-oo  n 


(c)      I  Im   (  I   +  x'^) 


2^  l/X 


(  d)      I i  m   (  I   +  x) 
x-»-o 


l/x2 
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8,     (a)     Given  that  f    Is  continuous   In  the  neighborhood  of 
a  and  that  f'(a)   exists,   prove  that 


,.     f(a  +  h)   -  f(a  -  h)   _  . 
I  I  m   -  T   ^  a  ;  . 

CHlnt.     Use  the  Lemma  of   Section  7-1.!] 

(b)     Given  that  f  and   f   are  continuous   In  the  neighbor 
hood  of  a  and  that  f"(a)   exists,   prove  that 

f ( a  +  h )   -  2f(a)  +  f(a  -  h)   _   ^ „ , _  ^ 

1  I  m   ~    '    \<3  J  . 

h-vO  h2 
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Chapter   I  I 
TECHNIQUE  OF  INTEGRATION 


I  .      I ntroduct I  on . 

We  saw   In  Chapter  8  that  an   Integral  f(x)dx  can 

be  evaluated  as   F(b)   -  F(a)   provided  we  can   find  an  In- 
definite  Integral,  or  an 1 1 -de r I  vat  I ve ,   F,   such  that 
F'(x)   =   f(x).     This  method  of  evaluation    Is  often   so  much 
more  valuable  than  a  numerical   approximation  that  one  may 
go  to  great  pains  to  effect   It,    If   possible.     This  chapter 
Is   primarily   concerned  with   the  most  useful    devices  for 
finding   Indefinite  Integrals. 

What  do  we  mean  by  "finding   an    Indefinite  Integral"? 

The   function   f(x)   =  has  the   Indefinite  Integral 

F(x)   =      f^'^\   +  t^dt,   but  obviously  this  expression  does 

/.I   

not  help   us    In  evaluating  /l   +  x^dx;   on  the  other  hand. 


F(x)   =  .jCx/x^  +   I   +   log(x  +  /x2  +  D] 
does   help,  yielding 

.  =    I  .  I  4779. 
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What  we  want,    In   fact,    Is  a  combination  of   the  functions  we 
have   introduced  -  polynomial,   trigonometric,  logarithmic, 
and  their   Inverses  -  by  the  arithmetical   operations  and  by 
composition  of   fun ct Ions,     A   function  expressible,  expli- 
citly or   Implicitly,   by  such   a  combination    Is  called  an 
e I emen  ta  ry   f  un  ct I  on  « 

The   differentiation   formulas   Insure  that  the  derivative 
of  any  elementary   function    Is   again   an  elementary  function. 
This    Is   not  true  of   an 1 1 - d I f f e ren 1 1  a 1 1  on .      It  can   be  proved, 
for   I nstance,  that  the  a n 1 1 -de r I  vat i ve  of  e^/x   Is  not 
elementary.     Hence  our   Indefinite    I n teg ra t I  on  tech n i q ues 
will    not  always  work.     Even  worse,   there   Is  no  usable  cri- 
terion   for  determining  which   functions   have   an  elementary 
indefinite   integral    and  which   do  not.     We  shall    see  that 
certain   classes  of   functions   can   be   integrated   In  elementary 
terms  but  beyond  this    It's   simply  a  matter  of  trying  until 
you   decide   It  can't  be   done.     There   are  ways  of  proving 
it  can't  be   done   in   certain   cases   but  these  a  re   topics  for 
advanced  analysis. 

Two  of   the  three  basic  processes   for   Integration  have 
already  been    introduced,   namely   algebraic  simplification 
and  substitution.     Both   of   these  aim  to   reduce  the  Integrand 
to  an   expression,   or  a  sum  of  expressions,   whose  Integrals 
are   known.      It   follows   that  the  more   Integrals  we  know  the 
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easier  Is  our  task.     On  page  669    there   Is  a  very  short  table 
of   Integrals   to  serve  as  a  basis   for  this  chapter,   but  any- 
one expecting  to  make  much   use  of   Integration   should  qet 
one  of  the  more  extensive  tables  that  are  available.  Most 
of  the   Integrals   In  this  short  table  have  already  been 
encountered   (numbers    1,2,3,5,7,8,9,10,11),    The  others  are 
added  to  give  some  completeness;   for  example,   numbers    I  to 
4  enable   us  to  find 


/ 


^   dx, 


ax^  +  bx  +  c 


vyhere  P(x)    Is  any  polynomial    and  a,b,c  any  constants. 

The  new   Integrals,   numbers  4,6,12  and    13,   can   be  checked 
by  differentiating  the  answer  to  get  the   Integrand,  In 
fact,   this    Is  the   ultimate  test  of  any  problem   In  Indefinite 
integration.     One  perfectly  good  method  of   Integration  is 
to  guess   an   answer  and  test   It  by  differentiating.  Usually 
the  "guess"   has   some   reasoning  or  past     experience  behind  it. 
V/e  shall    discuss  this   possibility   In  Section  6. 

In  the  short  table  of   integrals  we  have   used   log  |u| 

for  brevity   In  those  formulas   leading  to   logs.     This  may 

also  be   done   in  the  problems.     As  suggested   In  Chapter  9  it 

Is  safer  in  applications  to  use  either   log   u  or   log  (-u) 

depending  on  whether  u  >  0  or  u  <  0.     We  have  also  omitted 

the  arbitrary  constant  .(this   Is  common  practice   In  integral 

tables)   but  th  I  s.  .,5tf:2i'u  I  d  be  supplied   In   all  problems. 
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A  SHORT  TABLE  OF  INTFGRALS 


X  1  T    n    F  I 


X     dx  =    I og   I x| 


dx  =  -r  a  rcta  n 


f  '          dx  =  4-.  log 

»^  x2   -  a2  2a 


X  -  a 


X  +  a 


.     r  '   —  dx  =  arcsln  -  ,         a  >  0 

/a2  -  x2  ^ 


6. 


dx=    lot]  |x+/x2±a2 


/ax 


.  lax 
dx  =  r-  e 

a 


sin 


ax  dx  =  -r-  cos  ax 

a 


•  / 


9,     /    cos  ax  dx  =       sin  ax 


10 


.   J  tan  ax  dx  =  --j-  log   |  cos  ax-| 


I  I 


.   J  cot  ax  dx  =  ^  log  |sln  ax| 


J  sec  ax  dx  =       log   |sec  ax  +  tan  ax| 


13 


.  J   CSC  ax  dx  =  -~  log   |csc  ax  +  cot  ax 

738 


^  ^  MB 


You  may  find  that  different  methods  of  doing  an  indefinite 
Integral   can   lead  to  apparently  quite  different  answers. 
By  the  basic  theorem  on  an t i de r i vat i ves  any  two  answers, 
if  correct,  must  differ  by  at  most  a  constant,   although  it 
may  take  some  algebraic   ingenuity  to  show  this.     The  same 
theorem  can  be  used  to  simplify  some  answers;   for  instance, 

can  be   replaced  by   log   |x  +  3|    since  these  differ 
by    log  ?. ,   a  constant. 

In  this  chapter  we  shall    frequently  be  referring  to 
examples   in  other  sections,   so  we  temporarily  adopt  the 
notation  that  a  reference  to  Example  3-4,   for   i nstance^  Is  to 
Example  4  of  Section  3, 


I  og 


X  +  3 


619 


P rob  I  ems 


I.     Evaluate  the  following   indefinite  Integrals, 
(a)     f  (x3  -  3x2  +  3x  -  Ddx 

(  b)      r  (  /7  -  -1— )  dx 

/x 

(  c)    y  2  s  i  n  36  de 
(d)  y*4e"^^dx 


(e)     f  '   dx 

*'    x2  +  5 


(f  )      f  ■   dx 


(g)  / 


i   dx 


+  3 


(h)     y*sec2e   de       ["Hint.     What  function  has  sec^e  as 
its  derivative?!]. 

<n    y*  sec  e  tan  6   de       [Same  hint.] 
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The  possibilities  of  writing  the   integrand   in  different 
forms  are  so  varied,  especially  for  trigonometric  integrands, 
that  only  vague  general    rules  can  be  given.     One  of  these 
is  that  breaking  the   integrand   into  a  sum  of  terms   is  often 
useful.     Another  one   is   the  s i mp I i f i ca t i o:    of  a  quadratic 
polynomial   by  completing  the  square  and  making  a  substitu- 
tion.    On  the  whole,  however,  what  one  needs  most  is  ingenuity, 
The  following  examples   Illustrate  some  standard  tricks. 

.      I      r  2x^  +  3x  -  7 
Example    I  «    I   j^—^ — ^  

By   I ong  d  i  vi  s  i  on 


2x^  +  3x  -  7   _  2x  -    I    -       ^  . 


dx . 


and 


J^2x  -   I   -  ^  I  ^)dx  =  x^  -  X  -  5    log   |x  +  2|   +  C. 

Evidently  any   integrand  of  the  form  P(x)/(ax       b),  where  P 
Is  a  polynomial,  can  be   integrated  this  way. 

/*             X  ^ 
Example  2,    /■  dx. 

 ^   2x^   -   7x  -  5 

As    in  Example    I   we   first   divide,   to  get 


7,1       59x  +  35 


2x2  .  7x  -  5 


X    +    T    +  -i- 


In  the  denominator  of  the  fraction  we  complete  the  square, 
thus: 


2       7         5       ,         7,2  89 


In  the  fraction  we  now  make  the  substitution  y  =  x  -  , 
dy  =   dx,   to  get 


r    59x  + 

Jzr—r- 


35 


2        '  5 

X'^    -    ^X    -  ■J 


dx  = 


59    r      2ydy      .    553  ,  . 


The  first  term   integrates  to 


59  , 


2  89 


formula  2 , 


and  the  second  one  to 


553 
2/8^ 


og 


-  /W/4 


+  /W/4 


,    f  o  rm  u  I  a  4  . 


Hence ,  finally, 


2x2  _  7x  -  5 


1    2   ^   7^  ^  59    ,  ,  7.2  S9 
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553      ,         X  -  7/4  - 


16/8^ 


X  -  7/4  +  /89/4 


+  C 


1^4x2  +  28x  +  59    log|2x2  -  7x  -  5 


log 

/89 


4x  -  7  -  /8^| 


4x  -  7  + 


59 

where  ^  =  C  j   +  jg-  log  2. 

Example  3,     f^^^         ^ ' 

We   use  the   trigonometric  identities, 

cos  (A  +  B)  =  cos  A  cos  R  -  sin  A  sin  B, 
cos   (A  -  B)   =   cos  A  cos  B  +  sin  A   sin  B. 

Subtracting  gives 

cos   (A  -  B)   -  cos   (A  +  B)   =  2  sin  A   sin  B; 

i.e.,   the   product  on   the   right  hand  side   has   been  expressed 
as  a  sum.     Our  procedure   is   now  clear: 

ysin   ax  sin   bx  dx  =  ^^EcosCa  -  b)x  -  cosCa  +  b)xlldx 


— , — !  r-P-  sin    (a  -  b  )  X 

2  (  a  -  b  ) 
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provided  a  ^  ±  b,     I  f  a  =  b  we  get  the   Important  special  case 
y*sln^   ax  dx  =  ^ 


-(  I   -  cos  2ax)  dx 


=         -         sin  2  a  X  +  C . 

The  cases  J*^ cos   ax  cos  bx  dx  and    J^s  In   ax  cos  bx  dx  can  be 
handled  similarly,   using  the  Identities 

2   cos  A  cos  B  =   cos   (A  -  B)   +  cos   (A  +  B) 

2   sin  A   cos  B  =   sin    (A  -  B)   +   sin    (A  +  B). 

r  I  I 

The  special  case  /  cos^  ax  dx  =  -j^x  +  sin  2ax  +  C  is  also 
of  special    note • 


^"""P'^  S\   *  sin  X  '  f 


-   s   n   X  . 

dx 


I    -  sln^x 


-   sin   X  . 
  dx 

cos^x 


=  / 


(sec^   X  -  sec  x  tan  x)dx 


=     tan   X  -  sec  x  +  C, 


4^* 


This   Is  an  example  of  a  problem  that  just  happens  to 
succumb  to  the   right  trick.      If  the    I    In  the  denominator 
Is  replaced  by  2  the  trick  doesn't  work  and  the  ans^r , 


For  convenience  we    list  here  some  of  the   lesser  known 
trigonometric   Identities  that  are   useful    In  Integration 
prob I  ems . 

sec^  X  -  tan^  x  =  I 
csc^  X  -  cot^  X  =  I 
or  (esc  X  -  cot  x)(csc  x  +  cot  x)   =  I 


obtained   In  Example   3-11,    Is  much  more  comp  II  ated^- 


s  I  n 


(  I   -  cos  x) 


cos 


(I   +  cos  x) 


tan 


X 


cos  X 
sTn  x~ 


sin  X 


=  sec  X  -  tan  x 


7  - 


1   +  cos  X 


tan  2x  = 


2  tan  X 


I   -  tan^ 


X 


I.  \ 


74 
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Prob  I  ems 


Evaluate  the  following   indefinite  integrals. 


(a)     J* xe' dx 


(b 


(c 


(d 


(e 


(  f 


(g 


(h 


(  i 


<  j 


(  k 


/cos  <: 
I  +  s  i  n 

J  1  sin   log  t  dt 


/ 


dx 


  dx 


/x**  +  1 

 — -  dx  C  There   is  a  quick  method.] 


f   ^   dx 

•/      (x3  + 


^  dx 


(x3   +    I  )  ^ 

r        s  i  n 
*^     I  +  cos^x 

sin7xsin3xdx 

cos  3x  cos  7x  dx 
y*   s  i  n  3x  cos  2x  dx 


r  8>L^^2 — 74f3 

J  -  4x  -.'j 
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(^)  /_secix_^^ 


„>  / 


I   +  tan  X 
I 


dx 


dx 


/2x2  +  4x  +  3 
/Sx  -  x^ 

(p)  /■ 
(q)  / 


X 

4x3  + 

5 

2x2  + 

( 

X 

x"*  + 

1 

dx 


dx 


(  r)      /  —  ■ — —  dx 

*'    (X  +  1)2 


(s) 


r  dx  

(  X  +   2 )  /x2   +   4x  + 


(t)      f  !   dx        ^Compare  with  (m),j 

cos  x(2  cos   X  +  3   sin  x) 

,    ,      r  /x^  +  2x  . 
(u)     /    dx 

^         X  + 
(v)    J"  sec^x  tan2x  dx 

(  w  )    J    ,  e  c  '*  X  d  X 

(X)  / 


J   dx 


-    COS  X 


COS    X  . 

  dx 


I   -  cos  X 


(z)    f   —   dx 

^   I  + 


11^ 

I   +  4  sin^x 


2.  Evaluate 

y  sin  X  sin  2x  sin  5x  Ox 

3.  Derive  the  formulas  for  cos  A  cos  B  and  sin  A  cos  B 
on  page  675, 


4.       Let  m  and  n   be    integers   >^    0  and  let 


mn 


mn 


mn 


=  r  sinmxsinnxdx, 
=      /  cos  mx  cos  nx  dx, 


2ir 


sin  mx  cos  nx  dx. 


Show   that  A^^,   B^^,  C^^   are   all    zero  except  that 


A       =  B 
nn  nn 


ir  if  n  0, 
2ir     i  f   n  =  0. 


5. 


(a)   For  any  number  n,   prove  that  tan"x  -  tan"  ^x  sec^x 


tan  X. 


(b)   Establish  the  formula 
y*tan"x  dx  = 


n  - 


tan"-'x  - 


/tan" 


-2 


X  dx. 


This   is  known  as  a  "reduction  formula", 
(c)   Use  the   reduction   formula  to  evaluate 
J-tan^x  dx  and    ffan^x  dx. 
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3.     Subst I  tut  I  on  . 

In  Chapter  8  we   considered  substitutions  that  reduced 
the   Integrand   Immediately   to  one  of   the  standard  forms. 
Usually  this   cannot  be  done;   the   substitution  merely 
simplifies   the   Integrand,   making   It   ready   for  a  further 
substitution  or  some  other  modification.     There  are  several 
useful   general    types  of  substitutions. 

I.      If  the   Integrand   Involves  a   function  g(x)   to  a 
negative  or  fractional    power,  or   If  g(x)   appears  as  the 
argument  of  a  transcendental    function,   try  the  substitution 
u  =  g(x)   or  u"  =  g(x)    for  a  suitable  n. 


r  \         dx  =    /'(e^  +   I  )"^dx  , 

e^  +    I  ^ 


Examp I e    I . 

/ 

e 

Let  u  =         +    I,   du  =  e^dx  =   (u  -    l)dx.  Then 


r_J —  dx  =  ri— L-  du  -f. 

^e^+l  ^uu-l  ^u^-u 


du  • 


This    Is  now  of  the   form  discussed   In  Example  2-2, 
•    is  a  quicker  solution: 


x 

dx 

•X 


e^  +   I  i   +  e  ' 

r-d( I   +  e"^) 

J     ,   J.  -X 

I   +  e 

- log( I   +  e"^)   +  C. 
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■-  dx. 

»/x^  +  I 

Let  u2   =   x2  +    I  ,   2udu  =  2xdx.  Then 

(x2)2(xdx) 


f  dx   =  f'-^ 

J  /x^    +    I  /^^^^ 

( u2  -   1)2  udu 


=  y ( u**  -  2u 


2  +  Ddu 


ju^  -  .lu^  +   u  +  C 


(i-u't  -  iu^  +   I  )  u  +  C 


y^CSx**  -  4x2  +  B)/x2  +   I   +  C, 


Example  5.      Js\n{\oq  x)dx. 

Let  u  =    log  X,   X  =  e^,   dx  =  e^du.  Then 


fs\n(.\og   x)dx  =  Je^s\n   u  du 


The  new  integral  is  a  standard  type  that  we  shall  examine 
later. 

II.     A  trigonometric   Integrand  that  can  be   reduced  to 
a  function  of   sin  ax  and  cos  ax  can  often  be  simplified 
by  using  u  =  sin  ax    or     u  =  cos  ax. 
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Ex^'^P'^  ^'     / 1  +'cos% 
F I rst  we  have 

sin  36  =  si  n(2e  +  6) 

=   sin   26   cos  6  +  cos   28   sin  8 

=   2  sin8   cos^e  +   (cos^8   -  sin^8)sin  8, 

Now    let   u  =  cos   e,   du  =  sined8.     Then   sln^8  =   I   -  and 
we  get 

y  I  +  cos  8      =  J  nni 

ready  for  the  substitution  v  =    I   +   u  or  the  method  of 
Example  2-1.     We  could  have  saved  one  step  by  letting 
u  =    I   +  cos  8     to  begin  with  but   it   is  sometimes  better  not 
to  do  too  much   at  once. 

Examp  I  e  5  .     ^s\n^2x  cos^2x  dx. 

Here   the   proper  substitution    is   u  =   sin   2x,      du  =  2  cos  2x  dx. 
Let  us  first  see  how   it  works,   and  then  why.     Changing  the 
form  of   the   integrand  slightly,  we  have 

J  sin**  2x  cos^  2x  cos  2x  dx 

=  /u'^C  i   -  u2)2^u, 

since  cos22x  =    I   -  sin^2x  =    I   -  u^. 
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The   reason   this   simplified  so  nicely   is   that  after 
removing  one  factor  of   cos  2x  to  go  with   the   dx  to  make  du, 
we  had  an  even   power  of   cos  2x   left,   and  so  no  square  roots 
were   Introduced.     The  same  phenomenon  occurs   in  Example  4 
with   the   roles  of   sin  and  cos  interchanged. 


It   is  easy  to  see   that  this  process  will   work  for 
y  sin 


m  n  . 

ax  cos  ax  dx 


if  one  or  both  of  m  and  n  are  odd.  The  case  when  they  are 
both   even   will    be   treated  later. 


Occasionally  a   substitution  of   another  trigonometric 
function, u  =  tan  ax,   u  =  sec  ax,  etc.  wH!  simplify  things. 

III.     An   algebraic   Integrand   Involving  the  one  Irrational 
ity  /a^   -  x^   can  be   reduced  to  a   rational  trigonometric 
integrand  by  the  substitution  0   =  arcsin   x/a  or  x  =  a  sin  6. 
(One  can   use   cos    instead  of  sin  but  there   Is   rarely  any 
reason   for  doing  so).     Then  ^ -  x^   =  a   cos  6. 


/2 
  ■  ^  dx* 
(x  +  2)   /4  -  x^ 


=  2slne,     /4-x2   =  2  cos  e,     dx  =  2  cosO    de  . 


/2  r         ^  cose  de  


d6 

s  i  n  e  +  I 


(tan   e  -   sec  6)   +  C,  by 
E xamp I e   2-4 , 


2  cos e 


^  -  '      +  c. 


H  -  x2 


E  xamp  I  e  7 .  V/e  can  finally  find  the  area  of  a  circle  by 
i  nteg  ra  t  i  on . 


J /a2  -  x2   dx  = 

/ ( I   +   COS  2e)    de,   see  Example  2-3, 


a   cos6   a  cos6  d6 

a^  /'cos^e  de 

,2 


2  I 

|--(e+-isin2o)+C 

a2 

^(G+sInecosO)+C 


a2 


a  resin  -  +  ^/a^  -  +  C  . 


^ —     drcbin  —  T 


The  area  of   the  circle  is 
,a 


/a^  -         dx     =     2a^    (arcsin    I)   =  na^. 
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The   Irrationalities   /x^  -  a^  and  /x2  +  a 2  can  be  handled 
similarly  by  the  substitutions  x  =  a  sec  6  and  x  =  a  tan  9, 
with  appropriate  use  of  the   identity  sec^e  -  tan^e  =  I. 


f        I   +  X 

Example  8.       /  .  ■ 

 ^   J  x3/x2  -  4 


dx. 


Here  we  use 


X  =  2  sec   e,     /x^  -  4  =  2  tan   6,     dx  =  2   sec  6  tan   6  de. 


to  get 


/•  2(  I  +  2  sec  6)  sec  6  tan  6  ^  ^J'icos^Q  +  2  cos  e)de 
J  16   sec^e  tan  6 


Doi 


ng  Jcos^Q  de  as   in  Example  7,  we  get 


^1^9  +^sin   9   cos  9  +  2   sin   ej    +  C 


2    .  -   ^  +   4  "  ^ 


arccoS'—  + 

X  ^2 


+  C 


IT 


|-4x_l_l  -  4  +  arccoslj   +  C 


The  expressions  for  the  functions 

of  e   in  terms  of   x  are  most  easily 

seen   from  a  diagram   like  Figure  3-1. 

2 

In  the  final   answer  we   used  arc cos— 
as  being  a  more  familiar  function 
than  arcsec^  . 


F  i  gure  3-1 
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Examp  I  e  9  ,      f   ' 

 ^   J   x2/x2  +  a- 


dx. 


He  re  *we  use 


X  =  a  tan  6     /x^  +  a^   =  a  sec  6,    dx  =  a  sec^e  dG, 


so 


r     '     dx  =  f 


a  sec' 6 


a2  tan^e   a  ?ioc  6 


(je 


Figure  3-2 


from  Figure  3-2 


j       r  cos  e 

a2  sin 


de 


I  rdis in  e) 
a2       s  i  n^e 


a     sin  e 


/x2  +  a- 
a^x 


One  can   combine   this   type  of   substitution  with  the 
technique  of   compieting  the  square,    used   in  Example  2-2, 
TO  handle  any   irrationality  of   the   form   /ax^  +  bx  +  c. 


Example  10 


ax 


I  r 


/I 


7 


/  ^         3         9  9 


/3 


/ 


dx 


Put  y   =   X  +  ^  ,    to  get 


/ 


-  2/3 


^3   ^    /y2    _  4/9 


dy. 


Now  we   use  y  =       sec  6. 


2^ 

3 


2  fl  2 

sec  °  ~  3"  2 

.  ~7  T 

^  tan  e 


-/ 

.rr  J 


sec  e  tan  6  de 


— L-  f (sec^e  -  sec  6)  de 
3/3  *' 


-.2  (tan  e  -  log  |  sec  6  +  tan  e|)  +  C 
3/'3 


3/3  L 


^%  -  '  -  log 


3y  +   /9y^  -  4 
T 


1] 
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3/T  L 


/9x2  +    I 2x  -  2  Ion 


3x 


+  2  +  /9x2  +  I 2x[  1 
 5  1  J 


+  0 


r  /3x^   +  4x  -  —  log   |3x  +  2  +   /3(3x2   +  4x)| 
L  /3  J 


IV,     We   saw   in   Examnlos   2-1    and   2-2   how   any  rational 
function  P(x)/0(x)    could   be    integrated    if  O  were  of  dogroo 
I    or  2.      In   Section   5   we   shall    extend  this    result   to  a 
denominator  of   any   degree.      Because  any   rational  function 
can   be    integrated  there    is    interest    in  techninues  that 
transform  an    integrand   into     a  rational    function,    as  was 
done    in    Examples  2,4,   and  5.     There   is   a   standard  method 
of    doing  this    if  our    integrand    is   any   rational    function  of 
sin    e  and   cos   6.     The  method   frequently  gives   the   answer  in 
a   rather  complicated    form,   and    it   should   be   used  only  when 
other  methods  fail. 


The  substitution   arises    from  the   p a r am e t r i z a t i on  of 
the   unit  circle   (see  Problem  2(d),    Section  7-7), 

I    -   t^  .   _  2t 


1    +  I    +  t2 

S  I  n  ce 

x=cose,  y=slne. 
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Is  also  a  paramet  rl  zat  Ion  of  the  unit  circle  we  jnlght 
^expect,  to  get  something   Interesting   by  putting 

cos  0  =    '   "  =     -I   +  —   ,     sin   0  =  — ^— 

I    +  I    +    t2  I    +  t- 

We  do!  First  of  all,  differentiating  cos  0  with  respect 
to  t  g I ves 

.sine^=   ill          ^  _zl_sine, 


so 


de  =   dt. 

I    +  t2 


The   relation     dt  =    ,    .'^^  ^   ^      is  sometiniep  useful 

I     +    cos  o 


To  solve   for  t   in   terms  of   6   noticr-  -.'"hat 

2  sin  e 

cos   e  +    I    =    =    t 

I   +  t2  t 


°'"       ^           sin   e       _           6     -    I   -  9 
t  =  "  =  tan  —    -  ^ 

I   +  cos   e  2  sin  0 


Armed  with  these  formulas  we  can  proceed  integ.-j-'e 


'  de . 


Examp le    I  I .  J    j  +       n  e 


This    is  the    integral   mentioned  in   Examf>le  2-f   as   not  bei 

integrabiG  by  a  s  i  mo  I  e  trick.  If  we  use  our  substitute-' 
for  sin   e   and   de     we  get 
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Thfs    Is  of   the  type  of   Example  2-2,     We  have 


/— ^   =/  h— T 


4 


2  ,  t  +  1/2  ,  p 
—  arctan    +  C 

/3  /3/2 


2  2  tan  I  +  I 

arctan   —      +  C. 


/3 


/3 


If  we  prefer  to  have  the  answer  in  terms  of  sin  6  and  cos  B 
we    can  use 


0        I   -  cos  0 
tan  TT  = 


2  sin  0 


to  get 


2  ,  2-2  cos  e  +  sin  6  p 
—  arctan  

yTb  /T  s  i  n  0 


Speaking  of  guessing:  one  would  hardly  guess  that  the 
derivative  cf   this   functic-   is   2  +  s  i  n  6  * 
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P rob  lens 


Part  I. 


I,     Evaluate  each   of   the  following. 


(a) 


x(  I    +    X'  ) 


(b)   

9 


r  dx 

x/x2  + 

/: 


,        M  dx 

(  r 


,2x   .  I 

(d)  ytan  2x  sec  2x  dx 

(e)  f^z^  dx 

/2x  -  I 

(f)  y*sin   (ax  +  b)dx 


dx 


✓x  -  I 


x/x^   -  8 

(  n  y*x2(x2    -     I  )2/3dx 
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(k)  f  '   dx 

I  +  /x" 

( I ) X  y>n~T  dx 

/c 
^        dx  easily  integrable? 
/I    -  x2 


7ii{ 
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Part  H. 
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3,     Evaluate  each   of   the  following. 

(a)  y s i n  2x  cos^2x  dx 

(b)  /tan  2x  sec^2x  dx 


/      ^    f   COS     2X  . 

(  c)  /    dx 

cos  X 


yVan  2x 

/ 

(d)  Js\n^5x  cos^3x  d 
<e)  y*tan^x  sec  x  dx 
(f)  y^sec^x  tan^x  dx 


s  i  n  2  X  . 

d  X 


b  c  >s  X 


(h)  /  tan^x  tan  2x  d^ 


i/tan 


4,      Finish   Example  4. 


5.     Show   by   integrating  that 

fs±n:.j_       .iJLJL       =  -llog   |   cos  2x  +  a  cos  x 
J  cos  2x  +  a   cos   x  <^  ' 


a  I  _  _   1 4  cos   X  +  g         5-    +  o  |  ^  q  ^ 


2y/'a'^    +  B  '4  cos   X  +   s  -  /a^    +  B 

^  7fi  ' 


Part  m. 


6.     Evaluate  each  of  the  following. 


x3 


(a)  f     "  dx 

(b)  r  dx 


/4  -  x2 

(c)  /*-==  dx 

/4  + 


(d)  dx 


x2 


(e)  f  "   dx 

/3  -  2x  -  x^ 

(  f )  J(x2   -  4x  +  8)"3^^dx 

(g)  /  

(2x2  + 


(Zx-^   +   2x  -    I  ) 


3/2 


dx 


(  h)  r  —       '  dx 
x/x^  +  2ax 


7,     Show  that  for  any  value  of   m  and  n, 

/x'"(a2  -  x2)"/2   dx     =     a'""*-"'-'    /sin'"  6  cos"''    6  de. 
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The   hyperbolic  functions   sinh   u   and  cosh   u    (Section  9-1 
Problem   13)   can  be   used   Instead  of   tan   9     and  sec  0 
for  the   integrands   involving  /x^  +  a^  and   /x^  -  a^ 
respect  i  ve I y . 

(a)  Do  Problem  6(c)   by  this  method*. 

(b)  Solve  V  =  cosh   u  for  u   to  get,   for  u   >  0,  arccosh 

u   =    I  og(  V  +   /v^  -    T)  .      [Hint.     Reduce  v  =  cosh  u 

u  1 

to  a  quadrat i c   in  e  .J 

(c)  Do  Problem  6(d)    by   this  melhoci. 
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UE,     Many  of  these  problems  can  be  done  by  simpler 
methods  than  the  substitution  t  =  tan  x/2. 


Evaluate  each  of   the  following. 

/     ^    r       COS  X 

(a)  I  — r  dx 

J   I   +  cos  X 

(  b  )   f  ^  :   d  X 

J  \   +  cos   X  +  s I n  X 

(C)    f  '  :   dx 

J  COS  X  -  s  I  n  X 
^^^/sin  xU^^'cos  X)  '^'^ 

,     .    C  COS    X   . 

/sin   x(  I   +  sin   X)  '^'^ 

(f )  f  '  — 

^  /(I   +   sin   x) ( I   +  cos  x) 

(or—  ' 

v/(  I   +  sin  x)  ( 2  + 


— — ^  dx 

cos   X ) 


(h)  /  !   dx.     Consider  all   possible  values  of  a 

'  -    '    cos  X 


Reduce  each  of  the  following  to  the   integral   of  a 

rational    function.     Get  as   simple  a   result  as  you  can 

,       f  sin   X     ^  r  sec3x  dx 

J  I   +  s  i  n   X  J 


(b) J  tan  X  tan  2x  dx 
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/*  a  + 


(a)     Reduce     /   —  ,         ^   to 

'^'bsinx+c  cos  X 


2dt 


(a  -  c)t2  +  2bf  +   (a  +  c) 


( b )     Eva  I  u  ate  ' 


f- 


b  s  i  n  X  +  c  cos  x 


( "  I 

Consider  the  cases  <  =  }        +  c^   and  the  special 


case  a  =  c. 
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4,      I ntegrat Ion   by  Pa  rts . 


There  remains  one  basic  differentiation  formula  that  we 
have  not  yet  exploited  in  our  integration,  that  is  the  pro- 
duct formula.      In   differential    form  this   formula  is 

d(uv)   =   u   dv  +   V  du, 

giving      ^e  corresponding   formula   for   indefinite  integrals, 

(I)  uv  =  y*udv+y*vdu. 

Only    in  extremely   rare   cases   can   we  expect  to  find 
functions   u(x)    and  v(x)    for  which   our  given    Integra.'  reduces 
to  dv  +    /v   du.     Our  use  of   (I)    depends  on   putting   it  in 

the  form 

yudv=uv-  yvdu, 

and   choosing   u(x)   and  v(x)    so  that  our  given  Integral 
J   =   /f(x)dx  has   the  form  J   =  /u   dv  and,  lo  that  jv   du  ^s 
simpler  than   J.     Thus    integration   by  parts,   the  name  for 
this   process,   never  gives   us   a   final    answer  but  only  changes 
the   form  of   the    integral,   hopefully  so  that  one  of   tne  other 
methods   can  be  applied. 

The   first   thing  one  must   do   in    integrating  by   parts  is 
to  express  the  given    integrand   in  the   form   u   dv.     This  is 
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ordinarily  done  by  writing  the  given  Integrand  f(x)dx  In 
the  form  u(x)w(x)dx     and  taking  v  as  ^w(x)dx. 

Examp  I  e   I  .     J   =    j^x"^    log  x  dx. 

We  write   the   integrand  as   (log   x)(x^dx),  taking 

u  =    I og  X ,         dv  =  x^ dx, 
f  rom  which 


X     '  T 


Th  I  s 


I  1       3     1  r  I       3     I  ^ 

J   =  -J  x"^    log  X  -    /  T  ^  X 


=  -J  x^    log  X  - 


dx 


•rx^    logx-'^x^  +  C, 


A  given    integrand  can   be  expressed  as   u   dv   in  many  ways  - 
in   Example    I,    for   instance,   as    (x   log  x)(x  dx)   or   (x^    log  x)(dx) 
or   (x^)(log  X  dx/x),   etc.       -      and   it   is   to  our  advantage 
to  pick  one  that   leads  quickly   and  easily  to  the  best  form  of 
J^\'   du   for   further   integration*     The   following  observations 
may  be  helpful. 
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1.  dv  =  w  dx  should  be  eas i  I y   i nteg rab I e .     The  most 

comfnon   choices  of  w  are       ,   sin  ax,   cos  ax,  e^^.     The  possi- 

n 

bllity  of   more  elaborate   choices,   such   as  xe     ,   sin  x  cos  x, 
etc.,   should  not  be  overlooked. 

2.  The  simplification    in    Jy  du  usually   arises  from 
the   differentiation   of   u,   and  one   should  be  on   the  lookout 
for  this.     Polynomials,    logs,   and   inverse  trig   functions  are 
all    simplified  by  differentiation. 

Example    I    illustrates   both   these  observations. 

3.  V   is   any  function  whose  differential    is   dv.     That  is, 
the   constant  of    integration  obtained    in   passing   from  dv  to  v 
can  be  given   any  value  we   please.     Usually  we  take   it  to  be 
zero,   as  was   done   in   Example    I.     A  different  choice  may 
affect  the   final    constant,   a  matter  of   no  concern,   but  it 
may   also  make   the   intermediate   stages  easier.     Here   is  an 
examp I e : 

Example  2.     J   =   fx^  arctan   x  dx. 

The  main    Interest  here    is   to  get  rid  of  the  arctan   x,  so 
following  observation  2  we  take 

u  =  arctan  x,         dv  -  x^dx, 

du  =   ■        dx,         V  =  4  x"*  +  C  . 

x2  +   I  '  . 


The  Idea  Is  to  take  C|  so  as  to  simplify  v  du.  Since 
x**  -   I    =  ( x2  -   I)  ( x2  +   I)  ,    If  wo  take  Cj   =  -j  we  get 

V  d  u  =  -jC       -   I)  . 


So 


J    =  ^(x'*   -    I)   arctan   x  -  j  J^^'^  "  '^^^^ 


=  jCx**  -    I)    arctan  x  -  jj        +  j  x  +  C . 


The  choice  C|   =  0  would  have    left   us  with 

/— 


.4 

dx 


to  eva I uate • 

Example   3>     J   =   Jx^   sin   5x  dx. 

We  note   that  sin   3x   is  neither  simplified  nor  complicated 
by  either   integration  or  differentiation,     x^   is  simplifie 
by  differentiation,   so  we  take 

u  =   x^ ,  d V  =   s  i  n  3x  dx, 

giving 

du  =  2x  dx,         V  =  -^"cos  3x; 

J    =  cos   3x  +  jj^^ 
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We  have  achieved  a  simplification  but  must  evidently  repeat 
the  process.     This  time  we  have 


u  =  X,  dv  =  cos  3x  dx, 

du  =   dx,  V  =  1  s  i  n  3x; 


J   = x^   cos   3x  + 


i   j^y  X  sin   3x  -  y/sin  3x  dxj 


=  -1  x2   cos   3x  +  I  X  sin   3x  +  ~  cos  3x  +  C. 


Some  of  the  most  useful    applications  of   integration  by 
parts    leave   us  with  an  du  that   is  as   complicated  as  the 

original    integral   J,  or,    indeed,  even   identical   with  it. 
However,   two  occurrences  of  J    in  an  equation   is  not  fatal 
unless  they  cancel;   otherwise  we   simply   solve   for  J. 

e"       sin  uit  dt. 

The  integrand  is  taken  from  Example  I  of  Section  9-1.  Her© 
our  two  observations  are  no  guide  and  we  take,   as  a  try. 


u  =  e 


dv  =  sin  (Alt  dt , 


du  =  -he"^'''dt,  V  =  "i 


J   =  -ie"^"^  cos  a)t  f  e'^'^cos  oit  dt. 

(A)  0)  ^ 
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The  only  significant  change   Is  the   replacement  of  sin  by 
cos   In  the   Integrand.     Evidently   If  we  apply  the  same 
scheme  once  more  we  shall   get  J   back  again. 


u  =  e 


"^^^  dv  =  cos  wt  dt. 


du  =  -he"^^dt,  V  =  i  s In  wt, 

-  h  rV^^  sin  wt  +      fe'^^  sin  wt  dt] 

0)  I  w  w  J  J 

+  l-i  COS  wt  -  —  s  I  n  wt  I     -  —  J  . 

L  "  w^  J  w^ 


J   =  -JLe"^  ^  cos  wt 
w 


or 

-h 


J    =  e 


So  I  vl  ng  for  J   g  I  ves 

J    =  L^"^  +  (-a)  cos  wt  -  h   sin  wt)/(  !  +  — )   +  C 
,2  0)^ 


w' 


J  — .e"^^(-w  cos  wt  -  h   sin  wt)  + 


h^  +  w- 


Procedures  similar  to  this  give  us  a  very  useful  class 
of   Integration  formulas  known  as  "reduction   formulas".  These 
apply  to   Integrands  that  depend  on  a  constant,  n,   usually  a 
positive   Integer.     The    reduction     formula  decreases   the  value 
of  n,   so  that  by  successive  applications  we  can  get  n 
sufficiently  small,   usually  0  or   I,  that  the   Integral   can  be 
evaluated.     A  few   reduction   formulas  are  obtained  by  algebral 
manipulation    (see  Problem  5   In  Section  2)   but  most  come  from 
Integration  by  parts. 
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Example  5.  Let  /^'^^ 
We  take 


u  =  sln""'ax,  dv  =  sin  ax  dx, 

du  =   (n  -   Da  sin""^  ax  cos  ax  dx,  v  =  -i  cos  ax. 


Then 


J     =  -1  sin""'ax  cos  ax  +   (n   -    I)     /"sin^'^ax  cos2ax  dx 
n  a 

=  _i  sin""'ax  cos  ax  +   (n  -    I)     /"sin^'^axd   -  sin2ax) 
a 

=  -1  sin""'ax  cos  ax  +   (n   -    1X^^-2  "  ^n'* 
Solving  for         gives   the   reduction  formula, 

(2)      /sin^ax  dx  =  sin"-'ax  cos  ax  +  /  s  1  n " ax  dx 

As  an  app  I  i  cat  ion ; 
fs\n^2x  dx  =  -i^-sin52x  cos  2x  +  |  /sin'*2x  dx , 
ysin'*2x  dx  =  -i  sin32x  cos  2x  +  |-  / sin2'2x  dx, 
J sin22x  dx  =  -J  sin   2x  cos  2x  +  ^  J* ' 


dx . 
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So 


n^x  dx  =  -j^  sin^2x  cos  2x  +  —  stn^2x  cos  2x 


— (--^  sin  2x  cos  2x  +  ^^x)         +  0 


] 


(-j^  sin'*2x  -         sin22x  -         s  I  n  2x  cos  2x 


15     ^  P 


Such  reduction  formulas  take  care  of  the  case  left  open  in 
E xamp I e  3-5 . 

The   reduction   formula   (2)    is  the  type  of  recursion 
formula  well    adapted  to  flow  charting  and  programming.  At 
any  stage  of  the  process  of   finding  any         we  have  an  ex- 
pression like 

(3)      J      =   c  T         +   c     <,T     ,+    ...   +   c  ^^T  ^,   +   b   J  , 
m         mm-l         m-2m-3  n+2n+l  nn' 

where  the  c's  and  b's  are  constants  and  =  sin  ax  cos  ax. 
Applying   (2)    to  gives 

J|n   =  ^m'^m-l  ^n  +  2'^n+l   ^  •57^^'^n-l  '^S-^^^n-2• 
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since  this   is  to  give   (3)   carried  one  step  further,  namely, 

n   n- I  n-2   n-2 ' 


m         m  m- 1  n  +  /  n+ 1 


we  must  have 


^n  ^  ~^n' 


n  - 


n-2 


-b  . 


n  n 


These   recursion   formulas   for  the  coefficients  enable   us  to 
construct  the  flow  diagram   in   Figure  4-1.     We   leave   it  as 
an  exercise   for  the   reader  to  put  on  the  proper  endings  for 
the  cases  m  odd  and  m  even. 


bf-1 


h<-m 

n<  1 

n<-n-E 

C<r- 

-b 

an 

--^  b 
n 

n,c 


F  i  gu  re  4-1 


Prob I  ems 


I,     Evaluate  each  of  the  following. 


(a 


(b 


(c 


(d 


(e 


<f 


(h 


(  i 


( j 


(k 


X  e"^  dx 


arcsin  2x  dx 


J'x  sin  X  dx 

/ 
/ 

y X  sec^x  dx 
y*9x  tan^3x  d 
J arcs  in  d 
j x^e^  dx 

I og  x) ^  dx 


+  2  dx 


X  arctan  x  dx 


e^^  cos  bx  dx 
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( I )  /x2  COS  2x  dx 


(m)  f  dx 


/4  +  x2 


X 


^     /I   +  x^i 
(o)  yiog  (x2  +  Ddx 

(p)  ys?n  2x  e^'"  ^dx 

<q)^sin  /xdx 


(  r)  Jx^e^^  dx 


<s)  X  dx 

(x  +  2)2 


2,  Evaluate    J*sec^x  dx. 

3,  Evaluate    y  xe^  sin  x.     CHint.     Tak.e  dv  =         sin  x  dx 
and  use  the   result  of  Example  42 

4,  (a)     Develop  a  reduction   formula  for 

y x"/x2  +  c  dx. 
n  Hint.     Use  dv  =  x/x^  +  c  dx.H 
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(b)     Evaluate   /      /x^^  -  1  dx. 


5.     (a)     Develop  a  reduction  formula  #of 

,2 


■e^  dx 


(b)     Of  the  cases  n  =    10  and  n  =   II,  one  can  be  eval'Jated 
as  an  elementary  function  and  not  the  other. 
Evaluate   f^^e  one  that  you  can. 
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5,     Partial  Fractions^ 


At  the  beginning  of  Section  2   It  was  stated  that  one 
method  of    Integrating   Is  to  express  a  complicated  quantity 
as  a   sum  of    simpler  ones.      The  method  of  partial  fractions 
Is  Just  this   Idea  applied   In  a  systematic  way  to  rational 
f unct Ions, 

You  will    recall    that  a   rational    function    Is  one  expres- 
sible  ?n  the  form  f(x)   =  ,   where  P  and  0  are  ooly- 
nomlals,     P  and  0  can  be  any  polynomials,  with   the  one 
exception   that  Q(x)    Is  not   Idenllcally   zero.     However,  we 
are  not   Interested   In   the  case  Q(x)   =  constant^   for  then  f 
Is    Itself  a  polynomial    and  we   know  how  to   Integrate  It. 
So  we  assume   that  Q(x)    involves   x,   and  by  dividing  P(x)  and 
Q(x)   by   the   coefficient  of  the  highest  power  of   x   In  0(x) 
we   reduce  Q(x)   to  the  form 

0(x)   =  x"  +  ajx""'   +   ...   +  a^^i    x  +  a^,         n  >^  I  . 

So  far  we  have  said  nothing  about  the  polynomial   P.  If 
the  degree  of  P   Is    less  than   n  we    leave  P  as    It   Is,     But  If 
Its   degree    Is   >_  n  we  divide  P(x)   by  0(x)   by    long  division, 
getting  a  quotient  S(x)   and  a   remainder  P|(x),  thus: 

P(x)   „         .  ^  ^1  ^""^ 


where  the  degree  of  P,    Is  <   n.     Since  we  can   Integrate  the 
polynomial   S  without  trouble  we  concentrate  on     5  ( j   .  So 
irc.y\  here  on  we  shall   discuss  ^{|y  under  the  assumption 
that  the  degree  of  P   Is  <  n.     We  can  also  assume  that  P(x) 
and  Q(x)   have  no  common  factor,  since  such   a  one  could  be 
d I  V  I ded  out . 

Consider  the  possibility  of  writing  our  rational  function 
In  the  form 

„,    ,       P,(x)  P,(x)' 
P(x)  1   .      2   + 

where  each  Q,   has   lower  degree  than  0.     For  this  to  be 
possible  each  prime  factor  of  Q(x)  must  appear   In  at  least 
one  Q,(x)    to  the  same  multiplicity  that   It  appears   In  Q(x). 
This  suggests  that  we  take  for  the  0,(x)  simply  the  prime 
factors  of  Q(x)   to  the  powers  to  which   they  appear  In  0(x). 
For  example,  we  -night  expect  to  get 

P,(x)       P2(x)  ^3^^^ 


x2  +  2    ^  _J          +  _i   + 


(X   -     1)(X   +    2)2(x2    +    1)3    "    X   -     I  (X   +    2)2  (x2+|) 

The  terms  with  multiple  factors   In  the  denominators  can  in 
turn  be  broken  down  still    further;   for  example, 

ax  +  b         a(x  +  2)   +  (b  -  2a)    ^      a       ^     b  -  2a 


(X  +  2) 


2  (X  +  2)2  X  +  2       (x  +  2) 
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There   Is  more  than  one  criterion  for  deciding  when  to  stop 
but  the  most  common  case   Is  stated   In  Theorem   I,  a  proof 
of  which   Is  given    In  Appendix  A. 


Theorem   I .     Let  Q(x)   have   the  form 

Q(x)   =         -  a)P(x  -  b)^-...    (x2  +  cx  +  d)'"(x2  +  ex  -  r)^ 

where  no  two  of  x  -  a,  x  -  b,  ...  ,  x^  +  cx  +  d ,  x^  +  ex  +  f 
...   have  a   common   factor.     Then    If   degree  of  P   <   degree  of  0 

p(x)  _  N     ,      '2  .   

<^       X  -   a       (X  -  a)2  (X  -  a)P 


^I               ^2  % 
+   1—  +   =          +   .  .  .   +   ■          +  ... 

X  -  b       (x  -  b)2  (x  -  b)^ 


C,x  +  D,  C„x  +  D  C^x  +  D 

+   !       +  =  +  . . .  +  


:2  +  cx  +   d       (x2  +   cx  +   d)2  (x^  +  cx  + 


x2  +  ex  +   f       (x2  +  ex  +  f)^  <       +  ex  + 


The  following  examples    Iljustrate  the  application  of  th 
theorem  and  two  methods  of  determining  the  values  of  the 
constants  Aj,  Bj,  ... 
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Examp  I  e   I  ,     We  derive  basic  formula  4. 


x^-a^       x-a       x  +  a 


Clearing  fractions  gives 


I    =  A(x  +  a)   +  B(x  -  a) . 


Since  this  equation  Is  an  identity  it  will  hold  for  any 
value  of  X. 

I 


For  X  =  a; 


I   =  2aA 


A  = 


2a  • 


For  X  =  -a: 


I   =  -2aB 


Hence 


.2  _  a' 


dx 


I /2a  I /2a 


dx 


x-a       x  +  a 


2a 


og   I  X  -  a|    -  .^loq   |  x  +  a|    +  C 


2F'°9 


x-a 


x  +  a 


+  C, 


  dx. 

x3  +  I 


Fj  rst  we  m 


ust  divide   x"*   by  x^  +   I,   to  get 


X  - 


:3  +  I 


:3  + 


By  Theorem  I , 

X  X    _       A       .       Bx  +  C 

x3  +   I       (x  +   I)(x2  -x+l)       x+l  x^-x+l 

Clearing  fractions 

x=A(x2-x+l)+(Bx+C)(x+l). 
For  x=-l:         -l=3A,  A=-l. 

Since  no  real    value  of   x  will   make  x^  -  x  +    I   equal  zero 
(we  prefer  to  avoid  complex  numbers  at  this  point)   we  simply 
use  any  two  values  other  than  -I. 

For  x=0:         0=A+C,  C=-A=l, 
For  X  =    I :  I    =  A  +  2B  +  2C,         B  =  i  . 

Thus  we   have ,  finally, 

dx 

x3    +  I 

The  first  two   integrals  are  easy  enough.     For  the    last  we 
complete   the  square   In   the   denominator,    (x  -    1/2)^  +  3/4,  and 
then   put  u  =  X  -    1/2,   to  get 

/•_u_J_3£2         ^    I    log  +  3/4)   +  arctan  ~  . 

^  u2  +  3/4  ^  ^ 


x+l  5x2-X+lJ 
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Hen  ce 


ClX   =  rrX 


2_'|og|x+l|+ilog(x2-x+l) 


.    I           J.       2x  -    I    ,  p 
+  —  arctan    +  . 


Example   3.      Let   us   do  Example  2  by  a  different  method. 
Sta  rt ! ng  with 

X  =  A( x2   -  X  +    I )   +   (Bx  +  C) (x  +    I ) 

we  multiply  out  the  right  hand  side  and  collect  terms,   to  get 

X  =    (A  +  B)x2   +   (-A  +  B  +  Ox  +   (A  +  C)  . 

Since   this    is  an    i de,  ; i ty  the  coefficients  of   the  various 
powers  of   x  on   the   two  sides  must  be  equal;   that  is, 

0  =  A  +  B 

1  =   -A  +  B  +  C, 
0  =  A  +  C. 

Solving  these  simultaneous  equations  gives  A  =  -1/3,   B  =  1/3, 
C  =    1/3,   as   before . 

In   some  ways  this    is   a  more   direct  procedure   than  the 
substitution  process  of  Example  2,   but   it   leads  to  simultaneous 


equations  of  a  morri  complicated  sort.     One  can  combine  the 
two  me thods, f i rs t  determining  as  many  constants  as  possible 
by  substitution  and  then  expanding  and  equating  coefficients. 

Neither  of  these  methods   Is   suitable  for     very  compli- 
cated problems.     For  these  the  algorithmic  methods  developed 
In  Appendix  A  are  to  be  preferred. 


Example  4.         ^     x^  +  2 

/   dx. 

(X3    +     I  )2 

Here  we  have 

x^  +  2     ^       A       ^  B         ^       Cx  +  D       ^         Fx  +  F 

(x3    +1)2         X   +     1  (X   +    1)2         x2    .    >^   +     I  (^2    .    X    +  1)2* 

or 

x^  +   2   =   A(x  +    I)(x2   -   X  +    1)2   +   B(x2   -  X  +  1)2 

+   (Cx  +  D)(x  +    I)2(x2   -   X  +    I)   +   (Fx  +   F)(x  +  1)2. 
By  putting  x  =  -I   we  get  B  =    1/9.     Further  substitutions  or 
equating  of   coefficients,    (try  each   to  see  which  you  prefer) 
lead  to  five  equations    in   the   remaining   five  constants 
A,  C,         E,   F,     These  can   be  solved  by  successive  elimination 
to  give 

4-  2     ^    I  r         I         ^       7       ^       -9x  +  6  ^         2x  +  4  1 

(x3+n2         9L(X+I)2         X+l  (x2-x+l)2  X^-x+lJ 
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The  first  two  of  these  fractions  are  easily  integrated. 
For  the    last  two  we  complete  the  square,   (x  -   1/2)^  +  3/4, 
and  substitute   u  =   x  -    1/2.     The  two  fractions   can  then 
be  further  brol<en   up,   to  give 


(  I  ) 


9    r       2u  du  ^  3   f  du  ^    C     2u  du 

"I  J  +   3/4)2  (u2  +  3/4)2       y  u2  +  3/ 

/•  du 

u2  + 


+  5 


3/4 


The  first  and  third  of  these  yield  to  the  further  s  ub  s  1 1 1  u"?  I  on 
V  =  u2  +  3/4  =  x2   -  X  +   I  ,  giving 

"7  y^"^^^  f  v"*dv. 

The   last   is  a  standard  form,   so  that   leaves  only  the  second. 
For  this  we  have  a  recursion  formula 


dx 


(x2  +   c)"       2(n   -    I  )c 


(x2  +  c) 


n-  I 


r  dx  

(2n  -  3)    / —  1^3 

J    (x2    +  C)" 


derived   in  Appendix  A.     This  gives 


2    r  du 

7  *^  (  u2  +  3 


3/4) 


2  3 


u2  +  3/4 


/d  u 
u2  +  : 


3/4 


Combining  these  results  and  adding  similar  terms  gives  us 
finally 


5  +  2  ^  j_ 
(x3  +    I )2  9 


/x^ 
(x3  + 


X   +  I 


+  7   log   I ( X  +   1)1  + 


X  +  4 


+   log  I (x2  -  X  +   I ) I  +  —  arctan 


x2  -  X  +  I 
2x  -  I 


/3 


/3 


.j+  C. 
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P  rob  I  ems 


Evaluate  each  of   the  following 


(a)f  '   dx 

4x^  +    I2x  +  9 


6x^  +  I 
2  -  X  -  6x' 


(b)  J   dx 


(c)  f  dx 


(  d) 


(e) 


x^   -  2x  -  3 

dx  

(  X  -    1)2  (  X  -  2) 

dx 


:2   -   4)  (  x^   -  9) 


(f)  ^   2x  .  3 

x^   -  3x  +  2 


^   dx 


( X  +  I)  ( X  -  n 


(h)  /  ^  dx 


x^  +  4 


2x2  +  3x  __j  

2) ( X  -  I) 


(i)  r—zxi^-ii- 

( X  +  3)  ( X  +  i 


dx 


x2    -    X   -  12 


7  c  '7 
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(  k) 


 X  dx  

(x  -    I)  (X  -  2) 


(,)  I  -  2x  3  


f 


(x  -    I)2(x2   +  4) 


r2xi_LJ<i_L_5x_±_l  dx 
^     x'*  +  8x2  +  12 


.    ^   r        x^  -   X  +  I 

(  n  )  /  

*'  x^  +  6x2  +    I  I  X  +  6 

(x2  +  2x  +  2)2 


r_3xi-^llx_._4. 
x^   +  4x2  + 


X  -  6 


dx 


(X    -     I)2(x2    +    X    +  I) 


(  r) 


r  6x 

(x2    +  I) 


djf 


is)  r—^ — 

X(  x2    +     I  ) 


2.     Finish  Problem  10  in  Section  3.  namely 


(a) 


r  4t 

(t2    +    I  )  (t  + 


dt. 


I  ) 


t  =  tan 


(b) 


u  =  tan  X, 


I   -  u 


or 
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I  d  T  ,  T  =  T  a  n  y 

(t2  +    I  )  (t^  +  2t  -    I  )  (         -  2t  -    I  ) 

(c)  /  ^   du  ,  u   =   sin  X, 

(I   -  u  2-)  2 


or 


r  2( I    +   t2)2  +       +  X 

/    dt,  t  =   tan  ■=•. 

(  I    -   t2)3  2 

3,      (a)  +  4  can   be   factored    in   the  form 

( +   ax  +  b )  ( x^  +   cx  +  d )  •     Find  a,.b,   c,    d  and 

evaluate  /   ^   dx, 

x'*   +  4 

(b)     Vake   a  substitution   to  reduce 

du 


f  '   dx  to         K    f  — 


4 

and   hence  get  a   formula   for  this   general  integral 
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6,       I ntegra I   Tables  and  Guess  I ng  . 


One  needs  to  develop  skill    in  handling  complicated 
integrals  but.95/S  of   the   integrals  one  meets  can   be  found 
In  a  good  set  of  tables.     The  word  "found"   is   used  loosely. 
No  table  will    contain  the  Integral 


J(.x^   -  2x^  +  4)e" 

but  a  typical   table  will   have   fe^dx,    fx^e^dx,  and  a 
reduction  formula     for  fx^e^dx.     Making  the  substitution 
u  =  -3x  and  breaking  the   integral    into  three  parts  will 
enable  one   to   use  the  table. 

You  should  spend  some  time  getting  acquainted  with 
your  table,   so  that  you  know  what  to  expect  to  find   in  it 
and  where  to   look  for  a  given  type  of  integral.  Otherwise 
you  may   spend  more  time  hunting  than  you  would   in  integrating 
the   function  by  other  methods.     One  table,   for  instance, 
does  not  give  a  reduction   formula  for 


/ 


dx 


x"   /x^  +  a 


T 


but  does  give  one  for 

/ 


dx 


x"(a  +  bx2)l/2 
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Some  tables  give  an  ext»=^.n5lve  set  of   Integrals  involving 
✓ax^  +  bx  +  c  and  others  give  none  of  these  at  all, 
expecting  you  to  complete  the  square   in  all    such  cases. 


At  all   times  one  should   keep  alert   for  short-cuts.  In 
Example  5-4,   for   instance,  we  can  write 


'  dx  =/   x'^dx  +    /   dx 

(x3    +    I  )2  (x3    +    I  )2  J   (^3    +  1)2 


and  the  first   integral   yields  at  once  to  the  substitution 
u  =   x^  +    I.     The   second  one  must  still    be  done  by  partial 
fractions,   but   is   somewhat  simpler  than  the  original  Integra 
If   the  algorithmic  method  of  Appendix  A   is   used.  Another 
example  of   this  type  is 

lldx 


(x^  +   I  ) 


7/2 


Even  if  one  can  find  a  reduction  formula  for  it,  it  is 
easier  to  use 

u^  =  x^  +    I  ,         2u  du  =  2x  dx, 

to  get 

(  u^   -    I  )  ^u  du 


/ 


u7 


Which  needs  only  a   little  algebra. 


In   Section    I   we   spoke  of  "quessing"  the   result  of  an 
integration  and  then  checking  our  guess  by  differentiating, 
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Usually  our  guess   is  based  on  considerable  knowledge 
of  the  form  of   the  answer,   and  the  differentiating 
determines  the   details.     An  example  will    show  how  this  works. 


Example    I,      /(x^  -  2x^  +  4x  -  2)e''^^dx. 

Integration  by  parts   (see  Problems    lb  and  g   In  Section  4)  con 
vince  one  that  /x^e^^dx   Is  of  the  form  P(x)e^^  where  P  Is  a 
polynomial   of   degree  n.     Adding  several   of   these  together, 
we  must  have   (or  we  "guess"  that) 

^(x^    -  2x^   +  4x  -  2)  e"^^dx 
=     (ax^   +  bx^   +  cx  +  d)   e"^^  +  C. 


Differentiating   the  "answer"  gives 

(3ax^  +  2bx  +  c  -  2ax3   -  2bx^   -  2cx  -  2d)e 
Hence  we  want 


-2X 


-2a 

1  , 

a  = 

'-  -7' 

-?b 

+ 

3a 

=  -2, 

b  = 

=  y(3a  +  2) 

-2c 

+ 

2b 

=  4, 

c  = 

=  ^(2b  -  4) 

-2d 

+ 

c  = 

-2, 

d  = 

--  Uc  +  2) 

I 


8' 


giving 


fix^   -  2x2  +  4x  -  2)   e"^^dx  =  ^("^x^  +  2x2  _  +  l)e 


-2X 


The  easiest  way  to  get 


y*e^^(A  siir'bx  +  B  c(^f^b,x)dx 
742 


Is  not  to  integrate  by  parts  as  in  Examole  4-4,  or  to  hunt 
for  it  In  tables,  but  to  assume  that 


Je^^(f\  sin   bx  +  B  cos  bx)dx  =  e^^(M  sin  bx  +  N   cos   bx)   +  C, 

differentiate,  equate  coefficients  of  sin  bx  and  cos  bx, 
and  solve   for  M  and  N, 

This  technique   if  particularly  good  for  combinations  of 
a  X 

polynomials,  e     ,   sin   bx,   and  cos  bx. 


743 


Prob I  ems 

I.     Use  the  tables  to  evaluate  the  following 

(a)  f  —  —  dx 

J  (2x2    .  1)3/2 

<b)  y*x2  sin23x  dx 


x2 


(c)  r  —   dx 

(2X   -  1)3/2 

<  d)  fs  in'*2x  cos22x  dx 

(e)  f  —  —  dx 

(2x2    .    ^  _  1)3/2 

(f)  f   dx 

(2x  -  1)3 

(g)  J'e^^  sin'»3x  dx 


(h)  f  —   dx 

^  (2x2    _    I )3 


{\)J*x  sec'*3x  d: 


'J'/— 

(x2  + 


x2 

  dx 

4)2 


7.9..; 
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7.     Def I n I te   I ntegra I s . 


At  this  point  we  abandon  the  convention  of   using  "integral 
to  mean  "indefinite    integral".      From  now  on  "integral"  will 
have   its  original   meaning,   although  we  may   still    refer  to  a 
"definite     integral"   for  emphasis.     An   Indefinite  Integral 
will    always   be   referred  to  as  such. 

So   far  our  main    interest   in   indefinite  Integrals 
has   been   as   an   aid  to  the  evaluation  of  definite  Integrals, 
although  we  also  used  them   in  solving   differential  equations 
in  Chapter  9.     The   second   form  of   the  Fundamental  Theorem 
(Section   8-3)   tells   us   that   if   F     is   an   indefinite  Integral 
of   f  over  the   interval   Ca,b3  then  • 


/  f (x)dx  =  F(b)  -  F(a) . 
''a 


Examp  I  e    I  .  -Tt 

/2 

/   ! — s-  de. 

J  2  +  s  i  n  6 


0 

From  Examp le   3-11   we  have 

/,   +  2  tan  e/2\| 

/   !          d6  =  —  arctan  (  —  I 

2  +  sin   6  /3  \  /|  q 


79c 
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since  faniir/A)   =    I   and  tan  0  =  0  we  g^^t 


2  J  X 

— -(arctan  ^3  -  arctan  — ) 

/T  ^ 


-     2     ,7T  7T. 


3/3 


I  f   we  use   the  form 


2  ^2-2  cos  e  +  s  I  n  e 

arctan  ~  ^ 


/T  /T  sin  e 

for  the  Indefinite  integral  we  run  into  trouble  at  6  =  0, 
This   is  not  serious^   for  we  can  evaluate 

2-2  cos     e  +  sin  e   „  2  sin   6  +  cos  6 


e-*^o+  /T  sin  e  ^"^"^        /3  COS  e 

by  L'Hospital's  Rule.  A  similar  situation  occurs  in  the 
f o  I  I ow  i  ng  examp I e . 


I                   2           ^       I   +  2   tan  9/2 
Example  2.      /    de  =  ~  arctan   _ 

  •'O     2  +  sin  e  /3  /3 


Now  tan  it/2   is  not  defined,  but 


Mm  tan  —  = 

e^^TT-  2 

and 

Ilm   '   ^  ^  -^^^  ^^^^  = 

747  7^)7 


and 


Im  arctan  v  =  tt/2. 


Hence  we  conclude  that 


I 


-•^,2  +  sine  6-1  3/3 


I  im 

(i)-»-Tl 

0 


Final ly, 

F(.^)  =    r   ■   de 

2  +  s  i  n  e 


Is  continuous  at       =  n  (this  follows  from  the  argument   in  | 

i 

Secti  on  8-2) ,   and  so 

F(tt)   =    I  im  F(*)   =  ^  . 
(f)-^Ti-  3/3 

Notice  that  the  function  F((f.)   defined  above   is  defined 

for  all   val  ues  of   (f.,  and   is  >  0  for  if  >  0  since   ^-          >  0 

2  +   s  I  n  6 

for  a  I  I    e . 

Example  3.         Proceeding  as  before,  we  get 


.211 


2ti 


/•  I  2  ^  I  +  2  tan  e/2 
/  '   de  =  —  arctan   —  

2  +  sin  e  /3  ^ 


1—  Farctan  -!  arctan  •^1=0 


/T  L  /3" 

By  the  comment  above  this   is  certainly  wrong.     We  might 
suspect  that  the  trouble  occurred  when  0  went  past  it,  since 

...  798 


this  point  caused  the  complications   In  Example  2, 

This    Is  correct.     When   6  varies   '^rom  tt  -  e   to  tt  +  e  the 

I   +  2   tan  e/2 


quant  I ty  arctan 


/3 


varies   continuously  from  just 
below  7t/2  to  Just  above  7r/2, 
and   In   doing  so  Jumps   from  one 
branch  of   the  arctan   curve  to 
another.      (Figure   7-1).  The 
va I ue  of   arctan  arising  Fiqure7-I 

from  e  =  27T  must  therefore  be  taken  not  as  7r/6  but  rather 
as  7t/6  +  7T.     This  gives   us   the   sensible  answer  27r//3. 


^1             Y=  arc  tan  x 

^  e-  TT-e 

X 

Another  way  of   regarding  this  case   is   that  the  functl 


on 


2  ^       1+2  tan  B/2 

—  arctan  — — ^— ^— —  , 

where  arctan    is   restricted   to  the   range   (-ir/2,   Tr/2)  as 
agreed   upon    in   Section   7-3,    is   discontinuous  at   6  =  ir  and 
hence   is   an    indefinite    integral   only  over  an    interval  that 
does   not  contain   ir   (or  Sir,  or  -ir,   or  etc.).     We  could 
then  proceed  to  evaluate  J^^  as  +  ,   using  the 

0  0  TT 

technique  of   Example  2  on   the    limits   ir , 


Considerations    like  this  are  distinctly  annoying, 
especi  a  I  I  y  when,  us  i  ng   integral   tables.     All   answers  involving 


6 
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Inverse  trig  functions,  particularly  arctan,  should  be 
regarded  with  suspicion.     For  example 


_dx  L_  log        ^  "        +  _L_  arctan  ^  

a**  +  X**       4a3  /7  x^  -  ax/7  +  a^       2a3/7  a^  -  x^ 


can  be  expected  to  cause  trouble   If  the   Interval   of  integration 
contains  either  a     or  -a,   values  of  x  at  which  the  argument 
of   the  arctan  term  becomes  infinite. 

In  our  examples  so  far  we  have  obtained  the  indefinite 
Integral    and  substituted  the    limits  of   the   Integral.      If  any 
substitutions  are  made   In  the  evaluation  of   the  integral, 
however,  we  generally   change  the    limits   to  agree  with  the 
new  variable  and  never  go  back  to  the  original  variable. 
This    Idea  was   Introduced   In  Section  8-3. 

Example  4,         ^   ~    /   ' —  .  '^x« 

 ^   ^0     (x  +  2)/!    -  x^ 

This   calls   for  the  substitution  of   Section   3- 1  I  I  , 

x  =  sin   e,   /I   -  x^   =   cos  0,     dx  =  cos   6  de. 
For  X  =  0  and  x  =    I   we  have  0  =  0  and  6   =  tt/2.     So  we  get  our 
old  friend, 

J  =    /   ^   de. 

•^0  2  +  s  1  n  e 

The  first  step  in  integrating  this  In  Example  3-11  was  the 
substitution  t  =  tan  e/2.  This  gives  the  limits  t  =  0  and 
t  =  tan  it/4   =    I  .  So 


J  =  r — \ —  dt. 

•'O    t2    +    t   +  I 
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The  next  substitution  was  u  =  t  +   1/2,  giving 


3/2 
12 


u2   +  3/4 


du 


2  4.  2u 

—  arctan  — 


3/2 
1/2 


-f 


arctan  /T  -  arctan 


TT 

3/3 


What  happens   If  we  try  this  process  on  Example  3?  If 
we  proceed  mechanically  we  get  t  =  tan  6/2,  t  =  0  when 
6  =  0,  t  =  0  when  8  =  27t,   and  so 


r2TT  ,  rO 

h       2  +  sin   8  ^0 


'  dt  =  0, 


t2    +   t  + 


the  same  wrong  answer.     Here   It   Is  obvious  that  the  function 
t  =  tan   8/2   Is  discontinuous  at  8  =  tt,   and  so  this  substitu- 
tion cannot  be  used  over  any   Interval    containing  tt.  From 
this  point  of  view  the  case  of  Example  3  will   be  examined  In 
the  next  section. 


In  general,   in  evaluating  definite   integrals  one  must 
be  suspicious  of  the  numerical   substitutions,  making  sure 
that  the  various  functions   used   in  the  evaluation  behave 
properly  over  the   required  intervals. 

The  substitutions  of    limits  as  one  proceeds  with  the 
evaluation  will   generally  simplify  the  writing  of  an  inter- 
gratlon  by  parts  or  a  reduction  formula,  and  sometimes  even 
the  f ormu I  a   i  tse I f . 


Example  5 


^0 


x'^e^  dx. 


We  get  a   reduction  formula  for 


Usi  ng 


/o 


x"e^  dx. 


U    =  X 


dv  =  e  dx, 


n-  I  .  X 
du  =  nx       dx,  V  =  e 


g  i  ves 


Jo  ^ 


X  .  n  X 

e  dx  =  X  e 


r'  n- 


e^dx 


=  e 


e  dx . 


Write  this  as  a  recursion  formula; 


J-  =  e  -  nJ^.,    .         Jq  =    ^0     e  dx  =  e  -  I. 
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Then 


=  e  -  7Jg 


=  e  -  7e  +  7«6J 


=  e 


-  7e  +  7'6e  -  7«6.5J 


e(l   -  7  +  7*6  -  7*6.5  +   ...  +  7'6.5'4«3'2) 

-  7! (e  -    1  ) 

5040  -    I 854e  =   .3  1. 


Example  6.     Definite   integrals  of  the  form 


sin'"  X  cos"  X  dx 


occur  frequently.  Consider 


/o 


it/2 


sin     >^  dx. 


In  Example  4-5  we  got  the   recursion  formula 


X  dx  =     -  sin""  X  cos  x 
n 


+  iLZ_L  /sin""^x  dx. 


Now  for  n  >  1, 


sln"~'x  cos  X 


=  0, 
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since  sin  0  =  0  and  cos  tt/2  =  0.     So  we  have 


fo 


tt/2 


sin'x  dx 


n  Jo 


TT/2 


sin""^x  dx 


as  the   recursion  formula  for  the  definite   Integral.  This 

is  simple  enough  that  we  can  write  a  formula  for  the 
i  ntegra I .     S  i  nee 

sin  X  dx  =   1   and  I   dx  =  ir/2. 


we  have 


(  I  ) 


fo 


tt/2 


(  n  -   I  )  (  n  -  3 )    *  *  *  ' 
"  n  (  n  -  2 }    •  •  •   2  2 


»  -J  — 

sin  X  dx  = 


n  (  n  -  2  )    •  •  •  T 


f  n   Is  even 


f  n   Is  odd , 


By   interpreting  definite  integrals  as  areas  we  can  apply 
(I)   to  other  useful    integrals.     Since  sin  x  assumes  the  same 
values   in  Ctt/Z^tt]  as   in  CO, tt/2]  so  does  sin"x  for  any  n 
(Figure  7-2) ,  and  so 


/2 


sin  X  dx 


fo 


r/2 


sin  X  dx , 


from  which  we  get 


Y=«  Sin  X 


(a) 

Figure  7-2 


sln"x  dx  =  2 


Tr/2 


s  i  n"x  dx. 


On  the   Interval  Ctt,2it], 
the  values  of  sin  x  are  the 
negatives  of  those  on  !IO,tt]], 
The  same   Is  true  for  sln"x 
I  f  n   I  s  odd  ( FI gure  7-2( b) ) 
but  for  n  even  the  signs  are 
the  same   (Figure  7-2(c)). 
Hence  for  n  even 


/o 


2v 


sin  X  dx  =  2 


r 

Jo 


sin  X  dx 


Y-sm  X 


(b) 


(c) 
Figure  7-2 


=  4 


Tr/2 


sin  X  dx. 


but  for  n  odd 


2ti 


sin  X  dx  =  0. 


By  comparing  the 

g  raph 

.  =  COS  X 

of  y  =  cos  X  (Figure 

7-3)  with 

2,TT 

that  of  y  =  sin  x  we 

con  c 1 udo 

simi  larly  that 


Figure  7-3 


755 


ERIC 


^  /•it/2 

cos"x  dx  =  sin  X  dx; 


Jj       cos"x  dx  =  2    f^^^  cos"x  dx   If  n   is  even,   otherwise  0 


/>2v  /•IT 

cos"x  dx  =  2  cos  X  dx. 


These  methods  are  useful    in  various  places.     One  appli- 
cation  is  sufficiently  general   to  Justify  formal  statement. 
We  recall   that  a  function  f   defined  on  an   interval  C-a,aIl 
Is  even   if  f(-x)   =  f(x)   and  o^d   if  f(-x)  =  -f(x)  for 
every  x   in  the  Interval. 

(  eVL.. 

Theorem   I.      If   f   is    {  >    on  C-a,aD  then 


{even  \ 
odd  ) 

/°  f(x)dx  =    |_|  /o 


a 

f ( x) dx 


and 


/o 


3  V 


2    L  f(x)dx 


y_    f ( x) dx  = 


Here  either  all  the  top  terms  in  the  three  pairs  of  brackets 
are  to  be  taken  or  all  1he  bottom  terms. 


Proof.     The  statements  are  obvious  from  a  graph  but  we 
shall  give  an  analytic  proof  for  variety.  Putting  u  =  -x 
we  get 

/o  =  ^<-u)(-du)  =  f(-u)du  =1     I  /q  f(u)du, 

This   is  the  first  half  of   the  theorm.     The  second  half 
f o  I  I  ows  f  rom 

f^^  f(x)dx  =  ^^x'^x  To 

Example  7>      If  we  should  wish  to  find  J  x^  sin  3x  dx 

the  results  of  Example  4-3  are  unnecessary.  Since  x^  sin  3x 
Is  an  odd  function  we  know  that  the  value  of  the  Integral  is 
ze  ro. 

Example  8.     An   integral  like 

/•'    X3   ^    X  I 

/x2   +  4 

can  be  separated   into  odd  and  even  parts; 
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The  first   Is   zero  and  the  second  is 


Jo 


/x^  +  4 


dx 


2   I  og   ( X  +  /x^  +  4) 


=  2  C  log  (  I   +  /5)   -   log  2l 


2    log   '   \  ^  «  .9624. 


Many  problems   leading  to 
definite   Integrals  can  con- 
veniently be  done   in  terms 
of  parametric  equations. 


Example  9.  To  find  the 
area  of  one  arch  of  the 
cy  c  I  o  i  d 

x=a(e-sine), 
w  =  a( I   -  cos  6) 


Figure  7- 


we  have 
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/c 


2  7Ta 


,2  IT 

a ( I  -  cose )  a ( I  -  cose )  de 


=  a2{2TT  +  4   •  J  using  Example  6, 

=  3TTa^. 

Th ! s   tech  n 1 q  ue   req  u  i  res 
care,   however.     Given  simply 
a  parametrized  curve, 

(2)   X  =   f  (  t)  ,   Y  =  g(  t)  , 


(  ! 


it  may  not  be  true  that 


a  <  t  <  b , 


represents  an  area.     For  in- 


Figure  7-5 


stance,    (2)   may  give   us  a 


curve   like   the  one  !n 


Figure  7-5. 


What  we  have  in 


mind  when  we  write  A  = 


y  dx 


8 (JO 


IS  someting    like  Figure  7-6; 
that   is,    (2)    defines  y  as  a 
function  of  x  over  the 
Interva  I    f(a)  <_x<^f(b). 
This  will    be   so   Pf.  1± 
str i  ct I y  monotone   I n  Ca  ,  bH  . 
Then   the  function   f   has  an 
inverse  function  h,   so  that 
t  =   h(x)   on  [f (a)  ,   f (b)1,  or 
on     [f (b)  ,   f (a)]   if   f  is 
decreas  i  ng ,  and 


f  (b) 


^    g(t)f'(t)dt  =      /^(^)  g(h(x) 


(b) 
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Prob  lems 


I.     Evaluate  the  following  definite   Integrals.     Do  not  use 
tables  of   definite  Integrals. 


.0 


(b) 


(c) 


(d) 


(e) 


dx 


f       arctan  x  dx 

•'o 

J        /x   log  X  dx 


Tr/2 
0 


COS  9 


I   +  sin  e 

cos  6 
I   +  s  i  n  e 


de 


de 
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(f ) 


<h) 


2.  (a) 


;3(  I    +  x2)3/2dX 


e"^  cos  X  dx 


(x2  -  4)/x2  +  I 


I      ,        15  +  4/10 
dx       Ans.  =  log   

4/5  3 


-  .24 


The   region   in  the  first  quadrant 

bounded  by  the  axes,  the  line 

X  =   /J,   and  the  curve  y  =   '  

x2  +  I 

Is   rotated  about  the  x-axis.  What 


is  the  volume  of  the   resulting  solid? 
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(b)     What   IS  the  volume   if   the   region   Is  rotated 
about  the  y-axis? 

Answers.         ?r(/J/8  +     tt/6)  ,     tt   log  4. 

(a)  Find  the  area  of   an  ellipse,   using  the  parametric 
equa t  i  ons 

X  =  a  cos  e ,  y  =  b  s I n   e . 

(b)  Find  the  volume  of   the  ellipsoid  obtained  by 
rotating  the  ellipse  about  the  x-axis. 

Find  the  volume  obtained  by   rotating  the  area   in  Example 
9  about  the  x-axis« 
Ans.  57T^a3. 

The  curves 

,  y2/p         21^^        p   ,  0^ 

it 

have  the  general    shapes  shown  in 

the  figure.     They  can  be  parametrized 

as       X  =  a  cos^e,         y  =  a  sinPe. 

We  are   interested   in  the  area  Ap  bounded  by  such  a  curve 


and  the  axes. 


( d )  De  ri  ve  the  redu  ct  i  on  f ormu I  a 

for  p  >  2.     Check  it  witri  your  answers  to  (c). 

(e)  What  can  you  say  about  the  shape  of  the  curves  for 
p  =   1 00  and  p  =  .01? 
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8.      I mp  roper  I nteg ra I s . 
The  integral 

Jo  ^""^^ 

Figure  8-1 

has  for  its  value  the  area  of  the  cross-hatched   region  in 
Figure  8-1.     This  value,  as  we  saw   in  Chapter  8,    is  a 
function  of         F(M),   and   indeed  we  see  that 

F(M)   =    I   -  e"^. 

Now   llm  F(M)   exists,  and  Is  obviously  equal   to   I;   that  Is, 

Mm     /p.     e"^dx  =   I  . 

We  summarize   this  situation  by  writing 

fo     ^"''dx  =    I  , 

and  saying  that  the  area  of  the   region  bounded  by  the  x-axis, 
the  y-axis,   and  the  curve  y  =  e"^  is   I.     Notice  that  this  is 
an  extension  of  the  concepts  of  "area"  and  "integral".  To 
identify  an   integral   of  this  new  type  we  call    it  an  improper 
1 ntegra I . 
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In  evaluating  an  Improper  Integral   we  must  go  back  to 
Its  definition,  as  a   limit  of  a  proper  integral. 


  °       I    +  X2 

We  start  with 


L   !          dx  =  arctan  M. 

I    +  X2 

Then 

f   !        dx  =   I  im 


dx 


I     +     yZ  ^         I     +  X^ 


=   lima  rctan  M  =  5- 

M-»-oo  ^ 


  dx 

°      I   +  x2 


A  — - —  dx  =  i  log  + 

I   +  x2  ^ 


M 

0 


log  (I   +  M2)  -  0 


Hence 


'  t   \     O-MZ^  =oo. 


r   —  dx  =   I  im  i  log   (  I   +  M^) 

Jo      I   +  x2  M-^-  ^ 


er|c 


If  the   limit  exists  and   is   finite,   as    in  Example  I, 
say  the   integral   converges ,   or  exists.      In  a  case  like 
Example  2  we  say  the   integral    diverges  or  does   not  exist, 
We  also  apply  the  same  terms  to  an   integral  like 


r 

Jo 


cos   X  dx  =  1 i  m  s  i  n  M 

M->oo 


which  does  not  exist  in  any  sense.  If  we  wish  to  distin 
guish  between  the  two  types  of  divergence  we  can  use  the 
phrase  "divergent  to   infinity"   for  the  first  kind. 

We    leave   to  the   reader  the   definition  o-f 

/•  CO 

The  doubly  infinite  i  nteg  ral  J  f(x)dx  is  best  treated 
by  breaking    into  two  single    improper  integrals, 

f^^  f(x)dx  +  f(x)dx, 

for  some  convenient  value  of  a. 


A  second   type  of    improper   integral   arises   from  a  dis 
continuity  of   the    integrand  at  one  end  of  the  Interval. 
Here  again  we   define   the   Improper   integral    as   the  limit 
a  proper   i  n tegra I • 
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r'  I 

Example  3,  "   =  dx. 

  ^0     /I  - 


The  Integrand  is  defined  only  on  [0,1)  and  not  on  CO ,  I H 
as  we  required  for  our  theory  in  Chapter  3.  So  we  take 
an    Interval    CO,hD,   where   h   <    I,   and    let  h        I;    i.e.  take 

Mm     Ir.  '  dx  =    Mm     arcsin  h  =  . 

h-^l-  •^O     /I  . 

This    is  our  definition  of  the   i  mproper   i  ntegra  I 

f  *    ■  r  dx.     This  type  of   improper   integral    is  not  as 

•^0     /I   -  x2 

easy  to  recognize  as  the  first  type,   and  one  must  always 
be  on  the  watch  for  discontinuities  of  the   integrand  in 
the  c I osed   interval   of  integration. 

.2 


Example  A.  ^  x"^dx. 

One   is  apt  to  write  carelessly, 


2 


which  is  false.  This  is  an  improper  integral  because  of 
the  discontinuity  atx=0.      Its  value,    if  any,  is 


-3  1*2  -3 

lim     /.x     dx+lim     /.      x  dx 
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=  I 

h 


Im  L.  +  i-)    +    Mm  (-1 

■^0-  \  2h2       ^ I        k->0+  V  ^ 


The  integral  converges  only  if  both 
limits  exist.  In  this  case  neither 
limit  exists,  so  the  given  improper 
integral    does  not  exist. 


Example  5 


dx. 


x^   -  X 

Using  partial  fractions. 


o  X  - 

x^   -  X 


so 


x^   -  X 


d  X  =    Mm   jr.     ( — 


=    I  im  C log(x 


Figure  8-2 


-  dx 

X 


-   I)   -   log  x] 


M 


=    Mm  Clog(M  -   I  )   -    log  M  +   log  2]. 


Now  neither   log(M  -    I)    nor   log  M  converges  as  M       «^   so  we 
are  at  first   inclined  to  compare  this  to  Example  3  and  say 
that  the   integral    does  not  exist.     Here,   however,  we  are 
not   interested   in  either  of  these  two  functions  as  such  but 
in  the  function    log(M  -    I)   -   log  M.     As   in  Problem  4(g)  of 


8/8 
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Section   10-4  we  find 


I im  ( log(M  -   I )   -   log  M) 


M  -  I 


I  im   log  (  I   -  tt)   =   log   I   =  0, 
so  our   integral    does  converge  to  the  value   log  2. 

In  evaluating  an   improper  integral   by   integration  by 
parts  we  can  carry  out  the  appropriate   limiting  processes 
to  the   integrated  part  as  soon  as  we  obtain  it. 

Examp I e  6 .     The  gamma  function,  r(x),   is  defined  by 


for  all  values  of  a  for  which  the  Integral  converges. 
(Also  for  some  other  values  of  a ,  by  more  advanced  me 


We  have 


If  a   Is  an   integer  greate 


than    I   we  apply   integration  by  parts: 


u 


d V  =  e     dt , 


a-2 


-t 


du  =  (a  -   I ) t 


dt. 


V 
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«  /    \  ,  a- I   - 1 

r  (  a )   =  -t  e 


+  (a  -    I  )      L  t^-^e^^dt 


m  M^"'e"^  +  0  +   (a  - 


I  )r(a  -    I ) • 


By  Section  10-4,  Mm  M^^'e""^^  =  0,  so  we  get  the  recursion 
f o rmu I  a 


r(a)   =   (a  -    I  )r (a  -    I  ) 

if  a  is  an  integer  greater  than  I,  Vie  shall  see  in  a  later 
chapter  that  the   same   formula   holds   for  all    a  >  I, 

Successive  application  of   the   recursion   formula  gives 


r(a)    =   (a-  l)(a-2)r(a-2) 


=(a-l)(a-2)  ...2-1 
=   (a  -    I)  ! 

Thus   the  gamma   function    is  an  extension  to  real    values  of 
X  of   the   factorial    function   defined  only  for   integer  values. 

The  effect  of   a   substitution  on  a   definite   integral  may 
be   to  change    it  from  proper  to   improper  or  vice  versa,  A 
simple  examp I e  is 
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where  x  =  s  1  n6  •     The  first   Integral    is   Improper  and  the 
second   is   not.     What  we  are   actually   doing  here   Is  the 
f o I  I ow  i  ng 


I  im        L  ^    ^   dx=:llm^       L  sinede 

=    X        sine  de. 


The    last  step    is   valid  because      /q     sine  de,   as  a  function 
of   (t> ,    is   continuous  on   the   closed   interval   CO,7t/23  by  virtue 
of  the  argument  of   Section   8-2,   since  sin©    is   un  i  con  on 
CO,TT/zD* 

The  substitution    in   the  other  direction,   6   =  arcsin  x, 
is  a    little  more  subtle,   since,   starting  with  a   proper  inte- 
gral,  we  may  not  notice   that   It  has   become   Improper,  The 


critical    factor   is  the  differential    de  =   dx//l   -         =  dx/cosG, 
which    Is  not  defined  at  x  =    I      or     6  =  7r/2.     V/henever  this 
occurs  the  possibility  of  an    improper   Integral   must  be  con- 
s  I  dered. 
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For  another  example  of  what  can  happen  consider 


-log  y  dy 


under  the  substitution  y  =  e"^,   x  =  -log  y.     Here  an 

improper   integral   of  one  type   is  changed   into  one  of  the 

other  type.     We   leave  to  the   reader  a  careful   analysis  of 

Just  what  is   involved   in  this  change. 

It  should  now  be  clear  that  the  troubles  we  had  in 
Examples  7-2,3,4  arose  from  converting  the  proper  Integral 

/  2  'sine 

e 

Into  an   improper   integral   by  the  substitution  t  =  tan^  • 
This   Is  one  of  the  drawbacks  of  this  substitution, 

A  good  set  of  tables  contains  many  definite  integrals, 
proper  and   improper,  that  cannot  be  evaluated  by  the  methods 
of  elementary  calculus.     Even   for  some  common  complicated 
cases  that  can  be  so  evaluated  a   listing  of  the   integral  can 
save,  a   lot  of  work. 
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P rob  I  ems 


I.     Evaluate  the  given   improper   integral    in  case   it  converges. 
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(a) 


(b) 


(c) 


(d) 


(f ) 


(q) 


(h) 


X  dx 


0       /9  - 


dx 


0       <  I   -  x) 


I 


dx 


CO       f    +  X 

2 

log  X 


dx 


(e)      f      e"^^  sin  ux  dx 


dx 


-2       7x  +  I 


dx 


X  log  X 


2.     (a)      If  one  attempts  to  find  the 
adjacent  cross-hatche  d  a  re a 
by  horizontal   strips  he   Is  led 
to  the   I ntegra I 


Y  = 


X*+1  \ 


-  V 


dy 


-  V 


0     /y  - 
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Evaluate  this   integral   without  using  tables. 
Indicating  a  I  I    the   limiting  processes  involved. 

(b)     As  a  check  on  your  answer  find  the  area  by  using 
ve  rt  i  ca I  strips. 


3,  (Refer  to  Problem  2   in  Section  7) 

(a)      Find  the  volume  of   the   solid  obtained  by 
rotating  the   region   In  Problem  2  above 
about  the   x-axi  s . 


(b)      About  the  y-axis. 


-ax 

4.     Do  the  same  as  Problem  3  using  the  curve  y  -  e 


in  place  of  y  = 


x2  + 


5        Is      /*'    X   log  X  dx  an   Improper   Integral?     What   Is    Its  value 

6.      As  stated   In  Problem  4  of  Section  6-5  the  weight  of 
a  body  at  he  I ght  h  is 

w(h)   =  w(0)   , 

(R  +  h)2 


S  :i  ■ ! 


where  w(0)    Is   Its  weight  at  the  surface,   and  R   is  the 
radius  of   the  earth.     How  much  work   Is  done  in 
lifting  a  one  pound  weight 

( a )  One  m I  I e , 

( b )  A  tho  usand  mi  I es , 

(c)  To  the  moon, 
(  d  )       To   i  n  f  i  n  i  ty  . 
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9.     Numerical   Methods , 


The  methods  of  the  previous  sections,   extensive  and 
useful    as  they  are,   do  not  always  work,   as  was  pointed  out 
In  Section    I.     Even  when   they  work  they  are  not  always 
p  ref  e  rab I e  , 

Examplel •     To  find  the  value  of 

'  ~-   ^'  "TTT 

x*^  +  5 

we  can    look  up  the   Indefinite    Integral    In  tables  and  sub- 
st I tute    limits   to  get 

iri         (^+1)^     .1       a.      2-^  TTi 

(I)     J    =  —1—    J-   I  oq  — —  —          +  J—  a  ret  an   r  

This   Is  the  exact  value  of   J   but   it   isn't  of  much   use  as  it 
stands.     To   use   it  to  estimate  J   to  2D   (2   decimal  place) 
accuracy  would  be  an  annoying  Job,    requiring   the   use  of 
tables  of   cube   roots,    logs,   and  arctans,   or  some   form  of 
automatic  computer.      If   we   had   started  with   the  integral 

K  =  '  dx 

^°     /x3  +  5 

none  of  our   Indefinite   integral   methods  would  have  worked 


-1/2 

at  all,  for  the  Indefinite  Integral  of  (x^  +  5)  Is 
not  an  elementary  function. 


X 

f  (x) 

0 

.2000 

1/4 

.  1  992 

1/2 

.  1953 

3/4 

.  1  844 

1 

.  1  667 

TABLF    I  • 


On  the  other  hand,   f(x)   =   (x^  +  5)"^    Is  easily  shown 
to  be  a  concave   function   (f"(x)   <^  0     on     CO,lD)   and  so 
the  method  of  Section    10-2  can  be  applied.     Using  n  =  2 
and  the  values  of   f(x)  from 
Table    I    (obtained  with   a  slide 
ru  I  e  )  ,  g I ves 

T  =   . 1893,   M  =    ,19  18, 
M  -  T  =  ,0025. 

So  the  approximation 

J   «   ,  1905  =  ,19 

is    In  error  by    less  than    ,002,     This    Is  a  much  easier  Job 
of   computation  than  the  evaluation  of   (I),   to  say  nothing 
of   the   derivation  of   (I)   -  by  partial    fractions  -   if  our 
tables  aren't  handy. 

Furthermore,   we  can  evaluate  K  by  simply  taking  square 
roots  of   the  values  of   f(x)    in  Table    I    and   repeating  the 
simple  computations  of   T  and  M, 


Problems  5  and  6    illustrate  other  troubles  that  can 

arise   in  getting  a  numerical    approximation  to  a  definite 

Integral    through   the   use  of  an   Indefinite  Integral. 
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For  direct  numerical   evaluation  of  a  definite  integral, 
"numerical    quadrature"  as   it   is  commonly  called,   we  cannot 
hope  always  to  have  a   convex  or  concave   integrand,   or  even 
to  be  able  to  divide   the   integral    in  to  pieces   in  each  of 
which   the   function    is   convex  or  concave.     What   is   needed  is 
an  error  bound  for  the  trapezoid   rule  or  the  midpoint  rule 
that  applies   to  all    unicon   functions,   or  at   least  to  a  very 
large  class.     The   following  theorem  gives  such   a  bound  for 
the   trapezoid   rule.      Its   proof    is  given  at  the  end  of  this 
sect  i  on . 

Theorem   I,      Let  Xq  =  a,  ^i    ~  ^"-1   ~  i   =  I, 

If   f,   f\   and  f"  are   unicon  on  Ca,bD  then 

J^^   f(x)dx  =  h  [r^^^o^        ^^^1^       ^^^2^  ^^^n-l^ 


whe  re 


p     =  -P.  h2f"(5)  ,         a    c   5   <  b 

n  i  —  — 


r2  ^ 

'Zxamp  I  e  2.     We  wish    ro  compute  x     e     dx  accurate  to  2D 


We  find 


whe  re 


-3,  C 


S2^ 

m 


To  find  an   upper  bound  on    |f"(?)|    for   I        5  £  ?!  a 
crude  method   is  to  take   the  maximum  of  each   factor  separately. 
This  gives 

I  f"(5)  I       2   ^  <  15. 

For  a    little  more  finesse    lump   the   rapidly   changing  factors, 
5       and  e^,   together  and   find  the  maximum  of  g(C)    =   5     ^  • 
Since 

g'         =         -  3)c"'*e^ 

is  negative   in  [1,2]   the  maximum  occurs   at   5  =    I  .     This  gives 
the  better  estimate 

I  f "(  5)  I    <^  2e   <  5.4. 

It   is   not  worth   the  work    involved  to  get  a   still    lower  bound 
by   differentiating   the  whole   function  f"(5). 

Using   this   bound'  for   |f"(5)|    we  see  that 

IR   I    <   .5  h2. 

'    n  ' 

Hence   h   =  or  n  =    10,   would  give  an   error  of   <    ,005,  in- 

suring 2D  accuracy.     Computation  of  the  trapezoid   rule  for 
this   case  gives   3,06066.     Since   the  correct   value  of  J   to  8 
places    is   3.05911654,   the  actual    error   is   .00154,  showing 
that     the   computed  bound   is   not  a  gross  overestimate. 
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Even   if   the   integrand   is   convex  this  method   has  the 
advantage  of  giving  a  bound  for  the  value  of  n  before  any 
computation   is  done.     This   is    important  when   high  accuracy 
is  desired,   for  high  accuracy     generally  requires  a  large 
n,   with  a  corresponding   increase   in   roundoff  error.  We 
may  find  that  n  must  be  so   large  that  the   roundoff  error 
would  be  greater  than  the   required  accuracy,    in  which  case 
some  more  accurate  method  than  the  trapezoid  rule  would 
ha  ve   to.  be   used . 


One  such  method   is  Simpson's  Rule,     Just  as   in  deriving 
the  trapezoid   rule  we  approximated  a  portion  of  the  graph 
by  a    line,    i.e.   a  linear 
function   L(x)   =  a  +  bx, 
so  here  we  approximate 
a  portion  of  the  curve 
by  a  quadratic  function 
Q{x)   =  a  +  b^  +  cx^. 
Since  Q   involves  three 
constants  we  can  make  it 
go  through  three  points, 
Pq,  P, ,  on  the  graph, 

as  In  Figure  9-1.  Let  these  points  be  P,  (Xj,y,),  i  =  0,1,2, 
where  y,   =  fCXj)   and  X|   -  Xq       ^2       ^1  ^* 


F  i  gu  re  9-1 


780  «3o 


To  get  the  area  under  the  parabola  It  Is  helpful  to 
change  axes  by  the  substitution  u  =  x  -  Xj,  to  the  case 
shown  In  FI gure  9-2 . 
In  the  new  coordi- 
nates the  equation 
of  the  parabola  Is 
St M  I  a  quadratic, 
y  =  au^  +  Su  + 
so  the  area  under 
the  pa  rabo la  Is 


Figure  9-2 


/h  2 
^    (au^  +   6u  +  Y)du  =  -J  ah^  +  2Yh. 

Now  the  parabola  goes  through  the  three  points  (-h^Vg), 
(0,y|),    (h,y2),   so  we  must  have 

ah^   -   eh  +   Y  =  yQ, 

ah^  +  Bh  +   Y  =  y^. 
Adding   the   first  and  third  of   these  gives 

2ah^  +  2Y  =  yQ  +  y^, 
and   it   Is  now  easy  to  see  that 


ERIC 


781 


Referring  back  to  our  original    curve  this  gives  us 
the  app  rox  i  mat  i  on  ^ 


f^^  f(x)dx  «  ^  [^(><o^   "**  ^   ^^^1^       f(x2)]  . 

To  get  S  i  mpson ' s  Rule  we  successively   increase  the  sub- 
scripts by  2  and  add  the   resuits,  getting 

(2)  f  (x)dx  «   Jl  [^f  (Xq)   +  4f  (X|  )   +   2f  (X2)   +   4f  (X3) 

+   ...   +  2f(x^^2^   ^  ^^(^n-i^  ^ 

Of  course  n  must  be  even  to  enabie  us  to  pair  off  the  sub- 
in  te  rva  i  s . 

One  can   derive  a  bound  for  the  error   in  Simpson's  Ruie, 
analogous  to  the  one  for  the  trapezoid  ruie  given  in 
Theorem  i.     The  derivation    is  considerably  more  complicated 
than  the  proof  of  Theorem   I   given   in  this  section.  We 
therefore  merely  state  that   if         is  the  difference  of  the 
ieft  and   right  sides  of   (2)  then 

provided  f,f\...»f^^^   are  aii    unicon  on  Ca,b3. 
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To  compare  the  accuracy  of  Simpson's  Rule  and  the 
trapezoid  rule  apply  this  formula  to  Example  2,     We  find 
that 

f^'*^?)   =  -  +    12^2   -  245  +  24)5''^e^  • 

As  before,   ^''^e^  has  maximum  value  e  at   5  =    I  *   and  the 
polynomial    has  maximum  value  9,   also  at   5  =   I  •      (This  Is 
a    little  problem   In   finding  extrema).     So,   for  h  =  .1, 

1^1  <  .000014, 

a  gain  In  accuracy  by  a   factor  of   350  ,     The  Simpson  Rule 
approximation   to  J   computes   to  3,059I200,     The  actual  error 
is  thus   ,0000035, aga I n   comparable  to  the  computed  bound. 

It  must  be  admitted,   however,   that   In  many  cases  f(x) 
Is  so  complicated  that   It   Is  well    nigh    Impossible  for  one 
to  compute   Its   fourth   derivative  and  get  a  bound  for  the 
absolute  value,      (See  Example  3   In   Section    12-4  for 
instance).      In  such   cases  one   Is   usually  satisfied  to  get 
several   Simpson   Rule  approximations,   successively  doubling 
the  number  of   subdivision,   until   two  are  obtained  that 
differ  by    less  than  the  permissible  error,     A  flow  chart 
for  a  program  of  this  kind   Is  shown   In   Figure  9-3. 


[^a  ,b,£>,MAX 


n< — 1 

n  >MAX 

T 

n< — z*  n 

SUME<  SUME  +•  £«SUMO 

SUMO<  0 


K<— i/a 

K  >  n 

3UMO< — 5UM0  +  -f(a+  K»h) 


"EXCESSIVE 
ROUNDOFF" 
n  ,  SUM  ,  SUMA 


3UM<  (h/6)  x(SUME  +  A*  SUMO) 


T 


fF 


(  |sum-5UMa|  <  e  J- 

>  I  F 


SUMA  <  SUM 

h<  h/2 


n  ,SUM 


STOP 


Figure  9-3 
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By  summing  separately  on  the  even  and  the  odd  points  we 
can  perform  an  efficient  process  of   doubllncj  the  number 
n  of    Intervals  without  unnecessary  computation.     MAX  Is 
a   limit  on  the   number  of   sub  I nterva I s ,    Imposed  by  round- 
off  accumulation,   as   In   Figure  2-8   In  Chapter  10. 

The  numerical   evaluation  of   Improper   integrals  can 
sometimes  be   done   fairly  directly,   but   for  efficient 
computation  one   usually    looks   for   Incjenlous  ways  of  sim- 
plifying the  work.     Some  of   the  possible  attacks  are 
Illustrated    in   the  following  example. 

Example  5,     ^   ^     S\  ^ 

(a)  Easiest  method.     The   function  defined  by 

x^'e""^  dx   is   known  as  an  "exponential  Integral 

t 

and   is   tabulated.     J   =  E|(l)   =  .219383934. 

( b )  D  i  rect  method . 


x-'e-^dx  =  x-'e-^dx  + 


^     X     e  dx. 


and 


M"  'e'^^dx  =   M'  '  (-e~^) 

M 


=  M~'e 


M 
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If  we  want  to  approximate  J   with  error  <  e  we  can  choose 
-  I  -M 

M  so  that  Me  <  e/2  and  then  take  a  numerical  approxl- 
matlon  of  x"  e"^dx  of  error  <  e/2.     For  e  =  5  x    lo"  ^ 

M  =  5  will    do;   for  e   =  5   x    lO"^  we   need  M  =  9, 

(c)     Transform   In to  a  proper   Intepral.     The  substitu- 
tion y  =  e"^,   X  =  -log  y  changes  J  Into 


-fo 


- 1 

e 


lop  y 


If  we   define    I  / 1  og  y  to  be  zero  when  y  =  0  then  the  functi 
Is   unlcon    In  the   Interval   and  this   Is  a  proper  Integral, 
There  will   be   trouble   In   Integrating    It  by  either  the 
trapezoid   rule  or  Simpson's  Rule,   however,   since  even  the 
first  derivative  becomes   Infinite  as   x       0+,     This   does  not 
mean  that  these  rules  will    not  work  but  only  that  they  will 
converge  slowly  as  n    Increases,     Taking  this   Into  account, 
method   (b)    Is  probably  preferable. 

(d)  Integration  by  parts.  In  addition  to  Its  use  to 
find  Indefinite  Integrals,  Integration  by  parts  Is  a  fine 
too  I    for  changing    integrals   Into  hopefully  more  convenient 

r    - 1  -X 

forms ,     Applyltto    J^^     x     e     dx,  with 


u  =   X     ,  dv  =  e  dx, 

du  =  -X     dx,  V  =  -e 


on 
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We  get 


Applying  the   same  upper  bound  argument  as   in   (b)  gives 


a  smaller  error  than   before.     We  could   now,   for  instance, 

—  3 

get  the  error   less  than   2.5  x    10       with  M  =  4   Instead  of 
M  =  5.  - 

The  study  of    improper   integrals   is   full   of  various 
tricks  of  this   kind.     An  expert  at   integration   has   a  large 
bag  of  them  and  a  good   intuition   as  to  which  ones  to  try 
on  any  given  problem. 
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Proof  of  Theorem   I  • 


The  following  proof    Illustrates  another  Interesting 
application  of    integration  by  parts. 


Integrate  f(x)dx  by  parts,  using 


u  =   f  (  x)  , 
du  =   f ' ( x) dx  , 


dv  =  dx, 
V  =  X  +  p. 


the 


constant  p  to  be  determined    later.     This  gives 


/%(x)dx=(x+p)f(x)   '^-  (x+p)f'(x)dx 


Now   repeat  the  process,  with 


u   =  f ' (x) , 
du  =  f"(x)dx. 


dv  =  X  +  p. 


giving 


(3) 


J      f  (x)dx  =   (x  +  p)f  (x) 


-         x2  +   px  +  q)f '(X) 


x2  +  px  -f  q)f"(x) 


8,38 


We  wish  to  choose  p  and  q  so  that  the  terms  involving  f 
drop  out.     This  will    be  so    if  +  px  +  q    is   zero  for 

x=candx=d;    that   is,  if 


x^  +   px  +  q  =  ^  (x  -  c)(x  -  d)  . 


This  gives   n   =  — ( c  +   d),   ^  =  9*  ^nd   (3)    reduces  to 


(4) 


f(x)dx  =   (d  -  c)r^f(c)   +  if(d) 


c) (d  -   x) f " (x) dx. 


(The   factors    in   the  last 
integral   are  written  this 
way  to  make   them  both 
positive),     Tho   form  of 
the   function    (x  -  c)(d  -  x) 
is   shown    in   Figure  9-4,  IVe 
f I nd  that 


Y=(X-C)(d-X) 


Figure  9-4 


(5) 


(x  -  c)(d  -  x)dx  = 


(d  -  c) 


Now  apply   (4)    successively   to  the  cases   c  =  Xq,   d  =  Xj ; 
c  =  X|,   d  =  x^',  c  =  d  =   x^ ;   and  add   the  results. 


iij^  789 


«39 


We  get 


f(x)dx  =  h  [^^(Xq)   +  f(x,)   +  +  t(Xn-|^   +  T^^^'nO 


+   R  , 
n ' 


whe  re 


i  =  I  i- 


To  write   R     as  one  integral 
n 

define  a  function  0  on  [a,bll 
by 

0   (x)    =   (x  -   X,    . ) (x,    -  x) 
n  I  - 1  I 

if  X 


i-l   1  X  ^ 


The  graph  of  0^    is   shown  in 
Fiaure  9-5.     Then   we   can  write 


Y-G.6  (X) 


Figure  9-5 


R     =      '  0   (x)  f "(  x)  dx. 

n         2  %/a  n 


For  the  next  step   we  need  the  Mean  Value  Theorem  for 
Integrals,   which   will    be   provnd   in  the   next  chapter.      It  tells 
us  that  since  Q^(x)    is  always  >^  0 ,   and  f"    is  continuous. 


0^(x)f"(x)dx  =   f"(5)  0^(x)dx 


for  some   C   in  Ca,bll. 

790 


Now 


h3 


from  (5),  and  nh  =  b  -  a.  This  n!.ve„s  us  the  renulrfid 
resu  1 1 , 


R_   =  -^-^  h2f"(0  ,         a   <   C   <.  b. 


n 
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Prob  lems 


I.     (^)     Write  a   flow  chart  to  compute  the  trapezoid 

rule  cspc- rox  i  ma :  i  on  to  a  given  integral  when  the 
number  n  of   subdivisions    is  specified. 

(b)     Write  a  program  from  your  flow  chart. 


2.     For  the  function   f(x)  = 


I    +  X' 


(a)  Show  that    |f"(x)|    has    its  maximum  value   in  [0,1] 
at  X  =  0. 

(b)  Find   n  so  that  for  h  =    l/n,  jjh^  max   lf"(5)|    <    I O" ^ 
for  ?    in  [0,1"]. 

(c)  Using  this  value  of   n   and  your  program  from 
Problem   I,   compute  it  to  4D. 

3.      (a)     Write   a  flow  chart  for  the  Simpson   Rule  approximation 
when  the   number  of   subdivisions    is  specified. 

(b)  Write  a  program  from  the   flow  chart. 

(c)  Use  your  program  to  find 
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log   10  =  7  dx 

correct  to  5D. 

(a)  Make   a  program  from  the   flow  chart   in   Figure  9-3, 
or  some  modification   of  it. 

(b)  Use  your  program  to  compute    J  ^       x     e  dx 

with  error   <  3  x    lO""^..    From  this  and   the  results 
of  Example  3(b)   compute  E|(l)   and   compare  with 
the   va  I  ue  q  i ve  n    in   ( a ) . 

(a)     As   in  Example   7-5,   show  that 
.1 


J     x^^e^x  dx  =  3628800  -  9864i0le" 


0 

What   is    -he  value  of   the   integral    correct  to  2D? 


/•  8 
x^°e'^dx  correct  to  2D 

0 


us'ng  only   a  5D  table  of  e^? 


Consider  the  integral 


x2   -  2.4682X  +    I  .5230 


dx 
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where  the  coefficient  of   x   is   known  to  be  exact  but 
the  constant  term  has  been   rounded  off   from  8D.^— 
Show  that: 


(a)      If    1.5230   is  also  exact  then 


J  = 


000 


2/2.8  1 


og 


-    1.2341    -   /2.8I    X  10 


-3 


-    I  .2341   +   /278T  X  10 


-3 


(b)      If    1.5230  was  rounded  off   from   1.52300281,  then 


J   =  - 


X  -  1.2341 


(c)      If    1.5230  was   rounded  off   from   1.52300450,  then 


10000          .       X  -    I  .234  I 
J  =   arctan   ^^y^j-^l  


(d)     How  would  you  approximate  J 


to  3D? 


Problem:     To  compute   r(|-)   =     f       t'^^e^^  dt  to  5D 

^  ^0 

accuracy.     Because  of  the  square   root,    leading  to 
derivatives   that  become   infinite   as   t       0+,  direct 
application  of   the  trapezoid  or  Simpson   Rule  is 
i  nadv  i  sab  I e . 


194 


(a)  By  a  simple  substitution   reduce   the   integral  to 

2u2  e-u^  du. 

u 

(b)  By   integrating  by  parts,   show  that 

f       2u2  e-"^   du  =     f       e-"^  du. 

<  c)  Using 

show,   by  evaluating  the    latter   integral,  that 

/CO  2 
e"^     du   <  10"^ 


'3.5 

,3.5 

'0 


(d)     Evaluate      /      e"^     du  numerically  with  error 


<  4   X   I0~^   and  so  determine     T  Ij)   with  error 


5  X  10-^. 


^^f^<^  3  and  4  of  Saction    10-2   suggest  that  a  good 

approximation  to  an    Integral   might  be  j(  T  +  2M) 
where  T  and  M  are  the  trapezoid  and  midpoint  approx- 
imations.    Show'  that  this   Is  just  Simpson's  Rule, 


Prove  that  Slmpson^s  Rule  Is  exact  If  f  is  any 
polynomial   of  degree  at  most  3. 


ALGORITHMIC 


Appendix  A 
TREATMENT  OF  PARTIAL  FRACTIONS 


The   application   of   Theorem    I   of   Section  5   to  a  given 
rational    function  P(x)/0(x)    requires   that  p(x)    be  factored 
into  powers  of    linear  and  quadratic  factors.     Can  this 
always   be   done,   and,    if   so,   how?     The  answer  to  the  first 
question    is  "yes",   by  virtue  or  the  Fundamental  Theorem 
of   Alqebra   which   says  that  every   polynomial   equation  has 
a   root   (possibly  connlex).     The   proof  of   this   theorem  is 
a  topic  for  more  advanced  mathematics.     Assuming    its  truth, 
one  can   show  that  a   factorization  of   the  form   In  Theorem  I 
is  always   possible,   the    linear  factors  arising  from  the 
real    roots  of   Q(x)   =  0  and  the  quadratic  factors   from  the 
comp I  ex   roots . 

The   second  question,   "How   do  we   carry  out  the  factoring? 
has   several    answers.     The  most  direct  method   Is  to  find  all 
the   roots  of  0(x)   =  0,   with   their  aoproprlats  multiplicities 
The   real    roots   can   be   determined  by  Newton's  Method,   or  a 
modification  of    it   to  take  care  of   the  multiplicity  of  the 
root    If   any  exponent   p,q,...    is  >    I.     There  are  other  simila 
methods   for  finding  the  complex  roots,   and  hence  the  quad- 
ratic factors,   but  even  a   simple   case    like  0(x)   =         -  3x^  + 
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which   has   two   linear  and  two  quadratic  factors.    Is  a  major 
job  without  an   autcmatic  computer.     Fortunately  the  factor- 
ization  appears  automatically   in   many  problem?;'    for  instance 


Let  us  assume,   then,   that  this   numerical    work  has 
already  been   carried  out  and  0(x)    Is   factored.     Notice  that 
the  conditions  of   Theorem    I    do  not   require  that  the  quad- 
ratic factors   have  complex  roots  but  only  that  any  pair  of 
indicated   factors   are   relatively  prime,      Fo  r  e.x.amp  I  e , 
(x^   -    1)^   could  be   taken   as  one  of   the   parts  of  the  denomi- 
nator provided  neither  x  -    I    nor  x  +    I    was  a   factor  of  any 
other  part.     Or  one  could   carry  x^  +   3x  -  5  along  as  a  single 
factor    instead  of   breaking   It   into  x  +  3/2  +   /29'/2  and 
X  +  3/2  -  /29/2,     This   is  often  convenient. 

We   give   the   details  of  an   algorithm  that  simultaneously 
proves  Theorem    I    and  computes   the   constants  A,B,C,   etc.  The 
algorithm  applies   to  a  P  of  any  degree,   but  the  computations 


the  method  of   Section   3-TY  applied  to 


g  i  ves   d  i  rect I y 
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are  simpler   if  the   degree   is   first   lowered  to   less  than 
that  of  Q.     There  are   two  kinds  of   steps   in   the  algorithm, 
corresponding  to  the    linear  and  the  quadratic  factors. 


Step   I ,      If   X  +  a    is  not  a   factor  of  Oq(x)   then   for  a 
given  P(x)    there    is  a   unique   constant  A  and  a   unique  poly- 
nomial   R(x)    such  that 

(Ij  P(x)   A  ^  R(x) 


(x  +  a)POQ(x)        (x  +  a)P       (x  +  a)P"'oQ(x) 
Proof .     Clearing  fractions,    (I)   become s 

(2)  P(x)    =  AOq(x)   +   (x  +  a)R(x)  . 
Divide  Oq(x)   and  P(x)    by  x  +  a,   to  get 

(3)  Oq ( x)   =    (x  +  a ) S ( x)   +  m, 

(4)  P( x)    =   ( X  +  a )T( x)   +  n. 

Substituting   in   (2)    and  coilectinq   terms  having   x  +  a   as  a 
factor  g  i  ves 

(5)  (x  +  a)CT(x)    -  AS(x)   -  R(x)]  =  Am  -  n . 

Now   the   right-hand   side    is   a   constant  and  the    left-hand  side 
is   divisible  by  x  +  a.      Equality    is   possible    if   and  only  if 
both   sides   a  re   zero.     Hence   (2),   and   the  re fo re   (I),  holds 


If  and  only  if, 

(6)  A  =   n/m,         R(x)    =  T(x)    -  AS(x). 

Division  by  m  is  possible  because  x  +  a  is  not  a  factor  of 
Oq(x);    this   implies  that  m  5^  0 . 

Step    I    involves  three  major  comp r+at i ona 1    steps,  the 
divisions   by  x  +  a    in   (3)    and   (4)    and  the   forming  of  R(x) 
in    (5).     The   divisions   can   be   done   by   the   following  simple 
algorithm   (essentially   the   same  as  "synthetic  division"). 
1  f 

H(x)   =   b^x"  +  b|x""'   +   ...   +  b^, 

and 

K(x)   =   Cqx""'   +  c,x""^  +  +  c^^|. 

Then 

H(x)    =    (x  +  a)K(x)   +  r 

becomes 

Cj    +  fic.^i    =  b,, 

or 

c,   =  bj   -  ac.^|,         i    =    I,  n-l, 

r  =  b     -  ac     ,  . 
n  n- 1 


799 


Th f s  Is  the  simple  loop 
shown   in  F I g  u  re  A-  I  • 


We    leave  to  the  reader 
the  construction  of  a  flow 
chart   for  the  computation 
of  R(  x)   =  T(  x)   -  AS(  x)  . 

F  i  g  u  re  A- I 

Having  carried  out 

R  (  X ) 

Step    I,    if   p-l       0  we  proceed   to  treat  — j   in 

(x  +  a)^"'OQ(x) 

the   same   fashion.     That   is,   we    let  P(x)   ^  R(x),   p  ^  p-l, 
and  apply  Step    I    again.     Note,   however,   that  we  do  not  have 
to  recompute  S(x)   and  m.     This  gives  the   flow  chart  in 
FI gure  A-2 , 


ENTER 
^  


I 
I 

l>n 

r< — Cn 

< — 1+1 

FVIT 

Ci< — bt-aci-t 

Finally,   consider  the  true 
situation,   where  the  denomi- 
nator has   the  form 


P,  P2 
(x+a^)    '(x  +  a2) 

(X  +  a  )^'"q''(x), 
m 


where  Q   (x)    is  the  product  of 


ENTER 


Compute  3(X),im 


p<— p-l 

p-0 

Compute  T(X),n 
A< — n/m 

P(X)         T(X)  -  A»  S(X) 


P,  A 


the  quadratic  factors   in  Theorem  I. 


Figure  A-2 
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To  handle  this  we  start  with 

P2         .  Pm  ^ 

a  =  a,,     p   =  P,,     Qo^x)   =   (X  +  •••^^       ^m^  ^ 


I 


and  apply  Figure  A-2,     When  all    the   factors  x  +  a|  are 
removed  we  let 

P3  Pm  ^ 

a  =  a2,     P   =   P2.     Oq^^^   =             ^3^      -'-^^  ^'  ^^^^ 

and  proceed.     This  gives   us  Figure  A-3.     Of   ;.ourse  all  the 
po I y nom  i  a  I    algebra  in 


these  flow  charts  must 
in  turn  be  broken  down 
into  algorithms  on  the 
coefficients,   as  we  did 
for  division  by  x  +  a 
in  F  i  g  u  re  A- I • 

Examplel » 


 ^  I 


 ; 


FIGURE  A-^ 


(X    -     I)(X    +     I)3(x2    +  I) 


Figure  A-3 


It  is  better  to  work  on  the  most  complicated  factor  first, 
so  as   to  make  Qq(x)    as   simple   as  possiblt.     So  we  take 


.     a  =    I  ,         P   =  3, 


Qq(x)    =   x3   -  x2   +   X  -    I    =    (X        i  )  (x2   -   2x  +   3)    -  4; 


S(x)   =   x^'  -  2x  +  3,         m  =  -4. 
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P(x)   =  x5   =   (x  +   riLy"*   -  x3  •:         -  x  +    I)   -  I. 
T(x)    =  x^   -  x^  +  x^   -  X  +    \ ,         n   =  -I. 

A   =  (-l)(-4)   =  J.  R  x"*    •  x3  +  x2  -  X  +    I   -  |(x2  ~  2x  +  3> 


3  3    2  I       a.  I 

-    X^    +    — X'^    -    "R-X    +  7". 


■yj    =   x4   _  ^3   +   3^2   _         +  I  =    (X  +    I  )(x3   -  2x2   +  lix  - 

A  =   (7/2)/(-4)    =  -g.,     R(x)   =  x3  -  2x2  +  lix  -  ^ 

+  i(x2  -  2x  +  3) 
o 


x^    -   -^X^    +    X    -   -g-  . 


3.       P(X)     =    X3    .  +    X    -    |.   =     (X    +     I)(x2    -    ^X    +    §1)     -  . 

A  =   (-i5/4)/(-4)    =  II-,     R(x)   =   x2  -  -^x  +  1^  -  ||(x2   -  2x  +  3) 

=         x2  -   4x  +  5)  . 


4 .     a  =  - 1  ,   p  =    I  . 

Qq( X)    =   x2  +    I    =    (x  -    I ) (X  +    I )   +  2; 
S(x)=x+I,  m=2. 

P(x)   =  |5-(x2  -  4x  +  5)   =  jg-(x  -    l)(x  -   3)  + 


A   =   (2/l6)/2  =  je,     R(x)   =  j^(x  -  3)   -  -|^(  x  +   I  )   =  -g- 
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So- 


So 


(x   -    l)(x  +    I)3(x2    +  I) 


4 


( X   +  1)3 


7 


( X    +  1)2 


X    +  I 


+ 


IT 


■  T 


X 


Step  2»      If   x^   +  ax  +  b   has   no  factor   in   common  with  Oq(x) 
then   for  a   given  P(x)    there  are   unique  constants  A  and  B 
and  a   unique  polynomial    R(x)    «=-uch   that  . 


(x^   +   ax  +  b)'^OQ(x)        (x^   +   ax  +  b)^       (  x^   +  ax  +  b)*^"  Oq^x) 

Proof.     The  method   is  essentially   the  same  as    in  Step    I,  the 
only   complicating   factors  arising   from  our  now  having  two 
constants,   A  and  B,   to  find.     As  before,   we  start  with 

P(x)    =   (Ax  +  B)Oq(x)   +   (x2   +  ax  +  b)R(x), 

V?)   Qq(x)    =   ( +  ax  +  b)S(x)    +  ex  +  f, 

(8)     P(x)    =   ( x^   +  ax  +  b)T(x)   +  gx  +  h. 

From  these,   corresponding   to   (5),   we  get 


(x2       ax  +  b)(T(x)    -   (Ax  +  B)S(x).-  R(x).) 

=  eAx2   +   (fA  +  eB  -  g)x  +   fB  -  h 
=  eA(x2   +  ax  +  b)   +   (fA  +  eB  -  g  -  aeA)x 
+   fB  -  h   -  beA, 

;  <X  803 


PC  x) 


Ax  +  B 


R(x) 


85.:; 


or 

(x2  +  ax  +  b)(T(x)   -   (Ax  +  B)S(x)   -  eA  -  R(x)) 

=   (fA  -  aeA  +  eB  -  g)x  -  beA  +   fB  -  h. 

Now  the   same  argument  can   be   used  as    In  Step    I.     The  left- 
hand  side    Is   divisible  by   the  quadratic  x^  +  ax  +  b   but  the 
right-hand  s I de   is  only    linear.     Hence  both  must  be  zero, 
giving 

(  f   -  ae ) A  +  eB  =  g  , 

-beA  +   fB  =  h, 

(9)  R(x)   =  T(x)   -   (Ax  +  B)S(x)   -  eA . 

The   first  two  equations   have   the   unique  solution 

(10)  A  =   (fg   -  eh)/A,     B  =   (fh   -  aeh  -r  beg)/A, 

A  =   f2  -  aef  +  be^, 

provided  A       0.     We   have   therefore  only   to  prove  the"- 
A  ?^  0   to   finish  our  proof   of   Step  2, 

Now,    from   (7),   e  and   f   cannot  both   he  z«ro  or  x^   +  ax  +  b 
would  be   a   factor  of  0^,      If   e   =  0   then  h   -   f2   i  0.  So 
suppose  e  5^  0.     Then  h   can   be  written  as 


If  A  =  0   then  -f/e    Is   a    root  of   >—   +  ax  +  b   ^  0,  and 

X  +  f/e    is   a   factor  of   x^  +  ax  ^  b«     Rut,   tjgoin   fr'om  (7), 

X  +  f/e  would  then   be  a   factor  of  Oq(x),  rince 

ex  +   f  =  e(x  +   f/e),   contrary   to  the  assumption  that 

x^  +  ax  +  b   and  Oq(x)    have  no  common   factors,     hlence   in  all 

cases  A  5^  0  and  Step  2    is  valid. 

The  major  computing   steps    in   Step  2   are   similar  to 
those    in   Step    I,   namely   the   two  divisions   by         +  ax  +  b 
in    (7)    and   (8)    and   the  multiplication   by  Ax  +  B   in  (9). 
Algorithms   for  these  are  similar  to  the  ones   in  Step    I  but 
involve   two  multiplications   per  step    instead  of  one.  Hence 
Step  2   takes   abou"   twice   the  arithmetical   work  of   Step  I, 
plus   a    little  more   for  the  computation      '   A  and  B   in  (10). 
Since   it  takes  care  of  a  quadratic  factor   it   is  therefor^s^ 
about  equivalent  to  Step    I    in   the  amount  accomplished  per 
given  amount  of  computation. 

Details  of   these  algorit^ns  and  the  corresponding  flow 
charrs   for  Step  2   are   left  to  the  reader. 

example  2,     Taking   the  function   from  Example  5-4  we   do  the 
quadratic  part  first.     Usually  one   reserves   Step  2   until  the 


function  has  been  simplified  as  much  as  possible  by  Step  i. 


(x3    +    I) 2         (x2    -    X    +    l)2(x    +  1)2 

1,  a  =  -l,     b=^!,     p  =  2. 

Q|(x)   =  x2  +  2x  +   I    =   (x2  -  X  +    I)   X    I   +  3x; 
e=3,     f=L,     S(x)=l;  A=9. 

P(x)   =  x5  +  2  =   (x2  -  X  +    I)(x3  +  x2  -    I)   -  X  +  3; 
g   =   -  I  ,      h   =   3,     T(x)    =   x3   +   x2   -    I  . 

A   =    ;-9)/9   =   -I ,     B  =   6/9   =  2/3. 

R(x)    =   x3  +   x2   -    I    +   X  -2/3  +   3=x3  +   x2   +  x  +  3-. 

2.  P(x)   =  x3  +  x2  +  X  +  4/3  =   (x2   -  X  +    l)(x  +  2)   +  2x  -  2/3; 

g  =  2,     h  =  -2/3,     T(x)   =  X  +  2. 

A   =   2/9,     R  =  4/9. 

2         4       6       7  ^3 
R(x)   =   x+Z-jX--^-^  =  -^x  +  j. 

■  3.     We   have   now  completed  a!l    Steps  2  and  are    left  with 
I      Vx  +  8 

^    (X    +  1)2 

It   !5  easier  to  abandon   the  algorithm  now  and   do  this  as 

7( X  +   I  )   +  I 
(x  +  1)2 
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X  +  I 


(x   +    I  ) 


We  have,  therefore, 


( +    I  ) • 


I 

7 


-9x  +  6 


2x  +  4 


(x^-x+l)^       x^-x  + 


(x  +  I) 


X  +  I 

We  need  just  one   thing   to  complete   the  method  of  partial 
fractions   and   that   is  a   reduction   formula   for  the  integra- 
tion  of   the   ter.ns   with   the  multiDle   quadratic  denominators. 
As    is   shown    in   uxample  5-4   these  can   be    reduced  to  the  one 
cr I 1 1 ca  I  case 


=   f  '  r  dx^       c  -f  Q. 

"      J    (x^  +  c)" 


As   usual,   we   use    integration   by   parts,  taking 


(x^  +  c) 


du  =  -2nx(x^  +  c) 


-n- 


dv  =  dx. 


V  =   X  , 


This  gives 

J      =   x(x2  +  c)""  +  2n  fx^ix^  +  c) 

n 


-  n  - 


dx 


=  x(x2  +  c)""  +  2n  y[(x2  +  c)    -   c](x2  +  c) 


-  n- 


dx 


+  2n(J      -  cJ 


(x2  +  c) 


n+!  '  * 


hence 


n+l 


2nc 


(x^   +  c) 


-  +   (  2  r.  -    I  )  J 
n  n 


Replacing   n   by   n-l    gives   us  what  we  want: 


f  '  


dx  = 


2( n   -    I  ) c 


(x2  +  c)"' 


+   (2n  -  3) 


f  !  r  dx] 

J    (x2    +    C)"-'  J 
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Chapter  12 
APPLICATIONS   OF  INTEGRATION 


I  .     Cy I  i  ndr  i  ca I    She!  I s  > 

In   earlier  chapters   definite    integrals   have   been  used 
to  express  various   geometrical    or  physical    ouantities.  Now 
that   our   technique    in   e va I ua t i  ng  ■  th e    integrals   has  vastly 
improved    it   is   time   to   consider  other  and  more  complicated 
applications. 


We   start   by   using   a   now   technigue  on   an   old  nroblem, 
namely    the  volumes   of    rovolution.      In   Chapter  4   these  were 
computed   by   the   "parallel    s I ' cn"   method   and   we   now   want  to 
use    the   "cylindrical    shell"   method.      The   two  methods  will 
be   compared    in   a   simple  case. 

Example    I.      Find   the   volume   of    the   cone   Generated   by  rotatin 
a   right   trianaular   region  of 
•base   Q  and  altitude   H  around 
its  altitude   as   an  axis. 
( F  i  au  re    I  -  1  )  . 


In   the   pa  ra  M  e 1    s 1  i  co 
method    the   volume   was   cut  )n- 
to   pieces   by   planes  perpendic- 
ular  to  the   axis   anb-  upper 
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F  1  g  u  re    I  -  I 


and    lower  bounds  were  obtained 
for  the  volume  of  each  slice. 
Considering  one  slice, 
(Figures    1-2  to   1-4)   we  have 
first,   from  Figure  1-3, 

^  I       H  -  X 
T  "       H  • 

r     =  B(  I    -  -n-)  • 

Similarly, 

r^  =   B  (  I    -   PI  )  . 

Evidently  a  cylinder  of  radius 
r^    will    completely   contain  the 
slice,   and   a  cylinder  of  radius 
r2  will    be  completely  contained 
in   the   slice   (Figure    1-4),  The 
volume  AV  of   the   slice  thus 
saiisfies   the  bounds, 

^b2(  I    -  iL±_^)2  Ax  <^  AV       7tB2(  I 
H 

More  generally,  if  m  and  M  are  lower 
the  function 

f  (x)    =   7tB2(  I    -  ^)2  , 


F  i  g  u  re  1-2 

i 

H 


F  i  g  u  re  1-3 
and   upper  bounds  of 


F  i  qu  re  1-4 
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on  the   Interval   [x,   x  +  Ax]  then 


mAx  ^  AV   <_  MAX, 

Next  we   subdivide   the  Inter- 
val   [0,  hD   into  n  parts  with 

pouts   x„  =  0,  x„  o^X,       X,'       '     I,   X,'  '  

....   X     =  H  and   cons  i  der 
*  n 

cuts  at  the  corresponding  Figure  1-5 

points   along   the  altitude  of  the 

cone.      If  AVj    is  the  volume  of 

the  slice  between  x._|    and  Xj 

then 

(  I  )  m.Ax.   ^  AV.    <_  MjAXj  , 

whereAx.  =  Xj    "  Xi_|    ^^d  m,    and  M,    are   lower   and  upper 
bounds  of   the   function   f(x)   =  TrB2(l   -  on  the  inte-val 

i:x,_ I ,  x.D. 

From   (  I  )   v,e  get 


n  n 

(2)  f^i^^i  i.  ^  lei^^^^'i 


=  8()i 
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The  theory  in  Chapter  3  then 
te  I  I  s   us  that 


f ( x) dx 


if   f(x)    is   un'icon  on  [0,   H'] , 
and  tells  iit>  also  that  f(x) 
unicon.     So,  finally, 

V   =     X^B2U    -  ^)2dx 


0 


So  much   for   review.     For  the 
cylindrical    shell    method  we 
dissect  the  volume    into  pieces 
formed  by   rotating  about  the 
axis   strips  pa  ra  I  lei   to  the 
axis.     This  gives   us  a  solid 
like  a   piece  of   pipe  with  the 
top  edge  beveled  outwards 
(Figure    1-6).     To  get   upper  and 
Jower  bounds   for  the   ^'olume  AV 
of  this   shell    we   take  cylindri- 
cal   shells  with    flat   tops  con- 
taining   it  and  contained   in  it 
(Figure    1-8).     The   smaller  of 


F  i  g  u  re    ! -6 


F  i  g  u  re  1-7 


Figure  1-8 
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these  is  a  cylinder  of  radius  x  +  Ax  and  height  h^,  having 
a  hole  of   radius  x  and  height  h^.      Its  volumo   Is  therefore 

TT(x  +  Ax)2h2  -  'Tx2h2  =  2TTxh2Ax  +  TTh2Ax2 

>_  2TTxh2Ax, 

We  take  the    lower  bound   In   this   form  to  avoid  the   term  in 
Ax^.     Similarly,   we   find  an    upper  bound 


(X    +    Ax)2h.     -     TTX^h       =    2TTxh|Ax    +  TTh|AX 


2 


=   2tt(  X  +  Ax)  h   Ax  -   TTh  |  Ax^ 


<_  2tt(x  +  Ax)h|Ax. 


From  Figure    1-7  we  get 


B  -  X 


R  B 


H(l    -  g), 


and  similarly, 


X  +  Ax, 
h2  =  H(  I    -  ^  )  . 


So  our  bounds  are 


2t,Hx(  I  - 


X  +  A  X 


)Ax  ^  AV    <_  2ttH(x   +   Ax)(  i    -  ■g-)Ax, 


Here,   however,  we   are   stopped,   for  we   cannot   find  a 
function   f   that  behaves  the  way  irB^CI    -  ^)  ^   did   in  the 
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previous  case.     That   Is,   there   Is   no.  function   f  such   that  If 
m  and  M  are  bounds   for  f(x)   on  fx,   x  +  AxU   thon  necessarily 
mAx  ^  AV       MAX.     The   trouble    Is   th^t  the   two   factors   x  and 
(I   -         reach   their  maxima   and  minima   for  differ nnt  values 
of   X.     We  must  therefore  consider  not  the  bounds  of 

27rHx(  I    -  ^) 

but  those  of 

:>vHxi  I  -  ^) , 

wf.^-  .^r.cl  Y   vary    Independently    in  Cx,   x  +  Axl.      If   m  and 

M  d  jch   bounds   then  we  have 

mAx   <_  AV    <  MAx 

before,   and  again  we   can  write   the    I  nt*5q  ua  I  i  1 1  es    (2).  Now, 
however,   the   theory    In  Chapter   3  no    longer  apolles,   since  the 
mj    and   M.    are   bounds   for  r    function  of   two  variables.      In  the 
next  section  we   shall    show  how  the  earlier  theory  can  be 
modified   to  give   us   the  expected   re  suit,  that 


V   =     £^  27rHx 


(I   -  dx 


=   2.H  (X  -  g-)dx 
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In  any  so  I  i d-of- re vo I ut i on 
problem  there  are  always  these 
two  methods  that  can  be  used. 
Consider  the  general   set-up  of 
Figure    I -9  ,  where  we  wish  to 
rotate  the  oval-shaped  region 
about  the  axis  AA»     Strips  per 
pendlcular  to  the  axis  will 
generate  the  washer-shaped 
pieces  of  Figure    l-IO^  whose 
volumes  are  bounded  by  expres- 
sions of  the  form 

(3)   7r(r|  -  r^)As, 

leading  +o  the  Integral 

f^^  •7TC(r2(s))2  -  r,(s))2:ds. 

It   is  convenient  to  ca  I  I   expression    (3)   the  "element  of 
volume"   and,   as  we  just  did,  to  by-pass  the  careful  argument 
in   Example    I    since   it   is  evident  that   It   is  perfectly  general. 

Strips  parallel   to  the  axis  of   rotation  generate  pipe- 
shaped   pieces   (Figure    l-ll)   for  which   the  element  of  volume 
is 

ZTirhAu  • 


(This   Is  most  easily  remembered 
by   Imagining   the  element  cut 
along  the  section  S  and  rolled 
out   Into  a  rectangular  plate  of 
dimensions  Z-nr  x   h  x  Lu.)  This 
gives   the  Integral 


I  ^  Z-nriu 
^  u  I 


)h(u)du 


Figure    I- II 


for  the  vo I ume . 


Note   thai-   In  each   case  the   Independent  variable,   s  or  u 
must  be  measured  perpendicular  to  the  strip,   so  that  the 
width  of   the  strip   Is  an   Increment  of   that  variable.  Of 
course  once  the   Integral    Is   set  up  we  can  make  any  substitu 
•rions  we  wish   to  evaluate  It. 


Example  2.     The   region  bounded 
by  the  curve  y  =         -    I  and 
the   line  y  =  2x  +  2   Is  rotated 
about  the   line   x  =  4.     To  get 
the  volume  of   the  resulting 
solid  we  obviously  need  to 
know  the  poTnts  of  Intersection 
of   the  two  graphs,   which  are 
found,   by  solving  the  equations 
simultaneously,   to  be    (-1,  0) 
and  (3,  8). 
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1 

(S.8)/ 

X 

vV 

Figure  I-I2 
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If  we  use  the  shell  method 
our  element  of   volume  Is 

2TTrhAx  =  27t(4  -  x)(y2  -  y|)Ax 

=  2tt(4  -  x)[A2x  +  2) 

-   (x^   -  DDAx. 

Hence   the  volume  Is 


2Tr(4  -  x)  (-x2   +  2x  +  3)  dx 


2v  f^^   ( x3  -  6x2  +  5x  +   I  2)  dx 


2Tr(^x'*   -  2x3  +  5_x2   +  |2x) 


2Tr(^  54+y-+32--j-2-j 


=  6411. 

The   disc  method   is  much 
clumsier  for  this  problem.  The 
element  of   volume  is 


=   TrC(4   -  X2)2   -   (4  -   X|  )2]Ay. 
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First  of  all,  our  independent 
variable   is  y,  so  we  have  to 

•17 


8 


solve  the  bounding  equations   in  terms  of  y.     Secondly^  we 
must  do  the  problem   in  two  parts,   for  the  expression  of  y.^ 
as  a  function  of  y  changes  at  y  =  0.     For  - 1  <^  y  <^  0  we  have 


X     =  /y  +   I  ,  =  -/y  +   I  » 


and  for  0  <^  y  £  8, 


X|  =  *^y  +  I  ,      ^2^7^  " 


Hence 


rO   ^  ^  ^ 

=     y  I    Tr[(4  +   /y  +    1)^   -    (4  -   /y  +    1)^]  dy 

Tr[(/l   -  '^y  +    1)^   -   (4  ~   ^y  +  D^Ddy, 


The  first   integral    reduces  to 


l6/y  +   I   dy  =  ^(  y  +  \^^'^ 


32 


-I 


The   second  becomes 


/•8  I   

TT  (25  -  5y  +  jy^  -    16  +  8/y  +    I   -  y  -    I  )  dy 

=  TT  (8  -  6y  +  |y2  +  8(y  +  l)^''^)dy 


=  Tr(8y  -  3y2  +  -j-^-y  ^  +         y  +  l> 


3/2 
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=   .(64   -192  +4^     +    144  -  ^) 


i  60 


-IT  . 


So  the  volume   Is     |^7t  +  =  64Tr,   as  before 
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PROBLEMS 


The   region  bounded  by  y  =       ,   Y  =  0,   and  x  =  I 

is   rotated  about  the  y-axls.     Find  the  volume  of  the 

solid  gene  rate  d , 

The   region   the  same  as   In  Problem   I,   but  rotated 
about  the  x-ax I s , 

The   region   bounded  by  y  =  0     and  the  arch  of  y  =  sin 
between  0  and  ir  Is   rotated  about  the  y-axis.     Find  th 
volume  of   the  solid  generated. 

Find  the  volume  of  the  solid  generated  when  the 
region   In  Problem  3   is   rotated  about  the   line  x  =  -I, 

In   the  following  problems   the   region  bounded  by  the 
given  pair  of  curves   Is   rotated  about  the  x-axis» 
Find   the  volume  of  the  solid   (a)   by  the  shell  method, 
and   (b)   by  the   disk  method  and  show  that  the  results 
a  re   the  same , 

(a)  y=4x-x^     end  y  = 

( b )  y  =  /x     and  y  =  x  ^ 
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The  base  of  a  floor   lamp   Is  a 
piece  of   aluminum   In   the  shape 
of   the   solid  of  revolution 
obtalnedbyrotating   about  the 
line  X  =  9   the   region  bounded 

by   the  x-axls,   the    line  x  =   8.4,   and   the  portion  of  the 
curve  y  =  2   sin  x/4  between  0  and   8.4.     All  measurements 
are   in   inches.      If  aluminum  weighs   .0975    Ib/cu  in. 
what   is   the  weight  of   the    lamp  base? 
Ans .     27 . 8  pounds . 

The   region   bounded  by  the  x-axls 
and  the   first  arch   of   the  cycloid 

x=a(e-slne),y=a(l-  cos  6) 

Y 

Is   rotated  ca|- 

(a)  about  the  x-axls, 

(b)  about  the  y-axis. 

Find   the  volumes  of   the   resulting  solids 
Ans.     STT^a^,  6v^a^. 


-X 


Find  the  volumes  of   the  solids  obtained  by  rotating 
the    Infinite   region    in   the   first  quadrant  bounded 
by  the  x-axis  and  the  curve  y  =  xe 
( a  )       a  bout  the   x-axl s , 
(b)       about  the  y-axi  s. 


m 
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Consider  the  above  problem  for  the  region  bounded  b 
the  X-axis^  the   line  x  =   1^  and  the  curve  y  =  x"^« 
What  conditions  on  c  are  needed  In  order  that  prob I 
(a)   and  (b)   have  finite  answers? 
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2.     Gene  ra I  I zat I  on  of  the   I n tegra I , 

To  present  the  theory   needed   for  the  problems  of  Section  I 
we  must  first   Introduce  the  notion  of  a   function  of  two 
variables.     Following   the  discussion   In  Chapter  0  we  can  de- 
fine  such  a   fun ct Ion   F  as  a  correspondence  that  assigns  to 
each  of   certain   pairs   (x^y)   of   real    numbers  a  unique  real 
number  z,   and  we  write     z  =   F(x,y),     Here  and    later,   by  the 
word  "pair"  we  mean  what   Is  sometimes   called  an   "ordered  pair" 
l.e,   the  pair   (1,2)    Is   regarded  as   different   from  the  pair 


Since  a  pair  of   real    numbers   represents  a  point   In  a  plane 
we   can  think  of   F  as  mapping  a  domain   In  the  xy-plane  Into 
the   real    numbers,   or  the   points  of   a    line.     The  domain  of  F 
is   then   some  set  of   points   In  the   plane.     Such  a  set  of  points 
can  be  extraordinarily   complicated,   and   the  samples  given  In 
Figure  2-1   are  all    very  simple  types.     Fortunately   such  types 
will    more   than   suffice   for  our  present  needs. 


(2,1). 


Figure  2-1 
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In  talking  about  Integrals  It  Is  not  surprising  that 
we  want  to  consider  unlcon  functions.  The  definition  In 
Section  3-6   Is  easily  extended,   as  follows; 


A   fun ct Ion  of   two  variables  defined   In  a  domain  D  Is 
unlcon  over  D   If   for  every  e  >  0  there   Is  a   6  >  0  such  th 


<  I  ) 


|F<x,,y|)   -  F(x2,y2) 


whene.'nr   (Xj^yj)   and  ^^2*^?^ 
are   In  D  and   |x|   -  x^  |    <  ^  and 
ly,  -  Yjl  < 

The  picture    In  the  xy-plarip 
Is   Illustrated  by  Figure  2-,?. 
No  matter  where  the  6  x  6  square 
is  placed,   two  points   in   It  and 
also   in  D  must  satisfy  condition 


With   this   def I n I t Ion  the 
whole  theory  of   unlcon  functions, 
as  given   in  S&ctlon    10  and 
Appendix  A  of  Chapter  3,   can  be 
carried  out  for  functions  of  two 
variables,     (The  case  of  composite. 


Figure  2-2 
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functions   Is  slightly  more 
complicated  but  we  shall 
have  no  use  for  this.) 


Theorem   I ,      If  F(x,y)  Is 
unlcon  over  a  domain  D 
then  f(x)   =  F(x,x)    Is  unl- 
con over  the  domain  which 
Is  the  projection   Into  the 
x-axIs  of   the   Intersection  of 
D  an  d  the   line  y  =  x. 
(Figure  2-3). 


Flaure  2-3 


Proof ,      If   I  X I   -  X2 1    <  6 

and  we  set  Y |   =  X| #  Y2  =  ^2' 
then  oblvously    jy^    -  y^ |    <  6, 
an  d  so  (  I )    Is  sat  I sf I ed • 
That  is 


f  (X|  )    -   f  (X2) 


F(X| ,y I )   -   F(x^,y^) |    <  c, 


which  proves  that  f   Is  unlcon. 


Figure  2-4 


Now  we  are   In  a  position 
to  handle  our  Integrals, 
Cons  I de  r  the  doma I n  D  shown 
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In  Figure  2-4,   defined  by 

e  <^  X  ^  b , 
a  <^  Y  ^  b , 
I  X  -  yI  1  A, 


for  some   positive   number         Let   F(x,y)    be   unlcon    in  D. 

We  subdivide  the   Interval     fa^bl]   In  the  usual   way  with  points 


a  ^   Xq  <  X,    <  X2  < 


<  X 


but  such   that  x.   -  Xj^j 


Ax,    <  A,  1=1,2,.. 

Using  these  points  we  erect  a 
covering  of   the   diagonal  seg- 
ment  from   (a, a)    to   (b,b)  by 
squares,   as  shown   In  Figure  2-5. 
On  the  square    lying  above  the 
Interval   Cx,^,,x,I],  F(x,y), 
being   unlcon,    is  bounded  below 
and  above  by  some   numbers  m, 

and  M,*     We  can  then  construct   lower  and  upper  sums 


Figure  2-5 


i  =  l 


I  I 

and         U  =      Y,    M,  Ax,  . 
1  =  1 


Corresponding  to  the  definition  and  following  discussion  on 
page  235  we  can  prove  a  similar  result. 
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Theorem  2,      If   L|,L2,...   and  U|,U2,-..  are  sequences  of 
lower  and   upper  sums,   as   defined  above,  and   If  ^^m   |U|^  - 
then  the  two  sequences  have  the   common  limit 
b 

F( X, x) dx . 

Proof  >     All    we  have   to  show   Is   that   Lj^  and  Uj^  are    lower  and 
upper  sums  of  the  function  of  one  v?^   able   F(x,x)   and  the 
result  will    follow  from  Appendix  B  of  Chapter  3.     But  this 
Is  evident:     since  m^,   for   Instance, Is    less  than  F(Cj,n,) 
for  a  I  I    choices  of  5.    and  n,    in  Cxj.]*  "+   's  certainly 

less  than   F(?|,n.)    for  those  particular  choices   for  which 
Tij   =   C,;    that   is,    It   is    less  than   F(C|,?,)   for  all  choices 
of  5,    in  nX|^|,X|D. 

We  now  need  only  one  more  result. 

Theorem  3.      If   F(x,y)    is   unicon  then  there  exist  sequences 
L J ,L2, • • • ,U| ,U2, . • .   of   upper  and    lower  sums  such  that 
I  Im   |U,    -   L.  I    =  0. 

The   proof   follows,   almost   line  for   line,   the  similar 
proof   for  a   function  of  one  variable,  on  pages  26  1   to  265. 

Returning   for  a  moment  to  the  cylindrical    shells,  we 
have. the   case  where   F(x,y)   =   f(x)g(y),   f  and  g  being  unicon 
functions.     Now  f(x)   may  be   regarded  as  a   function  of  x  and 
y  whose  value  varies  only  with   x,   and   it   is  quite  evident 


that   If   f   is   unicon  when   considered  as  a   function  of  x 
only   It   Is  also  unicon  when   considered  as  a   function  of  x 
and  y;   simflarly   for  g.     F   is   then   the  product  of  two  unicon 
fun ct ions  and   is  therefore   unicon.     This   fact  and  Theorems 
3  and  2  above   are  all    that   is   necessary  to  justify  the  ex- 
pression of   the  volume  as  an  integral. 

As  a   by-product  of  the  proof  of  Theorem   3,   Just  as  In 
the  one-variable   case    in  Chapter  3,   we  get  the   result  that 
if  6(g)    is  the   unicon   modulus  of   F(x,y)   and   if  our  subdivision 
satisfies  A|   <  6(e),    i    =    l,...,n,   then   for  any   choice  of 
and  T]  .    in  Cx._|,x.D  the  sum 

E  »^Ui,ni)Ax, 

rb 

approximates   the    integral  F(x,x)dx  with  error  at  most 

(b  -  a)e.     A  corollary  to  this   is  the   following,  sometimes 
known   as   Duhamel*s  Theorem. 

Theorem  4.     Let  F(x,y)   be   unicon    in   a   diagonal    strip  as  in 
Figure  2-4,   and    let  6|,62,...   be  a   sequence  having    limit  0. 
For  each   k,  let 


n 


In   our  usual    notation,   with  Ax.    <  6^.      n,  n|,   and  the  x. 

Si8 


will   necessarily  all   vary  with   k.  Then 


For  simplicity  all    this  throry  has  been  presented  for 
the  case  of  a   function  of  two  variables.     Only  trivial 
changes  need  be  made,   however,   to  generalize   It  to  functions 
of   3,4,   or  N  variables. 


PROBLEMS 


According  to  Newton^s  theory  "^i  ^ 

of  gravitation   two  particles  ^ 

of  masses  rrij    and  rr]^   and   a   distance   r  apart  attract 

each  other  with   a  force 


F  = 


Gm  I  m 2 


(a) 


(b) 


(c) 


where  G   is  a   constant.     To  get  the  attraction  of  bodies 
that  are   not  particles  we  must  use  integration. 
Consider  a  thin  cylindrical 

rod  of    length   L  and  of  f  ^  i.  — 

L  11        1^  ° 

linear  density   (i.e.   pounds  x— > 
per   foot)   p(x)   at  a  point  x 
ft  from  one  end.     Let  there 

be   a  particle  of  mass  m  on   the  axis  of  the  rod 
at   a  distance   D  from  this  end.     Show  that  the 

attractive   force  of   the   rod  on  the  particle  is 


F  =  Gm 


''O       (x  + 


x) 


dx. 


D) 


Find  F   for  the   case  of   constant  density  p.  Is 
it   the  same  as    if   the  mass  of  the   rod  were  concen- 
trated at   its   center?      If   not,  which    is  greater? 
If   the   rod   In   (b)   were   infinitely    long  would 
the   force  be  infinite? 
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'  <  L,  >  <  La.  > 

two  rods  of  constant     I  J  ^       °  ^1  i 

density  p,   arranged  as   in  the  figure,  what  is 

their  mutual    attractive   force?     [iHint.     Use  the 

result  of  Problem   I  (  b  )  •  U 

What  happens    if  one  of  the   rods  becomes  infinitely 
long?      I f  both  do? 


S3t 


3>Work. 

A+  the  end  of  Section  4-3  we  met  the  concept  of  work 
done  by  a  force  acting   in  the  direction  of  a   d  i  sp  I  acemen  t  • 
There  the  only  problems  that  were    discussed  involved 
objects  that  could  be  considered  to  be  concentrated  at 
a  point,  whose     displacement  could  be  specified  by  a 
single  variable  x.     Now  we  wish  to  consider  "bodies" 

that  can  be  broken  up,   so  that  their  different  parts  have 

different  displ a cements. 

Example   I.     An   inverted  cone  of 

radius  4   ft  and  altitude    10  ft 

is  full   of  water.     How  much 

work  must  be   done  to 

rai  se  all   the  water 

to  the    level   of   the  top  of 

the  cone?     We   imagine  the 

water  in  the  cone  to 

be  divided   into  a  large 

number  of  thin  horizontal 
layers  and  consider  +ne 

work  AW   required  to  lift 

such  a   layer  to  the  top* 
Let  AV  be  the   volume  the 
layer  and  p  the  density  of  the 

water  in    Ibs/cu  ft.     To  get 


10' 

-A. 

7  ^ 

/  ^ 

F  i  g  u  re  3-1 


Figure  3-2 


832 


682 


lower  and  upper  bounds   for  AV/   we  take  cylinders  contained 
In  and  containing  the  slice   (Figure  3-2).     Their  volumes 
are  respectively  irrj^Ax  and  TTr2^Ax.     From  Figure  3-1  we 
have  x/IO  =   r/4,  so 

r|   =   .4x,         r2  =   .4(x-»  Ax), 

and  so 

it(.4x)^Ax  1  AV   <^  tt(.4(x  Ax))^. 

Individual   molecules  of  the  slice  are    lifted  through 
distances  varying  from   IO-(x  +  Ax)   to   lO-x.      If  we  assume 
them  all    taken   from  the  top  we  get  too   little  work  done,  a 
tower  bound;   whereas   if  we  assume  them  all   taken   from  the 
bottom  we  get  an  upper  bound.     Using  this,   and  multiplying 
by  p   to  change  the   volumes  to  weights.    I.e.   forces,   we  get 
tt(  ,4x)  ^(  IO-(x  +  Ax))pAx       AW   <^  it  (  .  4  (  x  +  Ax))^(IO  -  x)pAx. 
Thus  we  have  an  element  of  work  of  the  type 

AW  =  it(  .4x)^(  10  -  x)pAx, 


and 

10 


r  10 


4x)^(  10  -  x)pdx 


122^  p  «  26,000  ft-lbs. 


sfnce  p    \s   about  62,4    Ibs/cu  ft. 
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PROBLEMS 


A  vertical    cylindrical   tank  6  ft   in  diameter  and   10  ft 
high    is   half   full   of   water.     Find  the  amount  of  work 
done    in  pumping  the  water  out  at  the  top  of  the  tank. 

A  tank   in  the   form  of   a   cone   has  a  base  with   a  radius 
of    10   ft  and    is  20   ft  high.      If   the  axis   is  vertical 
and  the  vertex  down,   and    if   the  tank   is   full   of  water, 
find  the  work   required  to  pump  the  water  to  a  point 
15  ft  above  the  top  of   the  tank. 

A  ship    is   anchored,   with  the  anchor   100  ft  directly 
be!OW  the   ship.     The   anchor  weighs  3000    lbs  and  the 
anchor  chain  weighs  5   lbs/ft.     How  much  work   is  done 
in  bringing  the  anchor  up? 

(a)  A  cylindrical   tank  car,   of    length   L  and  radius  R, 
is   full   of  oil    of   density  p.     How  much  work  is 
'-squired  to  empty   it  through  a  hole   In  the  top? 
Express  your  answer   in  terms  of   the   total  weight 
jf   t  he  o  i  I  . 

(b)  Do  the  same  problem  for  the   case    in  which   the  car 
Is  only  half  full. 

A  water  tank  for  a   small    community   is  a   sphere  50  ft  in 
diameter  with    its  center  400  feet  above  the   lake  from  wh 
it   is  filled.     How  much  work  must  be  done  to  fill  it? 
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4,     Length  of  £  C  urve  . 


Having  seen  how  to  calculate  areas  and  volumes  of  two  and 
three   dimensional    figures  we  now  take  a  step   in  the  opposite 
direction  and  consider  the   length  of  a  curve.     First  of  all, 
what   is  a  curve?     We   have   used  the  term   in  an   intuitive  way 
in  connection  with  graphs  but  we  must  now  become  more  precise. 
Let  us  state   a  nice  compact  definition  and  then  see  what  it 
means • 

Def I n  i  t i  on  >     A  plane   curve   is  the   range  of  a  continuous 
mapping  of  a  closed   interval    into  the  plane. 

That   Is:      If   f  and  g  are  continuous   functions  on  Ca^b]] 
then  the  set  of  points   (x,y)    In  the  xy-plane  defined  by 
X  =  f(t)>  y  =  g(t)    for  all   values  of  t   in  Ca^b]]   is  said  to 
constitute  a  plane  curve.     Since  this   Is  the  only  kind  of 
curve  we  shall    consider  we  shall   omit  the  modifier  "plane." 
(There  are  also  space  curves,  and  others.) 

We  are,    in  other  words,   defining  a  curve   in  terms  of  a 
parameter.     Can  this  always  be  done   for  the  things  we  Intui- 
tively think  of   as  curves?     Well,  the  graph  of  any  continuous 
function   f  over  a  closed   interval   Ca,b]]   Is  a  curve,  with  the 
parametr I zat I  on 


X  =  t. 


y  =  f(t). 


t   in  Ca,bD. 
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Also   it  was   suggested   (but  not  proved)    in   the  discussion  of 
implicit  functions  that  the  graph  of  an  equation  of   the  form 
F(x,y)   =  0   can   be  broken    in  to  pieces  each  of  which    is  the 
graph  of   a  continuous   (implicit)    function  of  x.     Thus  our 
definition  of  a   curve  covers  all   the  cases  we  are    likely  to 
encoun  te  r • 

In  elementary  geometry  the    length   (circumference)   of  a 
circle   is  defined   in  terms  of 
inscribed  and  circumscribed 
regular  polygons.      If  p^    is  the 
perimeter  of   an    inscribed  regular 
polygon  of   n   sides,   and         of  the 
corresponding  circum scribed  poly- 
gon  (Figure  4-1),  then   by  arguments 
not   unlike   those  we  have   used  the 
ancient  Greeks   proved  that  the  two  seq ue n ce s  p ^ ,p ^  ,  •  •  •  and 
P^,   P^,...   have  a  common    limit  which    is  the  circumference  of 
the  circle. 

For  our  general    curves  the  notion  of   inscribed  and  circum 
scribed   regular  polygons   is  of   course   inapplicable.     We  use 
the  most  easily   applicable  portion  of   the  old  process,  the 
inscribed  po I ygon • 
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Let 


~   ^»      I  #"''2  »  *  •  • '"'^n   ^  ^ 


be  the  usual  subdivision  of 
the   interval   Ca,bl]  with 


0  <   tj   -  t.^i   =  At|, 


Figure  4-2 


Corresponding  to  each  value 
of  i,  from  0  to  n ,  there  is 
a  point  P,    =   (x(tj ) ,   y(t.) ) 

on   the  curve  C.      (For  convenience  we   use  x(t),   y(t)    as  the 
notation   for  the   parametrizing   functions.)     The   set  of  line 
segments  Pq'^I'   '^|'^2'  ^n-l^n         called  a   po  lyqona  I    I  i  ne 

inscribed    in  C.     The    length  of   the  polygonal    line    is  Just 
the  sum  of   the    lengths  of  the  segments.      Fairly  obviously, 
if   the  At.    are   very   small    the  polygonal    line  will    match  the 
curve  closely,   and   Its    length   should  be  a  good  approximation 
to  the    length  of   the  curve.     This    is  the  basis   for  the 
definition  of  length. 


Def  i  n  i  1 1  on  ,     A  number  L   is  the    I ength  of  C   if   for  every 
"E  >  0   there    is   a  6.  >  0   such  that  every  polygonal  line 
Inscribed    in  C  for  which   all   Atj    <  6   has  a    length  which 
Is  an  e-app rox i ma t i on  to  L, 


This   is  translated   into  symbols  as   follows;     The  length 
of   the  segment  's 


/(x(t,)  -  x(tj^|))2  +  (y(t,)  -  y(t,^|))^  , 
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and  so  the    length  of  the   inscribed  polygonal    line   is  the 
sum  of  these  from   i   =    I   to  n.     The  definition  says  that 
this  sum  should  be  close  to  L   If  the  At.    are  very  small. 

This  begins  to   look   like  an   integral    in  some  respects. 
To  actually   reduce   it  to  an    integral   we  must  make  the 
assumption  that  the  functions  x(t)   and  y(t)   are  d i f f e re n t i ab  I  e  , 
Then  the  Mean  Value  Theorem  tells   us  that 

x(t.)   -  x(t.^,)   =   x'(C,)At,,       t,^,    <         <  t,, 

y(t.)  -  y(t,«,)  =  y'(n,)At,,      t,^,   <  n ,   <  t, . 

The    length  of  the  polygonal    line  can  then  be  written  as 

/xM?,  )2  +  yMn,  )^  At ,  . 
1  =  1  ' 

This    Is   now   in   the   form  to  apply  Theorem  4  of  Section  2. 
Assuming  all    the  functions   involved  are  unicon  we  get,  finally, 

(I)             L  =  /x'(t)2  +  y'(t)2  dt. 

Example!.     The  length  of  the  semicircle   defined  by 

X  =  t,  y  =  /r^  -  t^,                +  ^  r, 

Is 
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dt 


dt 


=   r   Mm       a  resin  — 
h->-r+ 


+   r   I  I m     a  res  I n  — i 


k 


=    r(0  -   (-j)  )   +   rCj  -  0)   =  Tir, 


This    is  not  a  p  roof  that  the  e  i  r  eumf  e  re  nee  of  a  eJrcle 

Is  2TTr  but  merely  a  eheek  on  the  eonslsteney  of  our  theory. 

We  had  already   used  the   relation   between  the   radius  and  the 

e I reumf e renee   in   deriving  properties  of  the  tr i gonometr i e 

funetlons  and  of  their   inverses.     However,  we  eould  at  this 

.  r  I  -1/2 
point  start  afresh,   by  defining  it  to  be     J^\^^   *  ^ 

and  def  i  n  i  ng  sin  x  to  be  the   inverse   funetion  of     Jq^^*   "       ^  ^'^9 

X  - 1 

just  as  we  defined  e     to  be  the   inverse   funetion  of  t  dt. 

From  these  definitions  all    the   familiar  properties  of  the 
tr I gonometr i e  funetions  and  their   relation  to  the  geometry  of 
eireles  and  triangles  could  be  proved.     This   Is  sometimes  done 
as  an  exereise    in  advanced  ealeulus  courses. 
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The  use  of  the  differential   notation   In  this  example 
may  have  suggested  to  you  a  simplification  of  the  basic 
f ormu I  a  ( I ) .     S 1  nee 


we 


can  write   (I)    in  the  very  brief  form 


=   y /dx2  +  dy^  . 


This  form  Is  somewhat  Incomplete  since  we  cannot  say  what 
the   limits  are  until   we  have  selected  a  parameter. 

Example  2.  Find  the  ierrith  of  the  arc  of  y^  =  t  en 
(0,0)   and  (4,8). 

3/2 

Method   I .     y  =  X  ' 


/ /dx2  +  dy2  =    f  /dx2  +  (|x'^y 


dx^ 


+   -rX  dX 

4 


4  2 
7  *  Tl 


(,.^.)-r  =  i,(,o-.,). 
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Method  2.     2ydy  =  Sx^dx. 


/  /dx2  +  dy2     =    f  ydx2   +  dx2 


=   r     1 1  +  2ii£  dx     =     as  before. 
/  4x3 

Method  3.     X  =  t2,       y  =  fS,       t   In  ro,2]. 

J /dx^  +  dy"^     =   /  /(2t)2dt2  +  (3t^^Zdt^ 


=  /o 


TTF  dt 


2  * 
=  t/4  +  9t2  dt 


In  some  pa  name trl zat i ons  the  parameter  may  go  to  in- 
finity while  the  point  of  the  curve   remains  bounded.  This 
leads  to   improper   integrals  but  may  otherwise  cause  no 
troub I e . 

Example  3.  The  curve  x3  +  y^  =  3xy  has  the  parametrl zat i on 
(seQ  Problem  6   in  Section  7-7) 
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X  =   ,       y  - 

I   +  t3  I  + 


X  and  y  are  both  positive   If  and  only   If  t   Is  positive.  Hence 
the    loop   In  the  first  quadrant   Is  given  by  0  £  t  <  «   •  For 
the  piece  of  the    loop   defined  by  0  <^  t  <^  h  we  find 


^  h 

L(h) 


=    f       5/tQ  +  4t^  -  4t5  -  4t^  +  4t^  +  I 
°  ( I    +  t3)3 


As  t      "  the  numerator  behaves   like  t**  and  the  denominator 
like  t^;   hence  the   Infinite   Integral    converges    like       t  ^dt 
and     L   =    I  I m  L( h ) • 

But  this  would  be  a   ridiculous  way  to  find  the  length 

of  the   loop.     The   Improper  Integral   converges  quite 

slowly  and  we  would  have  to  take  a  very    large  value  for 

h  to  get  any  kind  of  good  approximation  to  the  true  value. 

Because  of  the  symmetry  of  the  curve,  however.   It  Is  evident 

that  we  need  only   find  the    length  of  the   lower  half  of  the 

loop  and  multiply  by  two.     The  point  of  the   loop  on  the 

line  X  =  y   Is  evidently  given  by  t  =   I,  so  we  need  only 

evaluate  the   Integral    from  0  to   I.     Using  Simpson's  Rule^ 

the  approximations  with    8  and  16  subdivisions  agree  to 

6D  and  so  our  value  of  4.917488  for  the   length  of  the    loop  Is 

almost  surely  correct  to  5D.     (|n  such  a  short  computation 

the   roundoff  errors,  which  occur     at  the   I2th  significant 

figure,  will   not  cause  trouble). 
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PROBLEMS 


What  are  the  properties  of   unicon  functions  that 
assure  us  that  if  x'(t)   and  y'(t)   are  unicon  so  is 
F(t,s)  =  /x'  ( t)^  +  yMs)^  ? 

Find  the   lengths  of  the  following  curves,  either 
precisely  (in  terms  of  fractions,   radicals,  tt  ,  known 
functions  etc.)  or  correct  to  2  decimal  places. 


(a) 
(b) 
(c) 


y  =  x2  from   (0,0)    to  (4,16). 

y  =  sin  X  from   (0,0)   to  (Tr,0). 

The   involute  of  a  circle, 

X  =  a(cos  e  +  e  sin  6),     y  =  a(sln  6  -  e  cos  6), 
(see  Problem  5   in  Section  7-7) 
for  one  revolution  of  the  point  A. 


(  d) 
(e) 


y  =   log  X 

X 

y  =  e 


from  (1,0)  to  (a, log  a) 
from  (0,1)   to  (c,e'^)  . 


Show  that  the   length  of  one  arch  of  a  cycloid   Is  8a. 


The  two  functions 


x(  t) 


v(t)  = 


t  cos  :lr,       0  <   t  1 


t  =  0; 


t  sin  1,       0  <  +  <.  1, 


t  =  0; 
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are  easily  seen   to  be  continuous     at  t       0,   and  so 
they  define  a  curve  C  with  endpolnts  at  (-I/tt^O) 
and   (0,0) . 

(a)       Show   that  the    length  of  the  portion  of  C 
defined  by   t   In   ChJ/ir],   h  >  0,  Is 


I/tt 


^J-^  dt. 


(b)       What  happens  as  h       0  +  ?     Does  C  have  a  length? 


(a)       Using  the  pa rame tr I z at  I  on 

X  =  b  cos  e ,     y  =  a  s  I  n  e , 
for  an  ellipse,   show  that  the   length  of  one 
quadrant  of   the  ellipse  Is 
,7r/2 


✓  I    -  k-'s  in^e  de, 

0 

where         =   (a2  -  b2)/a2. 


(b)  Because  of   its  appearance   in  this  problem  the 
integral   above   (omitting  the  factor  a)  Is 
known  as  an  elliptic   i  nteg  ra I .     More  precisely, 
this   Is   the  complete  elliptic   integral   of  the 
second   kind,   designated  by   E(k,Tr/2),  Write 
and   run  a  program  to  make  a  table  of 

E(sin    o,Tr/2)    for   a=  0(5°)90°,  accurate 
to  5D. 

(c)  Show  that  the  answer  to  Problem  2(b)  is 
2/7  E(sin   45°,Tr/2),   and   hence  get   it  to  5D. 

SO.:. 


6.       (a)-      For  n  >  0  the  curve  x"  +  y"  =   I   has  an  arc 

going  from  (0,1)  to  (1,0).  Show  that  the  length 
of  th I s  arc  Is 


L     ^       1       /I  XI  -  I  dx. 

n 


(b)  The  cases  n  =   I   and  n  =  2  are  familiar.  Show 
that  L2/3  =  3/2  . 

(c)  Find  at  least  one  other  case  that  can  be 
Integrated  exactly,   and  do  so. 
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5,     Mean  Value. 


To  get  the  average  grade  on  an  examination  we  add  together 
the  grades  of   the   Individual    students  and   divide   by  the  number 
of   students.     This   Is  the  most  common  meaning  of   the  word 
"average".     The  word   Is  often   used   In  other  ways,   however,  and 
to  avoid  ambiguity  this  type  of  average   Is  called   In  mathematics 
the  a  r I thme 1 1 c  mean  of  the  grades,  or  simply  the  mean  or  the 
mean  value.      It   is  customary  to   denote  the  mean   by  putting  a 
bar  over  the  appropriate  symbol;  thus 


9  =  -  E  gj 

"    i  =  l  ' 


Is  the  mean  of  the  grades  gj,   g^,  g^ 


Figure  5-1,   taken   from  Chapter  4,  gives  the  electric  power 
consumption  of  a  town   for  a  24-hour  period.     What  should  we 
mean   by   the  "average  con- 


sumption throughout  this 
period"?   As  an  approxima- 
tlon  we   might  take   the  mean 
of   24  values  at  the  end  of 
each  hour. 


6000 


^4000 
0 


2000 


c  «  7J    Zc(  i)  , 


24 


O     3      6      O     12.    IS    18    21  24 
Tim* 


but  this   does   not   reflect  any 
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sudden  surges  that  might  have  occured  within  any  hour,  A  better 
approximation  would  be  the  mean  of   values  taken  every  minute; 


;S46 


so  6 


I  ^^^^ 

Better  yet  would  be  values  taken  every  second,   and  so  on.  The 
physical    process  breaks  down   at  about  this  point  but  the  mathematical 
model    can   continue  merrily  onwards. 

Let  us   rewrite   (I),   slightly  modified,  as 

I  440 

(2)  c  =^  ^  c(5j)At,  , 

where  Atj    =    1/60  and  5.    is  taken   somewhere  within  the   i-th  minute. 

This   Is  obviously  as  good  as   (I)    in  giving  us  what  we  want.  But 

now  the  "and  so  on"   process   is   clear.     For  any  6  >  0  choose  an 

n  >    1/6  and    let  t,   =   i/n,    I    =  0,l,...,24n.  Then  At.   =  t,   -  t,^,    =   l/n  <  6, 


Let  5|   De    In  Ctj^j,   t.D,   and  define 


24n 


Then   by  Section   3-7,   page  265,   we  have 

24 


This   is  then  a  reasonable  number  to  take  as  c,   the  mean  consumption. 

This   procedure,   which  can  be  applied  to  many  similar  cases, 
leads  to  the  following  general  definition. 
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Def  I  n  1 1  Ion ,  If  a  function  f  is  defined  ovr^r  a  closed  interval 
Ca  ,b3  the  mean  va  I  ue  of   f  oin  Ca  ,bl)  Is 

—J   f    f(x)dx  , 

b  -  a    */  a 


provided  this   integral  exists. 


Examp  I  e   I  .     The  mean  value  of  sin  x  over  the   interval   CO^tt]  is 

\      r''   .  I.  .1^  2 

7  Jo 


sin   X  dx  =  —(-cos  x)L. 

0  TT  I  U 


.636. 


c 

A 


Ob 


Example  2.     A   rope  20   ft.    long   runs  over  a  puMey  C  at  the  top  of 
a  pole  CD   10   ft.   high.     One  end  Is 
fastened  to  a  heavy   block  Bp  and 
the  other  end  A   is  moved  horizontally 
away  from  the  pole,   thus   raising  B  to 
the  top  of   the  pole.     What   is  the  ^ 
mean    length  of  AC   in   this  process? 
{Method    I.     Let  AC  =   y,   AD  =  x.  Then 
V  =  /x^   +    100  and  x  varies   from  0  to    lO/T,  Hence 


Figure  5-2 


O/T 


/•  10/3  .  

/q         /x^  +    100  dx 


J       rJrx/x^   +    100  +   50    loq(x  +   /x^   +  100) 


10/3 


10  +  A  log(/3  +  2)  = 
/3 


13.80  ft. 
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 MefWod 2v   Tet  AC  =  yv  BD  =  z.     Then  y  =  20  -  z,   z  varies  over 

Co, I03,   and  so 

10 

Y  =  TTT  yo 


(20  -  z)d::  =   15  ft. 


Obviously  something   Is  wrong.     The  trouble   lies   In  the  formu- 
lation of  the  question,  which  asks  for  the  mean  of  a  variable,  not 
of  a   function.      In   the   two  methods  we  have  expressed  the  variable 
y  as   two  different   functions  of   different   Independent  variables 
X  and   2,   and   have  obtained  two  different  results.      In  short,  the 
mean  value    Is  not   Independent  of   the   function  expressing  the 
variable  to  be  averaged.     To  cover  cases    like  this  one   uses  the 
phrase  "the  mean  value  of  one  variable  with   respect  to  another." 
Thus  the  mean  value  of  y  with   respect  to  x   Is    13.80   ft.   and  with 
respect  to   z   Is    15  ft. 


There    Is  a  generalization  of  the   notion  of  mean  value  that 

Is  often  useful;    In   fact,   we  shall    use   It   In   the   next  section. 

Returning  to  our  problem  of  averaging  grades,   suppose  that  an 

examination  was  given   In  20  sections  and  that  the  mean  grades  In 

these  sections  are  g,,   g^*-"*   920*  Set'the  overall   mean  we 

do  not  merely  take  the  mean  of  g,,...,  but  we  "weight"  these 

means  with   the   number  of   students    In  the  section;   so  that 

20  20 
9  ^  W  ^  n,g,.  N  =  En,. 

tf  there  are  n,  students  In  the  l-th  section.  A  moment's  thought 
will   convince  you  that  this   Is  the  same  g  that  we  would  get  if 
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-we--app1  led -the  orlgl  na  r- method  to  the  whole  set  of  N  grades. 

The  passage   from  the  finite  to  the  continuous  case  can  be 
made  Just  as  before.     We  are  given  two  functions  f  and  w  on  an 
Interval   Ca^b],  with  the   restriction  that  w(x)    is  continuous^ 
Is  not   identically  zero,  and   is  either  always  >^  0  or  always 
£  0  on  Ca^bU,     Such  a  w   is  ca I  led  a  we  i  gh t  f  unct  i  on ,  Then 
the  mean  va I ue  of   f  on  Ca^bU  w  i  th   respect  to  the  we  i  gh t  w  is 


The  conditions  on  w   insure  that  the  denominator  is  not  zero 
( see  Prob I  em   I ) • 

One  property   that  any  kind  of  average  should  have   is  to  lie 
between  the  extremes  of  the  averaged  quantities.     Let  us  prove 
that  the  weighted  mean  does  so.     Let  m.  and  M  be   lower  and  upper 
bounds  of   f  on  Ca^bU,     Then   for  every  x  in  Ca^bU 


(For  w(x)  <  0  the  inequalities  are  reversed,)  From  one  of  the 
basic  properties  of   Integrals   it  follows  that 


v/(  x)  f  (  x)  dx 


m  <   f ( x)   <  M. 


Consider  the  case  w(x)       0  ^or  all   x.     We  get 


w(x)m  <  w(x)f(x)   <  w(x)M, 
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(3)  Tl^"^^^'"        -   J'\(x)Hx)dx  <  w(x)M  dx. 

Since  m  and  M  are  constants  and  w(x)dx  >  0  this  gives  us 


rb 

I  w(x)f(x)dx 

(4)  '"l^^^Tb  

/^w( x) dx 

(If   w(x)   <   0   the   inequalities   are  again   reversed  at  this  point, 
and  we  get  the   same  result.) 

This   result   is   true  even   if   f    is   not  continuous,   as    long  as 

^  w(x)f(x)dx  exists.      If   f    Is  continuous  it 
has  a  minimum  and  a  maximum  on  Ca,b:  and  these  can   be   taken  to  be 
m  and  M,  thus  giving  the  desired  result. 

A  useful    theorem   comes  at  once   from  these  inequalities. 
Mean  Value  Theorem   for   Integrals.      If   f    is   continuous  on  Ca,b:  and 
if  W   is  either  always  >_  0  or  always   <_  0  on  Ca,b;]  then  there  Is 
a  C   in  Ca,bll  such  that 

y^^w(x)f  (x)dx  =   f(C)  w(x)dx 
provided  these   integrals  exists 

Proof.     (For  the  case  W(x)   >.  0 )  .  We  start  with   the  inequalities 
b 


(3).      If  w(x)dx  =  0   these  become 
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0  <     /«   w(x)f(x)dx  <  0. 


Hence 

w(x)f(x)dx  =  0  =   i{0  w(x)dx 
for  any  C   In  Ca  ,bl] . 


Having  settled  this  trivial    case  we  can   assume  that 

b 

W(x)dx    is   not  zero,    and   hence    is   positive   since  W(x)  ^» 


'a 

We   can   then   pass   to  the    inequalities   (4),      Let  m  and  M  be  the 

minimum  and  maximum  of   f  on   Ta^bD  and   let  f(c)  ■  m,   f(d)   =  M.  Then 

(4)    says  that  the  mean   va!ue  of   f    lies  between  f(c)   and   f(d),  and 

by  the  Intermediate  Value  Theorem  there  is  a  C  in  Cc,dl],  and  hence 
in  Ca, bD,   such  thai 

rb 

I    w ( x) f ( x) dx 

=  f(fj, 


b 

(X)  dx 


which   gives   the   desired  result. 

Corollary.      If   f    is   unicon  on  Ta^bH  then   there    Is   a   C   in  Ca,bl| 


such  that 

»b 


f  (  x)  dx  =   (  b  -  a)  f  (  f; )  . 
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PROBLEMS 


Theorem.  If  w  Is  continuous  on  Ca,b],  Is  not 
Identically  zero,  and  Is  never  negative,  then 
.b 


f  w( 


'{x)dx  >  0. 

a 


Prove  the  f o I  I ow I ng : 

1.  There   Is  a  point  c  In  Ca,b]  such  that 

w{c)   >  0, 

2.  There   Is  a  6  >  0  such  that  w{x)  >  w(c)/2 
for   I  X  -  c|    <_  iS . 

3.  ^    c  +  6 

/  w{  x)  dx  >   <5w{  c) 

•'c  -  <5 

4.  /.b 


7wi 


{ x)dx  >  0. 

a 


Find  the  mean  value  of  each  given  function  over 
the  given  Interval.  Draw  the  graph  of  y  =  ffx) 
and  the    line  y  =  mean  value,   and  see   If  the  resu 


I  ooks 

reasonab 1 e . 

(a) 

f { x)   =  sin  X, 

C0,Tr/2]. 

(b) 

f { x)   =  sin  X, 

C0,2tt]. 

(c) 

f (x)   =  si n2  X, 

C0,2Tr]. 

(d) 

f(x)  =  — !  , 

1  +  x2 

c-i,i:. 

(e) 

f{x)   =  X   log  X, 

[0,23. 
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4. 


On  the  diameter  of  a  semicircle 
10,000  equally  spaced  points  are 
taken  and  used   In  pairs  as  two 
corners  of  an   inscribed  rectangle, 

(a)  What  is   the  mean  area   (approximately)   of  these 
5000  rectang I es? 

(b)  What   is   their  mean  altitude? 

(c)  What   is   their  mean  base? 

As    in  3,   but  this  time   the  points  are  equally 
spaced  along  the  arc  of   the  semicircle. 

Another  useful    kind  of  average   is  the   root  mean 
square,   defined  to  be  the  square   root  of   the  mean  of 
the  squa  re  of   the  function.  I.e. 


(a)   -   (e)     Find  the  RMS   for  each  of  the  functions 


currents   it   is  convenient  to  use  the  RMS  of 
the  voltaqe  rather  than  the  amplitude,  (The 
mean  voltage   is  of  course  zero).     Show  that  the 
RMS     of   the  voltaqe  V  =  Vq  sin  wt  over  one 
cycle   is  V^//2, 


of  Prob I  em  2 , 


(f  ) 


In  considering  power  consumotlon   in  alternating 


90/ 


(g)       A  more  useful    quantity  than  the  RMS  of  the 
function   f   itself   is  often   the  RMS  of 

f(x)   -  T,  where  T  is  the  mean  value  of  the 

function.     Show  that  over  any   Interval  Ca,bII, 


RMS(f(x)   -  T)   =   /(RMS   f(x))^  - 


6 ,     Centrol ds , 

We   know  from  childhood  the 
Law  of   the   Lever:     A  weight  of 
W|    pounds   at  a   distance   S|  from 
the   fulcrum  will    balance   a  weight 
of   w^  pounds  at  a   distance  if 


w,s, 


W2S2 


-1- 

16  lbs 

F 1 gure  6-1 


10  lbs 


8'— J 

-3'-* 

 16'  > 

-       1  1 

m — 

16  lbs 


F  I  gure  6-2 


A  more  sophisticated  way  of 
stating  the   same    law   is  the 

following:   Let  X|    be   the  directed 

distance  of   W|    from  any  point  A 
of   the    lever  and  X2  the   distance  of   w^  from  A.     The  weights 
will    balance    if   the   fulcrum   is   at  the   weighted  moan, 

_       w  I  X  I    +  "^2^2 

f  rom  A » 


The  advantage  of   this   formutation    Is  that    It  applies  as 
well    to  n  weights   as   to  two.     The   point   at   distance   x"  from  A  Is 
ca  I  I  ed  the   center  of   grav  I  ty  of  the  weinhts,   or,    If  one  wis  he  s 
to  consider  only  the  masses  of   the  bodies   and    leave  out   any  con- 
siderations  of   forces,   the   center  of  mass> 

Given   a   distribution  of   n  masses  m.   on   a    line,   to  find 
their  center  of   mass  we   have  to   introduce  a  coordinate  system,, 
that    is  a   point  A   from  which   to  measure   distance   and   a   unit  of 
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distance  to  do  the  measuring.     Does  the  center  of  mass  depend 
upon  our  choice  of  coordinate   system?     Presumably  not,   or  we 
wouldn't  have   used  the  word  "center,"   but  this    Is  something 
we  should  p  rove  • 


EKLC 


A  B  a!  B'  P 

F  i  g  u  re  6-3 

Let  A  be  the  origin  of   one   coordinate  system  with  unit 
distance   AB,   and  A'    the  origin  of   another  with   unit  distance 
A'B',     The   coordinates  of   a  point  P    'n  the   two  systems  are 

_  AP  ,    _  A'P 

^       AB   '         ^         JTq^  ' 

(Of   course   these  are   all    directed   distances).  Then 


, , ,  ,        AP   -  AA'  AB  AA '      _     ^    ,  ^ 

A  B  A  A  ' 

where  a   =  ^  i  ^  t    and  3  =  -^t-qT  constants    independent  of  P. 

Now   If  masses  [n  |  >  ITI2  •  •  •  •  » '"n  points  ^|»^2'''''^n  "'"^^''^ 

center  of  mass    Is   determined  by 

x=TT     yim.x.    ,  M=  H'^-^ 
1=1  1=1 


In  the  AB   system  and  by 


x-  =      E  ^x; 
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In  the  A'B'   system.     From  ( I )   we  get 

=  o~  +  B  .   

Thus  the  point  F  with   coordinate  "x   in   the  AB  system  has  coor- 
dinate "x'    in   the  A'B'    system.    In   other  words,   the  center  of 
mass  F  does   not  depend  on  the   coordinate  system  used  to  define 
it. 

The  case  of   continuous  mass   distribution    is  handled  Just 
as   in   the  preceding  section. 

Example    I.     The  density  of   the  material    in   a  cylindrical  rod 
varies  exponentially,   at  one  end  being   double    its  value  at  the 
other  end.     At  what  point  does  the   rod  balance? 

Take  the    length  of   the   rod  as   the   unit  of    length,   and  let 

the   densities   at  the  two  ends   be  Pq  and  2p q .     Measuring  from 

kx 

the    lighter  end  the   density  p   at  point  x   i s  p   =  Ae     ,   and  we  have 

Hence  A  =  pQ,e^  =  2 ,   k  =    log  2.     An  element  of   mass    is  of  the 
form  pcAx,   where   c   is  the  cross-sectional    area  of   the   rod.  Hence 

X  = 


r'  kx 

Jo  \  ^x  Q^j^ 
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ind  c  drop  out,   an  d  e  va  I  uat  i  ng  the   integrals  gives 


(x/k  -  l/k2)e 


2  X  _  kx 


X  = 


( I /k)e 


kx 


(  I  /k  -    I /k^)e     +   I /k 
(  I  /k)  (e*^  -  I) 


"ogT 


.  5588. 


The  balance   point   is   thus   about   ,56  of  the  way   from  the    lighter  end. 


Example  2,  The  cross-hatched 
region  in  Figure  6-4  represents 
a  flat  uniform  plate,  the  upper 
edge  being  an  exponential  curve 
We  wish  to  balance  it  in  a 
vertical  position  at  a  point  on 
the    lower  edge.     What  point? 


F  i  qure  6-4 


It   is   fairly  evident  that  this   is  the  same  problem  as  in 
Example    I.     The  varying   density  P    is   replaced  by  the  varying  height 
y,   and  the  element  of  mass    Is  pyAx,  where  p    is   the  constant  areal 
density  of   the  plate,    in   pounds   per  square   unit.     The  answer  is 
then   X  -    1.32,   that   is,    .56  of   the    length   from  the   small  end. 


Example   5,     For  a   plane   region,   as    in   Figure  6-4,   we  can  also 
compute  7,   the  mean  of  y  weighted  with   respect  to  horizontal  strips. 
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This  would   be  the  balancing  point 
so  that  the  y-axis   is  horizontal. 
In   computing  y  we  must  do  the 
integration    in  two  parts,  since 
the  expression   for  the    length  of 
the   strip   needs  two  di  fferent 
formulas.     For  0   <^  y       I  the 
length    is  simply  3.     For  the 
equation  of  the   curve  we  have, 
as   i  n  Examp  I  e   I  , 

y   =  Ae^^,       2   =  Ae°,  I 


if   the   region  were  turned 


Figure  6-5 


giving 

A  =  2,     k  =  jlocj^  =  -3-1  og  2. 
Hence   for   I   £  y  £  2, 

So 

y  =   72  r   "      3'     -  4 

Jo         ^   J\  '-1^''°^ 

(The  constant  density  factor  p  cancels  out  so  we  did  not 
bother  to  p  ut  it  in). 
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with  any  plane   region  we  can   associate,   as   In  Examples  2 
and.  3,   a   point   (7,7^   with   respect  to  a  pair  of   axes.     We  have 
seen   that  this  point   is   unchanged  by  change  of   scale  or  by 
trans  I  at  ion  of   the  axes.      Is    it  also   unchanged  by  rotation 
of  axes?     If   so,  we  are  Justified 
In   regarding    it  as  a   proper^/  of 
the   region    itself   and  not  of  its 
analytic   representation.  The 
answer   is  "yes",   but  we  are  not 
yet   in   a   position   to  prove  this. 
For  the   present  we  assume  this 
property  without  proof. 

F I g  u  re  6-6 

This   point   is   sometimes  called 
the  center  of   a  rea  of   the   region   but  more  often   the  centrol d 
It   is   found,    in  general,   by  the  method  of   Examples  2   and  3, 
with  one   simplification.      In   the   bas i c  exp ress i on   for  both  x 
and  7  the   denominator   is  Just  the  area  of   the   region;  hence 
there    is   no  need  to  compute   It  twice,   and   if    it   is   a  region 
whose  area    Is   known  we   need   not  compute   it  by   integration  at 


Example  4.  To  find  the  centrojd  of  a  quandrant  of  a  circle 
(Figure  6-7)   we  have  y 


c/a^   -  x^  dx 


X  = 
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Figure  6-7 


Beca  use 
has  the 


of  the  symmetry  of 
same  value. 


the  figure   It   is  evident  that  y 


Symmetry   Is  a  big   help   In   finding   centrolds,   by  virtue 
of   the   fol  lowing  property. 

Theorem   I.      If   a   region   Is  symmetric  with   respect  to  an  axis 

itscentroidllesonthat 

axis. 

Proof .     Take  the   axis  of 
symmetry  as  the  y-axis. 
If   h(x)    Is   the    length  of 
a  vertical    strip  then  be- 

causeofthesymmetry  Y 
h(~x)   =  h(x)   and  the  T>-^  ^.^<Tr""^N. 


-a   to  a. 


limits  of    integration  a  re 


Then   xh(x)  is 


an  odd   function,  and 


Figure  6-8 


(By  Theorem   I,   Section  11-7). 


Coro I  I ary .      If  a   region  has  two  axes  of  symmetry  their  inter 


section   Is  the  centrold. 
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This  corollary  takes  care  of  a    lot  of  familiar  figures: 
rectangle,   circle,  any  regular  polygon,  etc.     Note  that  the 
two  axes   need   not  be  perpendicular;   for   instance,  the 
corollary  applies  to  an  equilateral  triangle. 

Another  general   theorem  that   is  often  useful    In  locating 
centroids   Is  the  following: 


Theorem  2.     If  a  region   is  composed  of  two  or  more  subregions 
Its  centroid   is  the  weighted  mean  of  the  centroids  of  the  sub- 
regions,   the  weights  being  the  areas. 


S  ugges  t  i  on  of   p  roof .     Let  R 
be  the  union  of  ^^,^2» 
R^,   as    in   Figure  6-9.  If 
A,  A|,   A2 *  A^  are  the  areas 

of  the   respective  regions 
and  'x,'x  I  ,  x'2  ,*X2  the  abscissas 
of  their  centroids  then 


Ax 


Figure  6-9 


x(  h  I   +         +   h^) dx 


xh  ,  dx  + 


where  we  define  h.  =  0  If  the  vertical  line  through  x  does 
not  Intersect  Rj  .     The    last  expression   is  then  the  same  as 
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xh.dx  +  xh2dx  +    J^^  xhjdx 


Hen  ce 


X  = 


A,x,       A^x^  A3X3 

A I  +  A2  +  A3 


and  y"  can  be  treated  similarly, 


It   is  evident  that  this  argument  can  be  extended  to  the 
gene  ra I  situation. 

Example  5,     Figure  6-IOis  a  semicircle  of   radius  3   in.  on 
top  of  a    12  X  3   in.  rectangle. 
We   introduce  coordinates  as 
shown.     For  the  rectangle, 

A  =  36,       X  ^  6. 
and  for  the  semicircle, 

A  =  9tt/2,       X  =  9. 
Hence   for  the  whole  figure. 


12. 


Fi  gure  6-10 


-  ^  6(36)  -f  9(97r/2)  ^  48+^  .  6.846. 
^  i6  +  9tt/2  8  +  tt 


8S4 


To  get  y  we  must  know  y  of  the 


semicircle.     We  have   found  that  for 

a  quadrant  of  a  circle   It  Is  ^  , 

Since   It   Is  the   same   for  both 

halves  of  the  semicircle   (Figure  6-11 

It  will    be  the  same  for  the  semicircle 

as  a  whole  by  virtue  of  Theorem  2, 

So 


y  = 


3(36)    +   (3  +  i|)(9iT/2) 


F  1  g  u  re  6-11 


28  +  37T 

8    +  IT 


^  3.359, 


An   Interesting   relation   between   centrolds  and  solids 
of   revolution    is   known   as  the  Theorem  of  Pappus, 

Theorem  3,      If   a  plane   region    Is   rotated  about  a    line  in 
Its   plane  not   Intersecting    it,   the  volume  of   the  resulting 
solid   is  equal    to  the  area  of 
the   region   times   the  circumfer- 
ence of   the  circle   described  by 
1 ts   cen  tro  i  d , 

Proof.     Take  the  axis  of  rotation 
as  the  y-axis.     Then   (Figure  6-12) 

•b 


xh  dx 


X  = 


A 


Figure  6-12 


where  A  Is  the  area  of  the  region.  Using  the  cylindrical  shell 
method  we  have  for  the  volume  of  the  solid  of  revolution. 
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(2Trx)h  dx 


=  2Tr 


xh  dx 


(2Trx)A, 


as  was  to  be  proved, 


The  Theorem  of   Pappus   can   be   used   in  either  direction. 

Examp le  6.      (a)     To   find  the  centrotd  of   a   right  triangle 
(Figure  6-|3)   observe   that   if  rotated 

about  the  side  AC  we  get  a  cone  of 
radius  a  and  altitude  b.  Hence 


^ira^b  =   (2Trx)^ab,       or       x  =  a/3. 

Similarly  we   find  7  =  t)/3.  Figure  6-13 

(b)     The  torus,   obtained  by   rotating  a   circle  of  radius  a 

about  a    line  b   units   from  the   center,   b  >  a,   has  by  the 

Theorem  of   Pappus  a  volume  of   (2Trb)(Tra2)   =  as  was 
found    in  Chapter  3. 


PROBLEMS 


The  density  of   air  decreases  with  height  roughly 
according  to  the   formula  p  =  Pq®"*^^^*  where  py 
Is  the  density  at  the  surface  and   a  -  6  mi  les. 

(a)  Where   Is  the  center  of  gravity  of  a  cylindrical 
column  of  air   12  miles  high? 

(b)  Assuming  that  the   formula  holds   for  arbitrarily 
large   h   (it  doesn^t)   where   is  the   center  of 
gravity  of   an   infinitely  high  column? 

Find  the  centrold  of  each  of  the   following  regions. 

(a)  Bounded  by  y  =   /x,     Y  =  0>   x  ="  I  . 

(b)  Bounded  by  y  =  ax^,     y  =  b. 

(c)  Bounded  by  the  x-axis  and  the  arch   of  y  =  sin  x 
from  X  =  0  to  X  =  7T. 

(d)  The   infinite   region   in  the   fourth  quadrant 
bounded  by  x  =  0^  y  =  0,  y  =    log  x. 

(e)  The   infinite   region  bounded  by  the  x-axis 

I 

and  y  =    . 

I   +  x^ 

Why  cannot  the   following  be   added  to  Problem  2? 

(f)  The   infinite   region   in   the   first  quadrant 

bounded  by  the     axes     and  y  =    . 

I   +  x2 
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Is  the  following  statement  true?     "The  centrold  of  the 
Infinite   region  bounded  by  the  x-axis  and  the  curve 
y  =   (^2  +  1)"'/^    lies  on  the  y-axis". 

Find  the  centrold  of  the  region  bounded  by  the  x-axis 
and  the  first  arch  of  the  cycloid. 

Find  the  centrold  of   a  quadrant  of  an  ellipse,  using 
the  parametric  form 

X  =  a  cos  e ,       y  =  b  s  i  n   e  . 

Do  Problems  3  and  4  of  Section  I  by  using  the  Theorem 
of  Pappus  and  the   results  of  Problem  2(c)  above. 

Find  the  centrold  of  a  quadrant  of  a  circle,   using  th 
Theorem  of  Pappus  and  the  formula  for  the  volume 
of   a  sphere.     Check  with   Example  4. 

Find  the  centrold  of  each  of  the  following  regions. 


(a) 


3 


SamlclrcU 


Sq  u  m  r • 


<  10  > 

(b) 


(c) 
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10,        (a)       Prove  that   i  f  .a   region   is   divided   into  two  parts 
its   centroid   is  on   the    line   segment  joining  the 
centroids  of   the  two  parts. 

(b)  Prove   that   if   a   region   is   divided   into  three 
parts    its   centroid   is   in  the  triangle  (possibly 
degenerate)    formed  by   the   centroids  of   the  three 
parts, 

(c)  Formulate  and  prove   a  statement    like  the  above  for 
four  points;   for  n  points. 


Given   a  triangle  A|,  and  masses  m , ,  m^,  m^ 

at  the   vertices.     As   in    (b)    above,   the  center  of  mass 

lies    in  the   triangle.     Prove   Conversely   that   for  any 

point  P   in  or  on   the  triangle  there  are  non-negative 

masses  m|,   m^,         whose   center  of  mass   is   P.  Prove 

also  that  m|,  m^,         are   unique  to  within  a   common  factor. 

The  numbers   (m|,   m^,  m^)    are  called   barycentr i  c 

coord  i  na  tes  of  P • 


9 19 


12.        (a)       For  the  triangle   (0,0),    (0,1),    (2,0)    find  a   set  of 
barycentric  coordinates  of  each  of  the  points 
(1/2,1/2),    (1,0),    (0,1),    ( x,y) . 
(b)        Find   the   xy-coo rd i nates  of  the  points  wtth 
barycentric  coordinates   (1,1,1),  (1,2,3), 
(0,1,1),    (1,0,0),    ( a,b,c) . 
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Chapter  13 
INFINITE  SERIES 


I  ,     Tay I  or  Series* 

At  various   points   in  our  study  of   calculus  we  have 
found  Taylor's  Theorem   (Section   6-4)    a   useful    tool  in 
computation   or    in   deriving   properties  of   functions.  The 
time  has   now  come   to  apply  this  theorem  systematically. 
First  we  give   a   restatement  and  a  proof. 

Theorem    \.      If   f  ,  f  \  ^ ^  ^        ^   ^^^^   unicon   on   an  inter- 
val   containing   a   and   x,  then 

(1)  f(x)   =   f(a)   +   fMa)(x  -  a  ^   +  -  a)^  +  ... 

4-    '      f^"^a)(x  -  a)"  +  ^%^"^'^t)(x  -  t)"dt. 

n  I  n  I  */a 

Proof.     The  method    is  just  successive    integration  by 
parts,    differentiating   f   at  each   step   and  picking  the 
constant  of    integration   properly.     We  start  with 

(2)  f(x)   -  f(a)   =  fj"  fMt)dt, 

the  second  form  of   the   Fundamental   Theorem.  Taking 
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u  =  f ' (t) ,  dv  =  dt, 

du  =   f"(t)dt,  V  =  t  -  X  =  -(X  -  t), 


we  get 


f (x)   =   f (a)    -  f ' (t)(x  -  t) 


=   f(a)   +  f'(a)(x  -  a)  + 


^  fa  +  )       -  "^^dt 


f "( t) ( X  -  t) dt. 


Now  we  take 


u   =  f"(t), 
du   =   f"  (t)dt. 


dv  =   (X  -  t) dt , 


to  get 


f (x)   =   f (a)   +  f ' (a) (X  -  a) 


"( t) (X  -  t)2 


2  Ja 


f"  (t) (x  -  t)2dt 


=   f(a)   +  f'(a)(x  -  a)   +  if"(a)(x  -  a)2 


f ( t)  (  X  -  t)  ^dt. 


It  is  easy  to  see  that  a  continuation  of  this  process  will 
give  the  desired  result.  (The  more  cautious  mathematician 
may  wish  to  give  a  proof   by  mathematical  induction). 
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Notice  that  we  have  not   implied  that  x  >  a,   for  (2) 
ho  I ds  even   I f  x  <  a . 

It   Is  customary  to  define  f^^^   =  f,   and  0!  =  I. 
With  these  conventions  we  can  write   (I)    in  the  form 

(3)  f(x)   =    E    TTT  f^''^a)(x  -  a)''  +   R  (x), 

k  =  0 

where 

(4)  R  (x)  =  J-r  £    f^"■^'^t)tx  -  t)%t. 

n  n  I  ja 

The  first  part  of  the  right-hand  side  of   (3)    is  called 

the  Taylor  expans  i  on  of   f ,   about  a,   t£  n  +   I    te  rms « 

R  (x)    is  the   remainder  after  this  expansion   (or  after 
n         

n  +   I    terms,  or  after  the   ( n  +   I  )  st  te  rm)  .     The  Taylor 
expansion  about  0    is  also  known  as  a  Mac  I aur  i  n  expansion. 

You  may  have  noticed  that  the  expression  for  R^^x^ 

given    in   (4)    is  not  the   same   as  the  one  given   In  the 

earlier  statement  of  Taylor's  Theorem.     This  other  form  of 

R  (x).   known  as  the  derivative  form-  Is  easily  derived 
n  ' 

from  the   Integral    form  by  use  of   the  mean  value  theorem 

for   Integrals   (Section    12-5).     Since  (x  -  t)*^  does  not 


W3  ^Sr 


change  sign  In  the  Interval  Ca,x!],  and  since  f^"^"^'^  was 
assumed  unlcon,  and  hence  continuous,  the  hypotheses  of 
the  mean  value  theorem  hold  and  we  have 

R  (X)  =  It  f^^^'^o     C  (X  -  t)"dt 

n  n  I  */a 


or 

^^^^   =   (n  +    !)t    (X  -  ^)  ^ 
with   5  between  a  and  x- 

Examp I e  I ,  For  the  expansion  of  log  x  about  I  we  note 
that 

f  (  x)   =    I  og  X, 
f'(x)   =  l/x, 
f"(x)   =  -l/x2, 
f     (  x)  =  2/x3  , 


f '''^^x)   =   (-n'^'^k  -   i)  I/x*^. 


It  foil ows  that 


(6)  log  X  =  0  +  (X  -   I)  -  i(x  -   1)2  +  ^(x  -  1)3 

'(X  -   1)^  +   ...  +   (-I)""'  ^(x  -   I)"  +  R,Cx 


w  j  th 


(7) 


R  (x)   =  (-  I  ) 
n 


-  x) 


dt 


or 


(8) 


R  (x)   =  (-1  ) 


n  +  I 


-(x  - 


I)""**'  — J-r  ,  C  between    I   and  x. 
_  n+  I 


Since    log  x  and  all    its  derivatives  a  re  defined  in 

the   Interval    (O,*)   the  above  expansion,  with  remainder, 

i  s  good  for  any   x  >  0. 


From  (8)   we  can  easily  get  a  bound  for   |R^(x)|.  If 
X  >    I   then    1/5"^'    is  maximum  when   5=1;    if   x  <   I  then 
I/c""**'    is  maximum  when   C  =  x.  Hence 


n+  I 


\f   X  >  \ 


/x  I  f   X   <  I 


n  +  I 


(x  -  I) 


n+  I 


(1  -  1)"^' 

X 


i  f  X  >_  I 
i  f  X  <    I  . 


that  Taylor's  Theorem    is  not  the  only  way  to  get  a 
Taylor  expansion   is  shown  by  the  following  example,  which 
is  typical   of  methods  we  shall   develop  later. 
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Example  2.  The  Maclaurin  expansion  of  f(x)  =  ,  [  ^  can 
be  obtained  by  dividing  I  by  I  -  x  in  increasing  powers 
of   X.     We  get  the  algebraic  identity 

^n+  I 

(9)  -pJ         =    I   +  X  +  x2  +  x3  +   .  .  .   +         +    I   _  ^  . 


We    leave   it  to  the   reader   (Problem   I)    to  show  that  the 
^,^5^  n  +    I    terms  on   the   right-hand  side   constitute  the 
terms  of   a  Taylor  expansion.     Once   this    is   done  It 
follows  that   the   remaining   term   is   the   remainder.  That 
is, 

R  =     ^    =      '  f^"-'^t)(X     -  t)%t 

I    -   X       nT  «/0 

,  (X  -  t)" 

=   (n  +    I)       L   ^ 

•'U      (  I    _  t) 

This  equation   can  be  checked  by  evaluating  the  Integral 
(see  Problem  2  )  . 

If,    in   (9),   we   change   n   to  n  -    I    and   replace  x  by  -t 
we  get 

,  n 

I  o  T  /.Nn-l,n-l,/|Nn  t 


I    +  t 
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Now  Integrate  each  side  of  this  identity  from  0  to  x. 
This  gives 


(10)  log  (I  +  X)  =  X  -  +  1x3  -  ...  +  Ix"  +  R^(x), 
whe  re 

(11)  R^(x)  =  (-1)"  fj"  -rVr 

This   Is  the  Maciaurin  expansion  of    log   (I  +  x). 
Finally,   in  (10)   put   I  +  x  =  y.     We  get 

(12)  log  y  =   (y  -   I)   -  ^(y  -  +  -^^  y  "  " 

+  (-])"-'  i(y  -   I)"  +  S  (y), 
n  n 

wi  th 

/*y-l  ,n 

Sp^y^  =        Jo    TT-f  . 

The  expansion   (12)    is  obviously  the  same  as   (6),   and  so 

S   (V)   must  be  equal   to  the  R  (x)    in   (7).     These  examples 
n   ^  n 

Illustrate  the  many  forms   in  which  the   remainder  terms 
may  appear. 


If  a  II    derivatives  of  f  exist  and  are  unicon  we  have 
the  possibility  of   letting  n       «>  I  n   (I),     That  this  can  be 
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done  In  some  cases  is  evident  from  our  earlier  use  of 
the  Maclaurin  expansion  of  e   •     We  have 


2  3  ^ 

e^=    I   +  x  +  5-r+4T  +   ...+T-r  +  R-(x) 


2T  "  3T  "  •••  "  n 


n+ 1  - 

R  (x)   =   ,  , , ,  e^. 

n  (  n  +   I  )  I 


£  X 

For  X  >  0,   for  example,  e     ^  ©   »   ^""^  so 


n+  I 

If^n^^^l  1  (n  ^  I)! 
Now   if  N   >  2x,   then  for  n  >N, 


x"-^'        X         X  x'^       X  X  X  X 

(n  +    I)  !   ®     "  ®     NT  N  +    I   N  +  2   *  *  *   n   n  +  I 


N 

X  X 

<  e 


N!  ^n-N+l 


As  n  ■♦•  «>  the   last  quantity  -»■  0,   and  hence 


2  " 

(12)  e^=lim(l   +  x  +  ~+  ...+  ^) 

n  -xjo  ^  I  n  . 


We  write   (12)    in  the  forms 


x2  x" 
e^=l+x  +  jT-+...+^  + 


CO  n 
n  =  0 


9 
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and  call  It  the  Maclaurln  series  of  e^.  In  general,  if  f 
and  all    Its  derivatives  exist  at  a,  the  expression 


It  ^ 


f       (  a  )  (  X  -  a  ) 


Is  the  Tay  lor  se  r  i  es  of^  f  (x)   at^  a.     The  Mac  I  au  r  i  n  ser  i  es 
is  simply  the  case  a  =  0,     A  Taylor  series  of  a  function 
may  or  may  not  converge   for  a  given  value  of  x,   and  if 
it  does  converge   its    limit  may  or  may  not  be  the  value  of 
the  function   for  that  value  of  x.     This   is  why  we  have  to 
pay  so  much  attention  to  the   remainder  in  the  finite 
Taylor  expansion. 

Example  3.     Consider  the   remainder   in  the  Maclaurin  ex-  - 
pansion  of    logCI  +  x)   given  by   (II),   for  the  case   x  >  0. 
We  have 

n 


7n  A  .11 
0  A-T''' 


Since  t  varies  from  0  to  x,  I  +  t  lies  between  I  and 
I   +  X.  Hence 

/•X  .n  /*x  .n 

Jo  <    |R^(x)|    <  7^  V 

or,  evaluating  the  integrals, 

n+ I  ^n+  I 

'  ^  <     IR  (x)|     <  ^ 


+  xn+l     —     'n  —    n  + 
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0   I  f   X  <    I  , 
As  n       CP,  x""^'       (    I    I  f   X  =    I  , 

»  i  f  X  >  I  • 


Hence  the  Maclaurin  series   converges   to  the  value  of 
the   function   if   and  only   If   x  <^  I  •     We    leave   it  to  the 
reader  to  show  that  for  x  <  0  the  series   converges  to 
the   function   if   and  only    If   x  >  -I.     Hence  the   \ n te  rva I 
of   conve  rgence  of  the  Maclaurin  series  of    log   (I   +  x) 
I  s  - 1   <  X  <^  I  . 

For  easy  reference  we    list  here  some  important 
Maclaurin   series  and  their  intervals  of  convergence. 
They  are  derived  either   in   the  text  or  in  problems. 


00         n  2  3 

E  ^ 

n=0 


f     ,    ,,n       x^"^'  x3  ^  x5  x7 

n  =  0 

-00    <     X    <  . 

COS    X   =    E     (-1)"  =    I    -  1^  +  .  ^  +    ...    ,    -»   <   X   <  «-. 

n  =  0 
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9 


3> 


•  2n+  3  5  7 

arctan  x  =    2.^    ("'^     2n  + — T      ><~'3""^'3r""7""^  • 
n  =  0 

- 1   <   X  < 


n  =  0 


a  ( a  -   I  )    •  •  •   (a  ■  n  +   I  ) 


_^  a(a  ■■    I  )     2  X  a(a  -   I  )  (a  -  2)  ^ 
=    I   +  ax  +   X     ^   JT   ^ 

+   . .  .    ,     - 1   <   X  <^  I 

For  further  study  of  Taylor  series,  and   in  particul 
their   relation  to  the  operations  of  differentiation  and 
Integration,  we  must  first  consider  infinite  series  in 
general*     This   is  the  subject  of   the  next  section. 
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PROBLEMS 


Show  that  (9)    is  actually  the  Maclaurin  expansion  of 


(X  -  t)"  x""^' 

Show  that  (n  +   I)      /   —7  dt  =   ■  , 


CHint.     Write  the   integral  as 


(  I     -  t) 

and  make  a  subst i tut i on .D 


.n 

Show  that  for  x  <  0$   J  -j — dt  converges  to  0  as  n 


. X  ^n 
^0 

If  and  only   if   x  >  -I. 


Find  the  maximum  possible  error  in  approximating  each 
the  following  functions  as  indicated. 

(a)  Log  X  by  4  terms  of   the  expansion  about   I,  for 
|x  -    I  I    <^  .2  . 

1/3 

(b)  X         by  3  terms  of  the  expansion   about  8,  for 
|x  -  8|    <^  2. 

(c)  sin   X  by  3  non-zero  te  rms  of   the  expansion  about 
for   |x|    <  7t/4. 
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9.1 9 


5.  (a) 

(b) 

6.  (a) 

(b) 


cos  X  by   4  terms  of  the  expansion  about  7r/3, 
for   I  X  -  7t/3  I    <^  .  I  . 

Find  the  Maclaurin  series  for  sin  x  and  prove 
that   it  converges   for  al  I  x. 

Do  the  same   for  c   s  x. 

Find  a   form  of  the   remainder  for   logCI   -  x) 
similar  to  the  one   given   in   (II)  for 
I  og{  I   +  x) . 

By  subtracting,   show  that   for  0   <^  x  <  I, 


Since  the    integrand   in         is  always  positive, 
by     the  Mean  Value  Theorem  for  integrals  we 
have 


where  T 


m 


T 


m 


2 


0   <   5   <  X. 


9a. 
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Show  th  a t  the 
f unct  i  on  of  C 


rl ght  hand  s  i  de 
and  hence  that 


is  an 


i  ncreas  i  no 


2m 

Tm  <  


(d)      For  what  value  of   x   is   |       ^  =  3?     How  many  terms 
of   the   series   in   (b)   would  be  needed  to  compute 
Ion  3  to  30?     Do  you   know  a   faster  way   to  compute 
log  3? 

In  each   of   the   following  find  the   first  three  non- 
ze  ro  terms  of   the  expansion.     Find  an  expression 
for  the  general   term   if  this  can   be   done  easi  ly. 


(a)     e"^^  about  0. 


(  b  )      sin   X  abou  t   7r/4  , 


( c )     e     about  a  . 


(d)  5x**  -  2x^   +  X  +  2   about  0;    about  -I. 

(e)  tan   x  about  0. 

(f)  /)?-about  9. 

( g)  log  X  about  4 . 


^3; 
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(h)      A   +^  +   /I   -  X  about  0, 
(  i  )  ^  about  0, 

( j )     arcs  i  n   x  about  0  • 

8.     We  wish  to  approximate  e     dx  to  5D. 

(a)  Show  that  for  0   <_  y  <_  I  , 

eV  =    I   4-  Y  4-         4-    ...   +  ^  4-  R^, 

n+  1 

where  0  <         <  \^  ^  e. 

(b)  Putting  y  =  x^    in   the  above   and  integrating, 
show  that 

 Iq     ^""^dx  =    I   +  ^  +  ^   J^;   +   .       +   (2n  +'  !  )n!       "^n ' 

where  0  <  T  <  

"  "  (2n  +  3)  (n  +    I)  ! 

(c)  Show   that   8  terms   of   the  series   (n  =   7)  Is 
enough   to  give  the   required  accuracy. 


Use  the  method  of   the  previous  problem  to  calculate 


(a) 


sin  X 


dx     to  3D. 


(b)  x""'e""^dx     to     2D,     Compa  re  with  Example  2 

of   Section    I  1-9.     Which   risethod  do  you  prefer, 
and  why? 

Jo  see   that   a  convergent  Taylor  series  of   a  function 
may  have    little   connection  with   the   function  values 
consider  the  function 


f(x)  = 


0  i  f   X  =  0, 

e"'/^^      if   X  ?^  0, 


(a)     Show  that   for  any   n   >  0, 


-  I  /x^ 


I  i 
x-> 


=  0. 


CHint.     Put  y  =  —  and  take    limits   as  y  -»•  "".D 

v2 


(b)  Using 


f  '  (0)    =  I 


.  f(x)  -  f(0) 
I  m 


I    I   III   7\ 

x-fO         X  -  0 


show  that  f '  (0)   =  0. 


(c)  Compute  f ' (x) .  Using 

f  Mx^  -  f  MO) 
fii(O)   =    Mm  .  75   , 

show  that  f"(0)  =0. 

(d)  Show  how  one   can  conclude  that  f^"\o)   =  0 
for  n  =  3,4,,,,  • 

(e)  What  is  the  Maclaurin  series  of   f(x)?  For 
what  values  of  x  does   it  converge?  For 
what  values  of  x  does   It  converge  to  f(x)?. 

Use  the  Integral  form  of  the  remainder  in  the 
Maclaurin  expansion  of  e""^  to  do  Example  5  of 
Sect  1  on    I  1-7, 
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2  •       Conve  rgenccg  of^  se r  (  e s  « 

Basica'.ly,   an    InfinlS'e  series    is   just  an  infinite 
sequence  written   in  a  special   way.      Let  a|,   a2#   a^,  be 
any  sequence  and  define  another  .sequence  S^,  by 

S,    =  a,, 

52  =  a,  + 

53  =  a,   +  62  +  a3,   

and    In  general 

n 

The  S's  can  also  be  definevJ   recursively  by 


S,   =  a, 

Sn+I    =   ^n       ^n+l'  "   =    I,   2,  ...; 

this    is  a  convenient  way  of   computing  them   in   a  flow 

chart  or  a  computer  program.     The  sequence   S|,  S^, 

is   called  the  sequence  of   partial    sums  of   the   i  n  f  !  n  i  te  series 

a|   +  a2  +         +  or 

00 

Examp  I  e    I  ,      (a)   The  series      ^    n  has  the  partial  sums 

n  =  l 

I     ^      A      in  n  ( n  +    I ) 
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(b)  The  series    Yi    2~"   has  the  partial  sums 

n=  I 

I       3       7        15  2"  -  I 

7  '  T  '  F  '  T6  '   •••   '      pi      '   ***  * 

(c)  The  series    52    (-1)""     has  the  partial  sums 

n=l 

1,0,1,0,1,0,...  . 

An    infinite   series    is   said  to  converge    if   the  sequence 
of   partial    sums  converges.  If 

Mm  S     =  L 
n^oo  n 

we  write 

V  a     =  L 

-I  ^ 
ri=  I 

and   say  that  L   isthe   sum  of   the  series. 

In  Example    I,    series   (b)   converges   to  the   sum   I,  while 
series   (a)   and   (c)    diverge,    i.e.,    do  not  converge. 

Since  ser'ies  are  so  closely   related  to  sequences  many 
of   the  properties  of   sequences   developed    in  Chapter  2  can, 
with   suitable  changes,   be  applied  to  series.     Some  of  the 
results  of   this   process  are   stated   in  Problem    I.     We  prove 
here   some  other  theorems  whose   proofs  are   not  quite   so  direct 
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Theorem   I.      If    V    a     converges  then    Mm         =  0, 

n=  I 

oo  n 
Proof.      Let    52    a     =  A  and    let  S     =    T]    3,    be  the  n-th 

  n=l      "  "       k=l  ^ 

partial    sum.     Since  the 

sequence  Sj^S^^...   con-  ^ 


verges  to  A,   given   any  %    %  % — 

G  >  0  the  re    is  an  N  such 


that 


F  i  qu  re  2-1 


S     -  A|<'^         whenever  n>N. 
n  '  2 


Then 


a       =     S     -  S        I    =     (S     -  A)    -   (S      ,    -  A) 
n*        'n         n-l'        'n  n-l 


1  Is,   -  Al    +   lS^_,    -  Al    <  I  +  I  =  c 


whenever   n  >  N  +    I.     Hence    Mm  a     =  0. 

n->-oo  n 


Briefly,  the  proof  says  that  since  the  S^'s  get  close 
together  when  n  is  large  their  differences,  the  a^'s,  get 
sma II. 

The  converse  of  th  i  s  theorem   i  s  not  true.     That  is, 

if    I  im  a     =0     then  a     does  not  necessari  ly  converge 

n=  I  I 
An  example   is  the   so-ca  I  led  ha  rmon  i  c  series,  — 

n=  I 
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Theorem  2.  The  harmonic  series  diverges. 
Proof .     Compare  the  two  series, 


I  + 


where,    in   the  second   series,   there  are  2^*"'    terms  of  the 
form  -U-  •     For  the   partial    sums,   T   ,   of   the   second  series 


\    '  -  n 

we  have 

Each   term  of   the  first   series    is  at    least  as    large  as  the 
corresponding  term  of   the   second  series,   and   so  for  the 
partial    sums  of   the  harmonic  series,   S^^  —  "'^^""5 — ^  *  Since 
these    increase  without  bound  the  series   cannot  converge. 


This  example    illustrates  that  Theorem   I    cannot  be  used 

to  prove  convergence  of   a   series.      I t   can   be   used  to  prove 

divergence,   for   an  equivalent  statement  of   the  theorem  is: 

It   the   sequence   a^^a^^a^,...   either   diverges  or  converges 

00 

to  a    limit   not  zero  then  ^     diverges.     Thus  we  can  see 

n=  I 

at  once  that  Examples    I    (a)   and   (c)    diverge   since  their 
sequences  of   terms  diverge. 
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There   fs,  however,  a  useful   special   case   in  which  we 
can  prove  convergence. 

Theorem  3>     Let  ai^a^^a^,...   be  a   decreasing  sequence  of 

GO  ^ 

positive  numbers  with    limit  0.     Then  (-1)  converges. 

Proof •     Consider  the 


n  = 


odd  pa  rt i  a  I  sums 


So  ^1   and  the  even 
Zn+!  ^  ^4 


a. 


ones   ^2n'     ^®  iiave  ^  > 

 1  1  1  1  !- 


F I gu  re  2-2 

^2(n+l)+l       ^2n+l   "  ''2n+2       ^2n+3  -  ^2n+l 

since  .a^         <  a„  Thus   the  odd  partial   sums   form  a 

2n  +  3  —    Zn  +  z« 

decreasing  sequence.     This   is   shown   clearly   in   Figure  2-2. 
Similarly,   the  even   partial   sums   form  an    increasing  sequence, 
s  i  nee 

^2(n+l)   "  ^2n       ^2n+l    "   ^2n  +  2  ^  ^2n 

because  92n+l  —  ^2n  +  2*     "''^  ^PP'Y   +he  Completeness  Axiom 
(Section  2-9)   to  these   two  sequences  we   need  only   to  show  that 


I  im  (S^^.  ,   -   S«^)    =  0. 
n-^w       2n+|  2n 

But  since   S2^^|   -  =  32n+l        ' ^  hypotheses 

of   the  theorem.     Hence  the  two  sequences 
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S|,   S^,   S^,    ...         and  S^,  Sg,  ... 

have   the   same    limit  L.      It  follows   that  the  sequence 


S,,S   ,S  has    limit  L;   that   is,    X)     ^""'^""'^n  converges 

to  the  sum  L. 


As  an  example  of   the  application  of   this  theorem  we 
see   that  the  a  I te  rn  at  i  ng  harmonic  series, 

E     (-l)"-'/n  =    I   -  ^  +  ^  -  1  +    ...  , 

n=  I 

does  converge.     (See,   also.   Example  3  of   Section  I). 

Before   stating  a   useful    corollary  of  Theorem  3  we  give 

oo 

a   definition.      If   the   series    ]^    a     =  L  then  the   rema  i  nder 
after  n   terms  of   the  series  is 

oo 

"  "       k=n+l  ^ 

If   we  approximate   the   sum  L  by  a  partial    sum  S^,    |R^|    is  the 

error  of   the  approximation.     Hence  we  are    interested  in 

bounds    on    R     or  on    |R   1.     For  series  of   the  type  of 
n  n 

jheorem   3  we   have   this   convenient  result. 

Corollary    I.     For  the  series    in  Theorem  3,   R^.   lies  between 


0  an  d  the   (N  +    I ) st  term. 
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Proof.      If  N   is  even,  N  =  2n,   we  have 


1  L  1  22n+l' 


and  so 


°  1  L  -  ^20   =  ^2n  1  ^2n+l   "  ^2n  =  ^2n+|- 
I f   N  =  2n  +    I  ,  then 


S2n+I  1      1  ^2n  +  2  ' 


0  1  L  -  S2^^|   =  R2n+I   -  ^2n+2  "  ^2n+l    =  ■^2n+2, 


This  corollary   is  we  II    illustrated  by  Figure  2-2. 

Since   L    lies  somev/here  between  Sr-   and         it   is  evident 

5  o 

that  Sc-L,   which    is  -Re,    i  s  <   Sc  -       ,  which    is  -a^. 


In   this  figure  we  know  only  that  L   lies  between 
and  Sg,      If  we  want  to  make  an  estimate  of   L   it  Is 
natural   to  take  the  value  half-way  between   these  two, 
that  Is,         -  Then  the  true  value  of   L  can  differ 

from  this  by  at  most  '^'^g*      '      general   we  have  the  following 

I  ,    .  X  n 


Coro I  la 


ry  2.      I  f  T     =  S     +  t(  -  I  )   a  _^  ,  ,  then 
  n         n       I  n+  I 


L  -  T       <  4-a  . 
n  '   —  2  n  + 


Proof.      If   n    is  even  we  have 


S     <L<S.,=S^  +  a      ,  , 


That  is, 

A  simi  lar  procedure  works    if   n    is  odd. 

A  series  whose  terms  alternate    in   sign    is  called  an 
alternating  series.      It   is  evident  that  Theorem  3  and  its 
corollary  hold  for  any   alternating   series   for  which  the 
absolute  values  of   the  terms  approach   zero  monoton i ca I  I y . 
That  monotoniclty   is  essential   both   for  proof  of  convergence 
and  for  the  bounds  of  Corollary    I    is  shown    in  Problem  2. 


Example  2.     The  Maclaurin   series  for  e  , 


e 


X         ,    ^         ^    x2     ,  ><3 


Is  an  alternating  series  If  x  <  0.  The  remainder  R^(x)  there- 
fore   lies   between  0  and  x^'^'/Cn  +    I)!,   and  we   need  not  bothe^ 
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with  the  complicated  remainder  terms  in  integral  or 
derivative  forms.     For  instance. 


-    I  + 


TV  '  TT 


+  -  "'      T(5T  ''lO 


=  0.367879464  +  R 


10 


with  0  >_  R,Q  _>  -jjY  =  -2.51  X  10"^  Hence  if  we  use 
Corollary  2  and  take 

e"  '    =  0  .36787945  I 


-8 


the  absolute  value  of   the  error   is    less  than    1.3  x    10  , 


Computer  programming  of  such   a  computation   is  relatively 
simple.     Figure  2-3  shows  a  typical   flow  diagram  for  com- 

oo 

puting      ^    a     when  the  signs  of   the  a     alternate.     As  in 
n=l  " 

Figure  9-3  of  Chapter   II,   MAX  is  a  bound  on 


&,  MAX 

Y 

SUM  <-  O 

\r 

T 

n  <^  1 

n  >  MAX 

n  n+i 

F  V 

Connpu+e 

an  1 

fV  


SUM  <^  SUM  +  an 


EXCESSIVE  ROUNDOFF" 

SUM,  an 


1 


SUM  ^  SUM  +  3Ln/Z 


Figure  2-3 


^46 


the  number  of  terms  that  can  be  added  without  exceeding 
a   roundoff   error  of  e/2. 


The  box 

Compute  a^ 

will  often  contain  a  recursion  formula.  For  Example  2, 
for    instance,    it  would  be 


-a  /n 


and  the  box 


SUM  ^  0 


would   be   replaced  by 


to  give  the  proper  start  to  the   recursion  process. 

We  note  here  a  property  of   series   similar  to  the  one 
for  sequences   stated  on   page    159.      It   is   that  the  conver- 
gence or   divergence  of   a   series   is   not  affected  by  re- 
moval,  addition,   or  change  of   valuo  of   any   f  i  n  i  te  number 
of   terms.     This   can   affect  the   sum  of   the   series,  if 
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convergent,   but  the  question   of  convergence  or  divergence 
depends  only  on   what   happens   for  n  >    N   and  we   can  choose 
N   so   l^^ne  ti.  a     all    the  changes  occur   for  n  <    N,     Thus  the 
se  r  i 


behaves  essentially    like   the   alternating  harmonic  series 
and  Theorem  3  and  Co  ro  Mary    I    can   be   applied   to   it  begin- 
ning with   the   ninth   term.     We  often   cover  such  possibilities 
by  appropriate   use  of   the   ph.^ase  "for  sufficiently    large  n," 

Anotht-r  trivial    but  sometimes   convenient  modification 
that  we  can  make    is    in   numbering  the  terms.      In   the  above 
series,    for  example,    it  might  be  best  to  start  the  subscript 
with  the  value     -5,      so  that  the  general    term  after  the 
eighth   can   be  writ ten   as    (-l)""'/n.      In   such   cases,  when 
the    initial   value  of   n    is   not   I,   we  generally   still    call  a^ 
the   n-th   term,   speaking,    if   necessary,   of   the  "zeroth  term", 
the   "minus  second  term",  etc. 


5  +   4  +  3-  2+1+0  +  0-10  + 
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PROBLEMS 


Prove  the   following  properties  of   series  by  inter- 
preting them  in  terms  of   sequences  of   partial  sums. 

(a)  If    X    ^r.  =  A       and  ^     =  B ,  then 

n=  I  n-  I 

00 

E(a     ±    b    )    =   A   ±  B. 
'^  n 

n=  I 

00 

(b)  If   k   ?^  0,   then  ka     converges   if   and  only  if 

n=  I 

00  00  oo 

a     converges;         ^    ^n  ^  ^  ^    '^^n  ^ 

n=  \      ^  n= I  n= I 


S    ^n   "  ^""^        2    ^n  =  ^'  ^n  1  ^n 

n  =  ;  n  =  I 


for  all    n ,   then  A  <^  B . 


(a)      Define   a  ^  ^32$      ,  •  •  •  by 


ao_    .   =  —  .  =  -10  n  =    ;  ,   2,  e.. 


'2n-!       n    '  2n 


Show  that  a     i  s   an   alternating  series  whose 

n=  I 

terms  approach  0,.  but  which  diverges. 
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(b)     Define  3^,a29^^9^'' 


a     =  3(-|/2)"     if     n    is  not  divisible   by  5. 
n 

a     =    IO(-|/2)"   if     n    is   divisible  by  3. 
n 


Show  that   y2    ^  ®  convergent  alternating 

n=  I 

series  for  which  the  conclusions  of  Corol  I  a  ry  I 
are  not  true. 


3.     What  conclusions,    if-  any,   cnn  be  ^rom  the 

following  facts  by   mcanb  of  Theorc^rn  i? 


(a)     ^    —  converge 
n=  I  3 


(b)      E         -  diverges 


/    X      I  •      s  I  n  n  _  ^ 

(  c  )      I  I  m  —          =  0  . 

n-H»  n 


I  »   J 

(d)     The   sequence  /-  — fTT  '  '  TTIT^  ' 

does  not  have   the    limit  0, 
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4.  How  many  terms  would  be  needed  +o  get  5D  accuracy 
in  summing  each   of  the   following  alternating 
series? 

(a)  l-  -3r+j~j+.-« 

(b)  '"TT"^rr"3T^*** 

(c)  >]  ,     X  =  -.5       Bnd       x  =  -2. 

n^O 

^3  x*^ 

(d)  x-yj-  +  ^-yj-+...#x=.8. 

5.  V/rlte     a  flow  chart  to  compute  the   n"^^  terrp, 
n  _>  2,  of 

I  /    I  \  n  2n 

^2  y  ^   (  -  I   )  X   

f  ( X )   =    I  -  +  Y     ^7"=TT  "  •  •  •       (^•4--*i!nW7*ll--*(4n  +  3« 

first  without  usinq  a   recursive  formula  and  then 
using  a  formula  that  computes  a^   from  Which 
way    is  tr<=^  most  efficient?     Remember  this  as  you  work 
the   next  two  problems. 
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(a)     Modify  Figure  2-3  to  compute  e   ,   for  x  <  0, 
f  rom   its  Maclaurin  series. 

(b>     Write  a  program  from  your  flow  diagram  and 
test   it  by  computing  e       a.nd  e       to  5D. 

(c)     Make   the  necessary  modifications   In  your  program 
and  print  a  table  of  e"^  to  5D  for  x  =  0(.l)5. 

Carry  out  parts   (a)   and   (b)   of  Problem  6  for  sin  x 
and  cos   x.     For  part   (c)   make  a  5D  table  of   sin  x 
and  cos  x  for  x  =  0(1)45  degrees. 

Use   the  method  of   Problem  8,   Section    I,   but  modified 
by  the  use  of  Corollary  2,    to  approximate   the  follov/i 
i  n tegra ! s . 


(a) 


(b) 


Problem  4(a)   shows  that   it   is    impractical   to  try 

to  sum  the  alternating  harmonic  series  directly. 

For  such   slowly   converging  series  there  are  methods 

of  "accelerating"   the    rate  of   convergence.      If  one 

plots   several    partial    sums,   as    in   Figure  2-2,  he 

soon   notices   that  the  midpoints  of  successive 

seqments    (S    .S    .,)    are  much   closer  to  the    limit  than 
^  n '   n+ I 

the  ends  of  the  segments.  Let  =  (S^  +  S^_^|)/2  be 
these  mi  dpoi  n ts . 

(a)     Use   the   Squeeze  Theorem  of-Section  2-7  to  prove 

that    I i  m  T     =    I i  m  S  . 
n->-oo     n       n-^  n 


(  b )      If  we   de  f  i  ne 


b,   =  T,,  =   (-l)'"-'(T^  -  T;_,),     n  =  2,3,.. 

oo 

En-  I 
(- I )        b  . 

n=l  " 

Show  that 

b,    =   (2a,    -  a2)/2,     b^  =   Ca^  -  a^^,)/2, 

OO 

and  so  ^(-l)'^"'b      is   also  an  alternating  series 

"  n-l 
with   the   same   sum  as    /.(-I)  a^* 

n=  I 
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(c)     For         =  i  show  that  b,    =  |  ,         =  2n(n'+    l) '  "   ^  '* 


For  a,    -  ^  ,         =  ^         .   n   >    I,     show  that 


17       ,      _   2   ^  I 


I  7  2 
For  a,    =  ^  ,         =   4n(n  +    l)(n  +  2)    '   "  > 


find  b  • 
n 


id)      Sum  the   alternating  harmonic  series   correct  to  5D. 
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3.     Tests  for  Convergence • 


For  series  that  do  not  satisfy  the   conditions  of 
Theorem  3  of   the    last  section   the  question  of  convergence 
or  divergence    is  more   difficult  to  answer.     Of  great 
importance   in  this  connection    is  the  following  extension 
of   the  Completeness  Axiom. 

Theorem   I*     A  bounded  monotone  sequence   is  convergent. 

Note  that  a  monotone  sequence    is  automatically 
bounded  on  one   side  by   its   first  term,   e.g.   any  increas- 
ing  sequence    is   boundcJ   below.     A   proof   of   the  theorem 
is  given  at  the  end  of   this  section. 

Coro  Mary    I .     An    infinite   series  of   positive  terms  con- 
verges   if   and  only    if   the   partial    sums  are  bounded. 

The   proof    is    left  to  the  reader. 

The  way  this  Corollary   is  most  often   used    is  illustrated 
in  the   following  example. 
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Examp  I  e    I  .     We   know  that  the  series 
converges  to  the  sum  2.     How  about  the  series 

I  -  i4-2--^  Tin'  Tin'      "1^"  "'  ' 

Each  term  of  (2)  is  less  than  or  equal  to  the  correspond- 
ing term  of  (I),  and  so  the  partial  sums  of  (2)  are  less 
than  or  equal  to  the  partial  sums  of  (I).  By  Corollary  I 
the  partial  sums  of  (I)  are  bounded,  since  (I)  converges, 
and  so  the  partial  surn3  of  (2)  are  bounded.  Hence,  again 
by  Corollary    I,    (2)  converges. 

Knowing  that   (2)    converges  we  can   speak  of  its 
remainders.     By  the   same  argument,   the   remainders  of  (2) 
are    less  than  or  equal    to  the   remainders  of    (I),   that  is, 

<^  2"*^.     This  gives   us  some    idea  of   how  many  terms  to 
take  to  get  the  sum  to  a  given  accuracy. 


Examp I e  2 .  Compare  the  harmonic  series, 
(3)  I   +  ^  +  ^  +   . . .   +  1  +   . . . 


and 


(4)  0  +  |4.|4.1-.4...,+   2        +   .  .  . 

3       8        15  n2  -  I 
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Beginning  with   the  second  term,  each   term  of   (4)    Is  greater 
than   the  corresponding  term  of   (3),   and  hence,  except  for 
an   additive   constant,  the   partial    sums  of   (4)   are  greater 
than  the  partial    sums  of    (3).     Since   (3)    diverges,   a  double 
application  of  Corollary    I,   as   In   the  preceding  example, 
shows  that   (4)   also  diverges. 

The   general   method  used   in   these  examples   can   be  stated 
as   f  o I  I ows : 

Comparl  son  Test   I  .      Let  a^   >_  0 ,     b^   >_  o,     b^       a^,   for  al  I 
sufficiently    la  rge   n . 

(a)  If     23        converges   then     Yl^n   converges,   and  If 

S     and   R     are   their   respective   remainders   after  n  terms 
n  n 

then  0   <   R     <  S^. 

—     n  —  n 

(b)  If     Zi^^   diverges   then  diverges. 

For  brevity  we  have  written  merely    ^instead  of 

00 

]^  .     We   shall    do  this  whenever  there    is   no  danger  of  the 
n=  I 

meaning  being  mistaken. 

To  apply  this  test  we   need  some  standard  series  for 
comlparison  purposes.      So  far  we  have  only  one  useful 
divergent  series,   the  harmonic  series,   and  one  simple  con- 
vergent series,   the   geometric  series 
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I  +  r  +        +  .  . .  +  r"  +  .  .  .  , 

for  which   R     =    ,    (see  Example  2   in  Section    I)  and 

n       I   -  r 

which  therefore  converges  when   | rj    <    I •     We  anticipate 
a   result  of   the  next  section  with  the  statement: 


^    n"*^  converges   if  and  only   if  p   >  I. 
n=  I 

This  series   is   called  a  p-se  r  i  es , 

+  2 

Example   3.     Test  2^    o        m   "for  con  ve  rqo  n  co .     For   large  n 
'  n     -    I  u 

the   constants   2  and    10  are   Insignificant  compared  with  n 

/n 

and  n^.   and   so   the   term    is   approximately  —  ,  This 

n 

suggests  comparison  with   the  p-serles   for  p  =   3/2,  and 

also  suggests   that  we    look   for  con  ve  rric  nee ,     However  our 

-3/2 

term   is  obviously  greater  than   n  and    it   does  not 

seem    that    we   can   apply   Part   (a)   of   the   test.      The  way 
out  of    this   dilemma    is   to  multiply   the   p-series   by  a 
suitable   constant;    ihis   does   not  affect   its  convergnnco* 
So  we  ask:  Is 


/ri  +  2  /n 
^^^^—^     <  c 


n^   -  10 


n 


2 


for  a      .itable  c?     Rewriting   thu   Inenualtty  as 
/P  +  2  n^   -  10 

or 


V         n     —  n-^ 
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it  is  evident  that  this  is  true  for  c  = 
Hence  our  series  converges. 


2  and,   say,   n   >  100 


The  above   tricks  of   comparing   the  approximate   sizes  of 
cc  respond  i  ng   terms   for.  large   n,   and  of  multiplying  the 
comparison   series  by  a  constant,   are  very   useful.     They  are 
combined    in   the  following  statement: 


Comparison   Test  2.      If,    for  all    sufficiently    large  n, 

a     I  <^  M.  )  /converges 

>   0,  >   0.    .nd  ,   0^     then    if   ^b^  T......^^^, 


a 

n 


so  ^Joes 


—  <  /     rnen    it    >d  / 

n  (  -     2  )  (  d I verg 

^  n 


Note   that    if    both   conditions   are   satisfied,  i.e. 

a 

0   <         <_-Jl^f;j,    then   E^'^p  ^^n  both  converge 

n 

or   both  diverge. 


F^roof  .      If  E^^n   ^^'^^^'"n^s   so  does  23^-,^^.     Hence    if  ~  ^1 

i.e.   a     <   M .  b    ,    Y^a     converqes   by  T^ct    1.     The  other  half 
n  —     I    n  '    ^  n 

of   the   theorem   is  proved  similarlv, 

The   fol lowing   special    case   of   Test  2    is   often  useful. 
It   will    apply,    for   o  x  a  m  p  1  o  ,    to   L  x  n  r  i  [>  I  c   2  . 
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Comparison  Test  3,      If,    for  all    s  u  f  f  f  i  c  i  on  t  I  y    larpe  n, 

a 

0     >0     and     b     >0,   ancliflirn'~=c<'^,  thenif 
n  n         '  n       i>  ^  — 

!c  <  ~   i  /  con  vo  rqe  s  \ 

\  and  {  J     so   does  X!^^- 

c  >  0  )  ( d  i  verges  j 

The   proof  of   this   from  Test  2    is    left  to  the  ronder. 

OQ 

Example   4.     Test  .9)^   for  convoraonco.     Wo  knov; 

00  n=  I 

that    V'C.g)"   convnrqes   but  our   terms   are   greater  than 
n  =  I 

those  of   this  comparison  series   so  the  tests  tell  us 
nothing.     But  we   also   know   from  the    limit  computations 
of   Section    10-4   that  exponential    terms   dominate  powers. 
So  we   take   the   convergent   series    I^(,99)"   as  a  comparison 
Then 


•  n5(.9)"  _  ,  .  pS 
I  m    -Mm 


by  Problem  5(b)   of   Section    10-4.     flence   our   series  converges 

The   comparison  tests,   derived  from  Corollary    I,  apply 
only  to  Series  whose   terms  are   ultimately  positive.  For 
other  series   we   can   get   somo    information   by   considering  the 
series  whose   terms  are   the  absolute  values  of   those  of  the 
given   series.      If   this   series   converges   we   say   the  g'v^n 
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